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Introduction 


D. Sbtte 
THreltoro M Como 


The study of intem'tiou between meohani«xl waves and matter has re¬ 
ceived much attention in the last 40 years and the use of ultrasonics has deve¬ 
loped into a powerful tool for investijiatiu}' fundamental aspects of the physisc 
of gases, liquids and solids. 

The thermodynamical behaviour of rapidly pertiurbod systems, molecular 
and structural properties of fluids, electronic, conductivity of metals, para¬ 
magnetic properties of solids, structural analysis of defects in solids, nuclear 
properties, ox)sraic rays interaction with matter, have received major contri¬ 
butions by acoustic investigations. 

The present ('omse of the b’ermi Hchool is dedicated to one of the most 
fruitful applications of sound waves to the study of matter, and which has 
developed in the last two deciwles into what is today ultrasonic, spectroscopy 
of fluids. 

■Fluids are theiunodynamical systems whose particles may possess energy 
in various forms: the molecules may he found in various energetic states. 
An equilibrium distribution of molecules among allowed states corresponds to 
a certain equilibrium condition. A variation of thermodynamical variables 
causes the i)assago of molecules to a new equilibrium distribution with a 
mechanism which is of relaxation type: a finite time is required to reach the 
now equilibrium and during this time there is no eqxiilibrium corrospondemte 
between distribution of particles among energy states and independent thermo¬ 
dynamical vtmables. The relaxation induces therefore dispersion and absorp¬ 
tion of sound waves. 

Various types of relaxation processes may bo found, each corresponding 
to a different form in which energy may bo kept by the molecular systems and 
characterized by a rehxxation time and by the energies of the allowed states. 
These parameters are related to basic properties of the molecules and to the 
structure of the fluids; their determination gives valuable information for the 
study of fluids. 
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The development of techniques for measuring sound speed and absorption 
in a -wide range of frequencies enables to get, sometimes, fall information about 
a single relaxation process; it is then possible to have clear ideas on the transfer 
of energy, on the behaviour of molecules and on the intermolecular structure. 
Often however, the information is only partial, either because the relaxation 
times are too short or because there is an overlapping of many relaxation pro¬ 
cesses of different nature which is not possible to resolve in the limits of tlie 
accessible range of frequencies. The efforts intended to extend further th.e' 
liigh-frequency Umit of experiments are at present of great importance. 

Many of the problems which we face in the analysis of the behaviour of 
fluids subjected to sound waves are similar to those found studying sound pro¬ 
pagation in other systems, or are related to the behaviour of matter in dif¬ 
ferent conditions such as, for instance, inside the electric fleld. 

This brief' presentation of the field of research helps in the illustration of 
the scheme of the Course on «Sound dispersion and absorption by molecular 
processes » as it has been organized by the Italian Physical Society. 

A first series of lectures given by K. P. Heezebld of the CathoUo Uni¬ 
versity (Washington D.C.) will present those concepts of modern theory of 
fluids which are needed in the more specific courses. 

The propagation in gases will be treated during two series of lectures. 
Belaxation processes connected to the equilibrium between translational de¬ 
grees .of freedom on one side and rotational or vibrational degrees on the 
other, will be treated by H. 0. Knbsbb of the I PhysikaJisches Institut of the 
Polytechnic of Stuttgart. 

The problems, instead, concerning the propagation in gases when the wave¬ 
length becomes comparable with the mean free path will be discussed by 
M. Greenspan of the National Bureau of Standards (Washington D.C.) in 
the lectures on translational relaxation. 

Belaxation processes in liquids will be presented by three scientists. J. Lamb 
of Glasgow University will treat thermal relaxation with special reference to 
vibrational relaxation, to rotational isomeres and to the case of aqueous solu¬ 
tions of nonelectrolytes. T. A. Litovitz of the Catholic University will mainly 
discuss structural and shear relaxation, while K. Tamm of the Applied Physics 
Institute of the University of Heidelberg will lecture on relaxation in electro¬ 
lytic solutions. 

W. P. Mason of Bell Telephone Laboratories will give a series of lectures 
on polymers with special attention to liquid polymers and to solutions of 
polymers. 

As a conclusion and a co-ordination' of the various sections in which we 
have divided the field, we have one more fundamental course on the theories 
of relaxation times, which will be given by K. P. Hbbzeeld. 

A number of seminars will present either important aspects wrhich co-uld 
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not find an adequate place in proceeding lectures or the status of research 
in related fields. 

They mil he given by: H. J. Batjkii of the I. Physikalisches Institut der 
Tochnischen Hochschule of Stuttgart; B. T. Bbter of Brown University; 
P. G. BoRDONi-of Eome University; A. J. Kovaob of the Centre de Becherches 
Bur les Macromolecules of Strasbourg; B. W. B. Stephens of the Imperial 
College (London) and J. M. Stbvexs of Philips Besearch Laboratoires. 

I have limited myself to simple indication of title of lectures and names 
of scientists which will given them: I dit not feel, in fact, that a formal pre¬ 
sentation of. each one of them was necessary: the large majority of the people 
present, having already worked in the field, know them veiy well and ap¬ 
preciate how fondamental has been the contribution to research given by each 
one of them. 

However I can not resist the desire of pointing out the presence of the 
two persons who stivrted research in this field, respectively in the case of 
relaxation in gases and relaxation in liquids: ju-ofossor K. P. Herzpblt) and 
Professor H. 0. Kneseh. 

We have been particuhwly fortunate in secnring the collaboration of all 
the above mentioned outstanding scientists. The Italian Physical Society 
thanks them very much for accepting its cordial invitation. At the same time, 
the Society is happy of offering to the young reseja'chors present at the Course 
the unique oppoi’tunity of spending two weeks listening to lectures and dis¬ 
cussing problems with these scientists who have started and largely developed 
research in this field. 

It is a well founded hope that the common work of these two weeks will 
result stim\fiating and fruitful for lecturers and students, will cause further 
progi-oss of physics and constitute a positive human experience lilirough tlie 
enjoyment of old friendships and the constitution of new ones. 
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Theory of Fluids. 


K. F. Herzeeld 

OathoUc UniversUy of America - Waelwiigtoii D.O. 


Introduetton. 

Under «fluids »it is customary to include botli gases and liquids. I intend 
to discuss on tins first day the general theory of fiuids. Very much work is 
being done at present in this field, but it is usually limited to spherically sym¬ 
metrical molecules (rare gases, and, approximately OX^); even with this 
limitation, the formulae are very complicated and not of too much use for our 
purposes [1-5]. 


1. - Formal description of molecular distribution in fluids. 

The following descj-iption is valid for all fluids although in the special case 
of ideal gases it can be greatly simpUfled. It can be applied directly only to 
paj’ticles of spherical or quasi spherical symmetiy, i.e. rare gas atoms or OX^. 
Wo abbreviate the co-ordinates of the «-th particle by and the volume 
clement da>,dy,d«, by d*<B,. Similarly the velocity shall be called w,, and the 
element in the velocity space d’w,. We assume the absence of volume forces 
but allow internal stresses, connected with surface stresses (tensors). 

Our description may then bo restricted to the positions of the molecules, 
or may also include velocities. Such a description shall bo a statistical de¬ 
scription, either referring to an ensemble of equivalent systems in a heat bath, 
or to the statistics of the history of a stationary isolated system. 

We will call probability functions restricted to position g, those including 
velocities /. There are then quite a hierarchy of such functions g and /. Let 
the total number of paii/icles be N, the total volume V, and let us restrict 
ourselves at first to a discussion of the distribution in space, i.e. the p’s. 

The most detailed statistics is then given by the quantity 

(1.1) Xt ,..., d®J3i... d»»j,, 


1 - RendiconM S . I . H '. - XXVH. 
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whiclL is the probability of finding moleenle 1 ^thin a given d®a?i and mole¬ 
cule N in d*a?y. 

This will, in principle, depend on the boundaries, but in the limit oo, 
F= oo wOl be independent of them. 

One may now ask less detailed questions: what is the probability of finding 
molecules 1, 2,—1 in d®i»i, d®a? 2 *- matter where, molecule N 

is*? Obviously 

(1.2) ... a!,_,) = j ?j^(»i,... 00^) • 

The last terms of this series are 


(1.3) 

II ^ 

®a> — ... d»a!. 

(1.4) 

p»(aji, 35.) = 


(1.6) 

ffi(®i) = 

®a) d®®g = Y • 


Classically, kmetic aad spatial properties can be separated. At least in 
equilibrium, which we will treat first, they are uncorrelated (the total distri¬ 
bution function is a product of kinetic and spatial factors) and the kinotic 
distribution function has the Maxwellian form. 

In principle, one can write down the values of in equilibrium: this is 
of theoretical importance; namely 


( 1 . 6 ) 


9s = g^exji 



gn, 


where is the total interaction energy of the system; if the physical nature 
of the forces is understood, this can be calculated. Summing up over all pos¬ 
sible distributions, one gets the partition function and from it, by well-known 
expressions aH thermodynamic properties of the fluid. One can also get, by 
going down the hierarchy (1.2) to (1.4), all the other p’s, in particular y*. 

As stated, this can be done on principle, if is known for all distributions. 
In practice, it is an impossible task. The quantity which determines most 
physical properties is g^. 

By defining 

r = **—*1 

we can write 

ff»(®i> ®») = ya(*i> *1 "(■ r") . 
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In a fluid and in the absence of external forces, does not depend on a?i. 
One can next introduce an expression gr by 

> ®«) = 1 ®a) = flf(® + »• I ®) , 

g is called a conditional probability, namely the probability that particle (2) 
is at x-\-r under the condition that particle (1) is at x. In the present case, g 
is a function of r only, and g^ is a constant, g is closely connected with the 
so-called autocorrelation function (or convolution) B defined (in one dimen¬ 
sion) as 

(1.7) B(r)= jf(x)f(x + r)dx^jf*(x)Qx , 

where / is a random function with the average value zero (*). 

If f varies irregularly, one should expect that if r is small (i.e. at two places 
close by), the sign of f{x) and f{x+r) would usually be the same, and there¬ 
fore the product will usually be positive, while if r is large, there should be no 
connection between the signs of f{x) and f{x+r), so that the product should 
be as often positive as negative, and the contribution to the integral is small. 
Por the particular application considered here, the function f{x) is the mo¬ 
mentary density of matter at x (or rather, the deviation from the mean value), 
and we use the fact that spatial average and time average are identical. One 
then can prove that 

(1.8) B{r) = g{x + r\x) . 

The next task is to approximate g^. There are two extreme cases were 
gt can be written down exactly. 

The ideal gas case, where there is wo correlation between molecules, .8 = 0, 
gt = g\] and the ideal crystal (point atoms, no heat motion) where g* (and 8) 


(*) As a matter of fact a more careful investigation of the condition under which 
the above holds is necessary. One cannot define the autocorrelation function for a 
completely random function but must know something about its distribution. 

Assume the function / can, at a given moment, be developed into a Fourier series 


a? — X 

f{x) — y % cos := -f- y sin 27tS - . 
8 ^8 ^ 


Then the coefi&oients a, b form an infinite number of random parameters. It then follows 
from the central limit theorem, that at any given place the distribution of / is Gaussian, 
although the parameters of the Gaussian distribution may vary with x. But this is 
BufQ.cient to allow the formation of the autocorrelation function. I am grateful to 
Prof, E. Batschelbt of the Catholic University for clearing up this matter for me. 
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in one dimension aa?e a set of d-functions repeated periodically at the lattice 
distance (of conrse, the ideal crystal is not a fluid, hnt CTerything said up to 
now still applies there). Physically, approximate theories of liquids take their 
starting point from these extremes. The original van-der-Waals theory took 
the liquid as a condensed gas, the cell theory and others as a slightly disordered 
crystaJ. A third, more mathematical approach has been taken by Boen and 
Geboen on the one hand, by Kiekwood and his students on the other, by as¬ 
suming « closure» of the hierarchy at g,; i.e. the assumption is made that 

No complete physical imderstanding of the conditions necessary for this 
equation exists. 

One can see that it is obeyed in the case of three hard molecules. If one 
describes these, as usual, by i spheres of action» of twice the molecular radius, 
takes molecules 1 and 2 with overlapping spheres and molecule 3 as a point, 
one sees that the regions inaccessible to 3 (and only these) have either 
92(^17 or giicDifCSz) equal zero. Numerical calculations of thermodynamical 
properties have given fair agreement with experiment near the critical point; 
at the higher densities of normal liquids this is doubtful. Anyway, application 
of (1.9) to (1,4) gives then an integral equation for g^^ for which approximate 
solutions can be given, which depend on the interaction potential between 
pairs of molecules. 

One has next to calculate the stresses. 

These have two components: the first is kinetic and due to momentum 
transport by the moving molecules just as in ideal gases. The second is due 
to the forces of interaction. 

In this manner one gets, in equilibrium 

(1.10) p = ^A!2’-ijr—?gs(a!, a!+r)d*r, 

where jffia is the interaction energy between molecules 1 and 2. In nonequi¬ 
librium, one has also to take into account the change 1 produced in g^ by the 
nonequilibrium condition. Kirkwood and his students have done so in a 
series of papers [6-9]. 

Approximately, the expressions are 

( 1 . 11 ) 

where A is the Laplace operator = (0®/0aj*)-)-(0V33/*)4-(3V92®) and refers 
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to the relative positions of particles 1 and 2. Furthermore (also approxi¬ 
mately), the sheai" viscosity is 


( 1 . 12 ) 




S0io[vjJ ”Ur|. 



the bulk viscosity tj' 


(1.13) 


, e JV r, /d‘E , 1 dH\ ,, 
.18f„ FJ i dri, dr J ^ ' 


There are additional terms in both (1.12) and (1.13) ■which are due to 
momentum transport due to molecular motion, but they are negligible in 
liquids compsired to the terms -written here, while they are alone present in 
ideal gases. 

The shear -Fiscosity contains the distribution fimction in a very critical 
way, and has to be adjusted to give the ooixect value. In addition, the 
equation contains a constant f, called the constant of the Brownian motion; 
applying the equation to liquid argon, the expeiimental data can be repre¬ 
sented. Most important for us is the fact that a bulk ■viscosity, different from 
zero, for rapid pure compression emerges, which contains the same quantities 
as rj, and which gives for liquid argon a bulk -viscosity of the same order of 
magnitude, but smaller than, rj. 

GitKEN has analyzed the heat motion in the liquid into Debye waves and, 
with their help defined three quantities analogous to the virial. He finds that 
the correlation functions of the fluctuations of these quantities determine the 
stress tensor. In partic-uliir, the time correlations of the pressure fluctuations 
determine the b-ulk -visoosity. Basing on tliis theory, I have expressed this 
quantity by the change of compressibility -with pressure, a length characte- 
.ristic of the spatial correlation of pressure fluctuation and a time characteristic 
of temporal correlations. If one assumes the fluctuations to be due to interfe¬ 
rence effects of Debye waves, one csin (ionnect these two last quantities through 
the sound velocity and finds for the correlation length, for a bulk -viscosity 
of 0.01 poise, a few A. I have been unable to connect this theory -with Kirk¬ 
wood’s expression [9a, 6]. 

One miglit ask whether it is possible to determine g* experimentally, and 
here structure determination by X-ray diffraction immediately comes to mind. 

As is well known, this involves the fundamental difficulty, that only inten¬ 
sities, not phases can be measured. 

There is an interesting general theorem which tells us what one can con¬ 
clude as to the structure, if only intensities of the scattered radiation axe meas¬ 
ured as function of the angle. For the sake of simplicity, let us Umit ourselves 
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to a one-dimenBionaJ distribution along the ®-axis, on which there is distri¬ 
buted the amplitude-scattering power /(a?). If this arrangement is then illu¬ 
minated normally by a plane wave, the scattered amplitude ^(0) in the di¬ 
rection 0 (6 = angle between incident and scattered ray) is given by 

(1.14) J.(0) = ff(ce) exp [ifc® sin 0] d*. 


If we write instead of j 4(0), J.(A:sin0), ft = 2jr/A, A is the Fomier-transform 
of /. Write now the conjugate complex 

(1.16) A*(k sin 0) =J*(/*(a3') exp [— ikso' sin 0] d®' , 

and multiply, then one gets the intensity 


(1.16) 




Isin 6) I* = I I f(x) ‘fix') exp \ik sin 6ix — x')'\ da? do?'. 
Make now a transformation from a?, a?', to a?, r = a? —a?' then (*) 

(1.17) |ji|*=Jexp[ifcr sin6]dr^/(a?)/(a? + r)dr. 

The latter integral is, however, the correlation function for / 


Bir) =Jf(x)f(x + r) jf^{x)dx. 

It is assumed in this argument that the borders of the region do not con¬ 
tribute. Then [10] 

(1.18) \A{k sin 6) j* =J* B{r) exp [ikr sin 0] dr ‘jf(x^) 6x , 


(*) It should be noted that the formula found in the usual literature ia 



sin (kr sin 0) 
fcr sin0 


4:5rr* dr. 


The difference between this and (1.18) arises from the fact that the latter is for one 
dimension only; the denominator in the expression above arises from integration over 
an angle. 
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or, using the expression for the inverse Fourier transform [10] 

i\A(k Bill 6 ) |» exp [- ikr sin 0] d(sm 6 ) 

^ /l^(&sine)l»d(sin@) 

Accordingly, if |A|* wei’c measured accurately enough, one could get the 
correlation function. Now this is not enough to get /(<r), the distribution; there 
are more than one distribution which provides the same B. In addition, the 
measurements arc not good enough at present to provide a g 2 ,of s uffi cient 
accuracy; however in view of the recent improvement in crystal X-ray equip¬ 
ment, it ought to be possible to improve the measurements in liquids ap¬ 
preciably. 

There is, however, one other catch in the story. In the Courier transfor- 
miition (1.14), there is nothing which says that the variable in A, namely 
k sin 6, has this particuhir physical meaning, i.e. in the power spectrum 
{A(fcsinO))® there will follow from (1.16) values of diffracted intensity be¬ 
longing to fc sin 0 > k. 

These con-ospond to scattered waves i>ropoi“tional to 
ox p [ik cos 0] = exp fc* — sin* , 

e.i. they will have real (negative) exponents and ai-e therefore * waves» ema¬ 
nating from the scatterer which are heavily damped (although not producing 
loss); they may bo compared to the waves which occur within the Heaviside 
layer when a radio wave is reflected. These wiives, restrietted to the imme¬ 
diate neighbourhood of the scatterer, called evanescent waves, are also part 
of the power spectrum and their | A |* should be known—but it is npt—and 
included on the right of (1.19) to calculate the correct B. 

If the wave length of the radiation used is shorter than the «struotme » 
of the scatterer, the evanescent waves fonn a negligible part of the power 
spectrum and B can bo calculated fairly well even if they are omitted. If on 
the other side the incident wave length is long, the evanescent waves form the 
major part of the power si)octrum and no clue to B is given if only the inten¬ 
sities of the real scattered waves are used. 

2. - Ideal gases. 

I will now leave the general study of fluids and restrict myself to ideal 
gases. As mentioned before, this appears formally in the assumption that 
the correlation between different molecules is zero, or as Boltzmann and Planck 
called it, the assumption of molecular chaos. 

For more detailed treatment, see Bef. [11-13]. 
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We now define as the single molecule distribution function a quantity f, 
abbreyiate the volume element djxdydzhj di; and the element in velocity spac'o 
dw7i, by dco. Then the number of molecules which are in dv and have 

at the same time velocity components within do is 


(2.1) d^N = n{x, z, t) /(a?, y, z, w?i, t) dv do , 


n is the local number density of molecules and in this way of writini^, f is nor¬ 
malized as to velocities, i,e. 

f/da) = l. 


The happenings in the gas are governed by Boltzmann’s fundamental equa¬ 
tion of gas theory. We simplify this by assuming the absence of body forces. 

Then the changes which occur in the distribution are divided into slow 
changes and rapid changes. 

By « changes» we mean changes in the niunher of moleculse which simul¬ 
taneously are spatially within d® and have velocity components within dro. 

The slow changes occur because molecules move into and out of d?>. The 
flow in the a? direction is given by Winf, and the excess of outflow over inflow is, 
by an argument customary in the development of the continuity equation, 


( 2 . 2 ) 


dnf dnf - dnf , , 

.^,rad («/) 


Tbe rapid changes are due to collision. Originally, when the m()le(*.xileH 
were thought of as hard spheres, the time of a collision was considered zero. 
Such a collision did not change the molecule’s momentaiy position, i,e. did 
not affect its belonging to dx?, but changed its velocity abruptly, i,e. threw 
it into or out of dco. 

If we take into account that the intermolecular forces have a finite ral[ig(*i, 
it is not strictly true any more to say that there ai*o parts of the motion whein^ 
the velocity is constant; but we have to make a practic-al division, say for 
example, that the effect of the intermolecular forces is negligible beyond 1 ()■*’ cm, 
and then compare the time during which the velocity (*hanges appre(‘ial)ly 
with the time it does not. At standard conditions, the mean free path is about 
10 ® cm, so that the collision lasts for about 1 % of the time of free motion. 
At lower pressure, this fraction diminishes, at higher pressui’o it increases, so 
that at higher pressure (nonideal gases) our assumptions ai^e less justified. 
For long range forces, e.g. Coulomb forces, they are not justified at all; this 
is particularly true for one of their consequences namely that only interaction 
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between pairs need be considered. Therein lies one. of the diltculties of plasma 
dynamics. 

The collisions have two effects on d^N. They throw molecules out of the 
gx‘oup, which belonj^ed formerly to dfo, and they throw molecules in whicli 
before the collision did not belong to do. These quantities were called by 
Boltzmann a and h, so that the fundamental equation of gas theory has now 
the form 

(2.3) {nf) = - u}„ f?r}ul (w./) - (a - h), 

and our ttiHk is the circulation of the last tei'in. Thu caUnihition of a is simple, 
since every collision is considered to throw a molecule out of tlie f'roup. (lon- 
sider a tai'get at which one is shootiii}' without aimiii};; the assumption of 
noncorrolation means that the bombardinf? molecules do not altn. 

Then the fraction hittiuf? a ring of radins a and width dcr is 2jrcrdo’ or, if 
wo want to specify more closely, erdody^ 

We have to sum up ov(U‘ all hitting molecules, dm has ahwuly been crossed 
out in (2.3) and we find: 

(2.4) a = nfjjjnf d «'a dff dyi, 

where Wr is the rehitivii speed of the molecules. This expression is (piite in¬ 
dependent of the forces between the molecules. 

This is not so for b. We liave to stn^ which molecules in a piiir will have 
after the collision velocity tc, when before the collision the molecules had velo¬ 
cities i»i and wf, this involves solving the (‘ollisiou equation. The number of 
such collisions is 

(2.6) Ijfxfi <!«>'MV<Tdo d<p . 

Tho relative Hpeed Wr in not (duingtMl by an elastic collision, and the ratio 

(\o)i drf>J 
do; do' ’ 

can be shown (by direct c-alculation, using (‘onsorvation of energy and linear 
momentum, or by Liouville’s theorem) to be unity. It is iuteudod in (2.6), 
that Wj and %o\ be exiuessed witli the hclj) of the (*ollision e(|uations, by u? 
and II?', the former being the value of the velo(*ity appearing in /(*) (sec (2,4)), 
integration being made over w*. 


(•) /' is the fiinotiou / with w' as velocity argument. 
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•We then end up with the following equation 
( 2 . 6 ) ^ {nf) + to-grad (nf) = - n»J ^ j "(//'- /i/i)w,dco'adcrd(p. 

. The follomag remark has nothing directly to do -with the interests of this 
group, hut might he significant. 

Boltzmann thought that he had found a mechanical or statistical expla¬ 
nation of the irreversihility -which is characteristic of thermal processes in 
nature. 

He constructed the function 

-ir = -|(ln/)/da), 

and watj convinced that eq. ( 2 . 6 ) leads to the consequence that — if could 
decrease, so that —iT is an analog to entropy (or rather to entropy divided 
by Ic). Against this, Zermelo made the «Umkehreinwand» or objection of 
reversal. He asserted that, if at a given moment one reversed all the mole¬ 
cular velocities, all processes would go exactly backward, so that, if — H 
increased before reversal, it would decrease after reversal. 

The solution has come through the work of Ehrjenpest, and much recent 
work, 

Boltzmann’s equation is based on the assumption of molecular chaos, or 
of complete absence of correlation between position and velocity and between 
difiEerent molecules. But if, with Zermelo, we have two molecules right after 
a collision A/\B: and we reverse their velocities so A^ NB, there is cor¬ 
relation between the inverted velocities and the relative positions. K the 
modified motions were this: A/ \B the, overall process would not go backwards. 


3. - Stresses. General considerations on the solution of the Boltzmann equation. 

Before we proceed further with the consideration of the Boltzmann equa¬ 
tion, we must investigate the stresses. 

Stresses in a continuous medium form a tensor P<y, which, as we shall 
show, is symmetric. 

A stress is characterized by the direction in which the force acts (first index) 
and the direction of the normal to the surface, on which it acts (second index). 

There are normal stresses (indices equal) and shear stresses (indices un¬ 
equal). P 33 is a normal stress, the force acting in the z direction on an 
area normal to it. P 13 is a shear stress, the force being directed in the a? di¬ 
rection along a surface which is normal to z. 
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In an ideal gas, where at a given moment only a negligible fraction of the 
molecules exert forces on each other, the origin of the stresses is purely kinetic, 
namely, due to the transport of linear momentum by the molecules through 
a surface, 

E,g., Pii is produced by the linear momentum nwi of a molecule, Wjnfd.(o-, 
such molecules within the group dro cross a unit area, which is normal to the 
^-axis, per second. Therefore the total momentum transport is 

(3.1) Pij =jmWi Wjuf dct) = ^JwiWj / dfo , 

with g, the mass density, equal to mn. 

It is immediately (*.lear from (3.1) tliat the stress tensor is symmetric, 

%.6. Pn = JPji. 

Tho Boltzmann eq. (2.6) given the vsiriation of the distribution function nf. 
Let Q be any quantity depending on the velocity of a molecule. One 
can then also ask how the total Q, cjimed by the molecules within d® dco, chan¬ 
ges with time. It will change, as does f, by molecules changing their velo¬ 
cities through collision. In the collision of a ptiir of molecules with original 
velocities to, to', and velocities after collision of to, and the Q carried by 
that pair decreases by 

(3.2) Q -f Q ' — Qr ~ Q \ . 


If one defines the average Q per mohjculo as 
(3.3) 


and integrates tho equation of change resulting from the preceding conside¬ 
rations over dft), one gets 


(3.4) 


Here 





4 - Q'- fiti)dxo'6xoWra6xTd<p . 


(3.6) nj Qwxfda}, 

is the fiow in the x direction of the quantity Q per unit time through the unit 
area normal to x. Equation (3.4) has been developed by Maxwell and was 
much used by liim. 
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Hilbbbt [14] has pointed out that there are exactly five quantities -which 
are preserved in a collision: the mass, the three components of linear mo¬ 
mentum and, in an elastic collision, the kinetic energy. If any of these is 
chosen as Q, Q+Q'—Qi—Q'i -will be zero and therefore the collision integriil, 
i.e. the term on the right of eq. (3.4), -will be zero, no matter -what the distri¬ 
bution function f is. In this way one gets five equations for macroscopic quan¬ 
tities, by having the right side of (3.4) equal zero. These five equations are: 
the continuity equation, the three components of the equation of motion, and 
the energy equation. However, the equations of motion (of which M. Gkebn- 
SPAN made use in his lectures) are of the type 

I +4 +1^ ® ’ 

and can be of practical use only if the P’s themselves are known as functions 
of the state, just as application of He-wton’s equation requires that the force 
be known as function of the co-ordinates. This requires the knowledge of /, 
i.e. the solution of the Boltzmann equation. 

Let us first consider equilibrium, in which the left side of (2.6) is iden¬ 
tically zero and therefore the right side, the collision integral, must disappear. 
This means physically that the collisions maintain the equilibrixun distribution 
■without the influence of transport. 

The solution for this condition is the well-known Maxwell distribution 
(which shall be designated as f), namely 


(3.6) 



mw^ 
2 ^ ■ 


This function reduces the quantity 

- (^)’ [ [- ii <“■ 1- Si w <“’!'■) 1]' 


to zero, as can be seen if the conservation of kinetic energy is considered. 
In fact, a slightly more general distribution function leads to the same result. 
This is a Maxwell function superposed on a steady uniform flow. If one defines 
the-average velocity as 
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then this generalized function is 


(3.9) f = 


m 


m 


{(»«!- Wi)» + (M’^- + (W3 - W,)^} 



m 




That this function also reduces //'— f^'j to zero can he proved as above, if 
one also makes use of the conservation of linear momentum in the collision. 
It is somewhat more complicated to prove that (3.9) is the only function for 
which the right-hand side of (2.6) is zero. We will not give this proof. 

Let us now consider a nonstationary or not uniform state (of motion or 
temperatiu'e); we assume that the external co-ordinates or the time enter fj 
only through W or T (see beginning Section 4). 

If wo now tried to rise a Maxwell distribution, we would find tlie loft side 
of the Boltzmann oqvuition different from zero {fi.g. because 


^ a_W3 df 37' > 

cb‘ 0iVi a® aaj "^aH^s’-aiB ‘*'a7''ai''^”^ 


while the right side is zero. That mojuis that we (‘.annot satisfy the Boltzmann 
equation by using simply a Maxwell distribution function with uonuniform, 
or time-varying macroscopic, flow or tomporature. 

The Boltzmann equation, whirih we need to solve for the function f, is an 
intogro-difforential equation, containing the unknown both under the differ¬ 
ential and integral signs. In addition,, it is nonlineai', since a product of two / 
fxmctions appears under the integrffl. This makes the solution enormously 
more difficult. To avoid this difficulty, one «linearizes » the equation, which 
means that one assumes that the deviation of / from the Maxwellian distri¬ 
bution (with variable W and T) is so small, that its square can ho neghwited 
i.e. one wi’ites, 

311 p = + 

1 ff-fxtt f(i + +^')-irw + W )[(1 + o[), 

(3.12) = fih'iO + ^1— <2>J) • 


This would not be justified for, e.g. shock waves, but is justifled in the « acous¬ 
tical » case, in which the sound amplitude (and therefore the deviation from 
equilibrium) has the limit zero. The Boltzmann equation is then 

(3.13) ^ (m/) -f- w grad (»/) = — n‘JJJf{f<‘y[0 + 0' — 0i— dro' • 
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Assuming noTf that the gradients and rate changes of the macroscopic para¬ 
meters are small, even the insertion of f instead of / on the left of (3.13) will 
give an expression small of the first order (see (3.10)) and the inclusion of 0 
would therefore result in terms small of the second order; to be consistent, 
these will therefore be left out. The gradients, e.g. of temperature being small 
means that 


A 


ygradT<l 


1 


where A is the mean free path. 

One gets therefore, for the Boltzmann equation, after dividing by nf^ 


. 01nn s , , nrs 9^ . / T»7-v. silks’ 


m 


^ (tegradln T) - wgrad (tc - FF)» = 


211 


= (fyi^ + ^1- ^>J]d«)'wv<Td<rd^ 


H.g. in the stationary case of uniform temperature and density and pure sheaa’ 
flow, the only term remaining on the left is 


(3.16) 


+ sir wi) -s . 


(transformation to local Wi=0), in the case of stationary heat conduction 
{nT= constant) 


(3.16) 



m \ 0 In T 

- <1^2 \ - 

21cT ) 0a? ‘ 


One more remark should he made about the stresses in a moving medium. 
One has to distingmsh "whether the measurement is made from a stationary 
frame {e,g. stagnation pressure) when (3.1) remains unchanged, or from a frame 
moving with the fluid (static pressure), when 


Pij = 



Wi)(Wi— Wj)fAa ), 


should be substituted. 
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4. - Methods for solving the Boltzmann equation. 


In the attempt to solye the Boltzmann eq. (3.14) Chapman [16] and 
Enskog [16] make the fundamental assumption that the effect of the gradients, 
Le, dependen(*.o on the co-ordinates (and t), appears only in the macroscopic 
velocities W and in the temperature. The latter is always defined by 


(4.1) 



We assume, for the sake of simplicity, that we have a stationary case 
0/0<= 0, and that the gi'adient of W is in the ^-direction and that of T in the 
j-direction, and that constant. This is no restriction, since, because of 
the linearity the superposition principle holds. Then (3.14) takes the form, 
(after transforming again to Br=0) 


(- ’+aw ”■) aj;+w ”‘r to?+”• -s; + ”• to,) - 

= — nJJJif)' [0 + (P'— <^ 1 — <PJ] dfl) w, a6.a6q>. 


One now ■writes 
(4.3) 


0 = ,F<» ^ + pw . 

OsBj aUBi CXi OXt 


Inserting in (4.2) and identifying c.oefflcionts, one gets 

(4.4) 1. -h 

(4.5) 

(4.6) ~ WtW, = |(/o)'[-®'“’ (*'“)'- -Pi'*- (-Pi**)'] Wricoffdffdp, 

and the analogous equation for the index Jfc, both fc, 

If then, e.g. is found, one has the corresponding part of the distribution 
function as 


m . 

- aj)i 

2hT 


Wj - 


-»///(«' 


[j-xn + (-P?*)']MJ, dco ff do- if, 
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and the stress tensor is, from (3.1) 


P, 

or 

(4.7) 


rj = gJw,«)<P“> f ico . 


Since, from (4.4) to (4.6), the functions F are inyersely proportional to n, 
7 ] is proportional to Q(n = m, or independent of the density, as it must he. 
The final outcome for the -nscosity is as foUovs: 

Call X the angle by which an incoming molecule is deflected from its ori¬ 
ginal path. Define then an effectiTe eross-section Q (this has nothing to do 
with the Q of Section 3) for viscosity by 


(4.8) 




= 1(1 — cos* %)(r d<r d^s. 


This is dependent on the relative velocity w,. 
Define next the integral 




(s + 1) 


j(»^)-^j<?<*'(^) , exp 


'2hT 


6.W , 


where is an appropriate length and m the effective mass of the relative 
motion of the colliding molecules. In the following, M will bo the corres¬ 
ponding « molecular weight»). 

J*-* is a dimensionless function of P, which is imity for hard spheres. 
T depends on the law of interaction because the angle of deflection x which 
occurs in depends on it. 

The coefficient of viscosity for hard spheres is 


(4.9) 


_ 6 VhTmn _ 6 -i/ JcT _ 

^ 16 jtrj 16**^ y jrmrJ 


266.93-10-’ 


VjfP 

rS 


Here, ro is the diameter of the hard molecule. In the last part is in poise 
and r, in angstrdm. 

For molecules with a different force law, (4.9) is replaced by 


(4.10) 


9j = 266.93-10-* 


Vmt 


the force law entering only into T*-*, i.e. the temperature-dependence of ri. 
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5. - Relaxation times of distribution. 

We are going now to change the subject of discussion and will discuss quali¬ 
tatively the rate at which deviations from equilibrium die out. This subject, 
which goes back to Maxwell, has recently be clarified particularly by work 
Gbad [11], Sabdi [17) and Offbbiiaijs [18]. 

It is found that one should divide the overall change into three processes, 
needing for description widely separated time scales. 

A) The fastest process is one in which any existing correlation is destroyed, 
the correlation between molecules and the correlation between position and 
velocity of a molecmle. Tliis needs the time daring whuth a molecule is within 
the field of force of another or about ro/l^l* Here, 1«5| is the average speed 
of a molecule. Under normal conditions, this is 

10 -® 

(6.1) T, = r„/luil- — 


the duration of a collision. 

B) Process li is one which will be discussed in more detail below. In 
it, the distribution adjusts itself to a nearly Maxwellian one, with locally 
and temporarily slowly varying temperature and flow speed, i.e. the distri¬ 
bution /“(I 0) previously discussed. This takes a time which is about 

(6.2) Al\w\c=t lO-'/lO' = 10-“ s 

undor standiu’d conditions, or about the time between collisions. For «Max¬ 
wellian molecules » Maxwell proved 

(6.3) J? = i>Tj, . 


How far this holds in general will be investigated below. 

0) Process (J is the macros(topic tvdjustmont to true equilibrium. B.g. after 
regular thermal gi'ixdients to which the macrosc<q)ic laws of lieat c.onduc.tion 
can be applied have been established by li, heat conduction will, during 0 
load to uniform temperature. Then 


(6.4) 


T„ - - ;4p| > 


where i is a macroscopic dimension of the vessel. 

Next, this subject will be treated with more modern mathematical methods. 


a - Bendicontt S.I.B’. • XXVTt. 
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6. - Development Into plgenlnnctions. 

In the foUomng, we sketch the newer mathematical methods used to prove 
the results given qualitatively in the last Section [11, 18, 19]. 

I will start with a superficial introduction to the notions of operator cal¬ 
culus. An operator is a rule which tells how to make of any given function 
(with certain restrictions) any othOT function, i.e. 

( 6 . 1 ) = I'(x ). 


For example, a differentiation presents an operator; it makes out of ase-^a, 
out of out of 

The last exemple is interesting because it shows that it is possible that 
the new function F{x) is simply the old function multiplied by a constant. 

Of course the operator need not be anything as simple as a differentiation, 
it may be an integration or just a verbal rule. We will limit ourselves to 
linear operator, defined by 

(6.2) ^(u -h- ®) = •Sfu -f . 


We next ask the foUowing question: given an operator, are there func¬ 
tions, which operated upon produce the same function multiplied by a con¬ 
stant! For the previous example in which the operator was a differentiation, 
we have seen that the exponential is such a function. Physical examples are 
well known, the vibrations of a,stretched string, determined by 


d«M 

ix^ 


= — . 


For the given boundary conditions' (which are to be included in the opO' 
rator definition) this equation has an infinite set of well-known solutions. 


. nsx 
M, = a sm -y-, 

for a discrete set of Jc*, neamely (tm/I)*. 

In general, the question is this: what functions exist so that a given ope¬ 
rator operating on them reproduces them, multiplied, with a constant, i.e. 


(6.3) 
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It turns out that this is in general not possible for all values of the A but 
only for a discrete set, Xg, -which we caU the eigenvalues or characteristic values 
of the operator. The totality of Xg we call the spectrum of eigenvalues (in 
analogy to a coupled system of oscillators). For most of the operators oo- 
cuiTing here the spectrum is discrete but infinite, but there may he a con¬ 
tinuum also. E.g. in the quantum-theoretical problem of the H atom, the 
negative eigenvalues are discrete, the positive continuous. The function y 
belonging to a certain eigenvalue Xg is called the eigenfunction fg. 

For many operators eigenfunctions belonging to different eigenvalues are 
orthogonal. Write 

^yig = Xgipg ; , 

multiply the fli’st equation with yig, the second with yjg, subtract and integrate 
the result over the permitted range of the independent vjiriablo as, possibly 
■with a weight factor (*) g{ai), 

(6.4) f(y)s ^yig-y)gS? fs)g(a !)daj = (A^— X^) fy>sy)j,g(a))da. 


Since jSf may contain differential or integral operators, one cannot in ge¬ 
neral, change the order of the factors on the left. But by partial integration 
and with the proper boundary conditions (either y or d.y>/da zero at the 
boundaiy) the integral on the loft c-an be sho-wn to bo zero. Since the eigen¬ 
values X are different 

(6.B) ffetpj,g(x)da=0. 


which property is called orthogonality. 

Since the eq. (6.1) is homogeneous, f c.an be multiplied with any constant. 
It is convenient to choose this constant so that 


( 6 . 6 ) Jy)‘gg(x)da — 1; 

then f is called normalized (all tlio integi-als over the whole range of a). 

Eetuxning now to the collision integrals, lot us define an operator G acting 
on an arbitrary function E of lo, such that 


(6.7) 



Fj—Fi] dco'Wr(r du dy>. 


(*) This g has nothing to do with the distribution functions g of Section 1. 
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FaxtheTmore, giTen an arbitrary function JF(x), it is possible to represent 
it by a senes: 


F(ai) = 2 a.Fa 


provided F{x) obeys tie same boundary conditions as the {e.g., is zero at 
the ends of the interval) and is quadratically integrable over the range of x. 

This is a linear operator according to the definition (6.2) and it depends 
on the^ interaction potential of a pair of molecules, since the arguments *®i 
and Wj of JFj and Fj depend on for given to and w'. 

Let us noTv define the eigenfunctions and eigenvalues 4 of the ope¬ 
rator 9 through: 


(®- 8 ) = Xgyig . 

Both the ytg and A, depend on the interaction potential since ^ does. 
We know, from Section 3, of five eigenfunctions with A = 0, namely m, mwi, 
mwt, mwt and mu*(2 which obey 


whatever the interaction potential. We will call them Sind count 8 from 
unity beyond that. 

Than 

(6.9) ^F{u,) =9 {I = 2 a, = 2 

whatever P is. 

n we have to solve the equation 
(®-10) 8?<p = !(„,) 

we write 


In the case of the particular operator ^ we are now using, the proper 
weight function is the Maxwellian distribution /“. If we want to determine 
the coefficients we therefore multiply in the second eq. (6.11) both sides 


( 6 . 11 ) 

or 

( 6 . 12 ) 
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with y)jp and integrate over the whole range of dco 
(6.13) fltpifdi(o = '2,hfv>iy>jf^ = h- 


Similarly, by applying thin same procedui'e to (6.12) we find 


(6.14) 



Let us now return to eq. (3.14); and consider* as an example a stationary 
uniform shear (with constant n and T). The function I is then given by (3.16) 
divided by n and 

, IdWi m f 

(6.16) = 

It should be remembered that SWijBz is a constant, independent of w. 
Therefore 

(6.16) = 
and therefore (see (3.1)) 

(6.17) P„= ejwiw,/"(l + = ej'wiW3/'’da) = 

Since by ma(®oscopio definition 

3Wi 

(6.18) P„ = »7-^, 

we have first by proved that Pjs is of tliis form) and secondly calculated 

(6.19) 

independent of n. 

Prom what has been said earlier (Section 4) only those %pg will contribute 
which are odd in both and w*. 

Similar calculations may be made for heat conduction. 
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Next, consider a distribution -whicli deviates slightly from one of the sta¬ 
tionary nonequilibrium distributions (*). 

If refers to such a stationary distribution, let the momentary distri¬ 
bution be /®(1 -f -t- ^). 

Then the momentary linearized Boltzmann equation, -will be 

0 ® ~ ~ 

(6.20) 0) = — n9 0. 


If we now develop 
we find 

(6.21) 2 V* + 2 <’«(«’ y«) = — » 2 • 


The second term on the left concerns slow (transport) changes and will 
now be neglected. Multiplication of (6.21) with ipf and integration over w 
gives 


( 6 . 22 ) 


1 f * 

-^ = —o,~exp —- 



T) is the relaxation time of the mode j, is inversely proportional to the 
number density (or the pressure) and to the eigenvalue Ag. Different low l ying 
modes have different relaxation times, but of the same order of magnitude. 

While the theory here presented is mathematically satisfactory it suffers 
from the fact that actually eigendfunctions and eigenvalues are exactly known 
only for Maxwellian molecules, molecules which interact with an attractive 
potential ~r~*, but which do not exist in nature. Here the only eigen¬ 
function of proper symmetry for which 6, is not zero ■y)j= iO]Ws unnorma- 
hzed, or {kT/m)w 3 Wt normalized. 

Then the integral in (6.19) 


and 

(6.23) 


/■ 


WiWilpafdco 


m ’ 


_ w* /fef\ 



(*) In the lecture this was done incorrectly. 
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For other molecular modela (other ^’s) no exact solution is known. If 
one develops the real eigenfunctions into a series of Maxwell eigenfunctions 


(6.24) 
one finds 

(6.25) 




a ^a 

The operator equation for has the form 

(6.26) 2 = • 

i 

Multiplication with and inU^gratioii leads to 

(6.27) 2 ^ ^a\B 9 

i 

where the matrix element 0^ is an abhbreviation for 

(6.28) ^^5 = J f K dw. 


On principlti the H«t of liiioiu.* oqs. (6.30) can ll)o solved giving the A, as the 
roots of tho secular dotorininant 

(C/" —A) = 0 


and the values of the coefficient h follo'W. 

However, if one assumes that tpi and ipf are similar, one can conclude that 
only the and (?* have appreciable values. 

Then, approximately: 


(6.29) 


i.e. 


(6.30) 

= n 

and (*) 


(6.31) 

f] = ptth\^r^ pTz 


(*) According to HittSoirKMLDBR et ol. [13] the inclusion of three terms of the series 
provides a factor, which varies slowly with the temperature, and for the Lennard- 
Jones potential, dffiers from unity less than 0.8%. 
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since 

( 6 . 32 ) 

It is ob-vious by comparison that the quantity is proportional to rjr®-* 
of (4.10). 


7. - Interaction between moleeules. 


I will now change the subject and speak of the nature of the interaction 
between molecules, since this affects the Tiscosity and its temperature-depen¬ 
dence. 

I might say beforehand, that for the small masses handled in the labo¬ 
ratory, graritational effects are negligible in comparison with those discussed 
here. Gravitational effects are long-range effects but have a very small constant 
factor. If one considers larger and larger amounts of matter, the molecular 
forces acting on a molecule soon do not increase further, because of their 
short range, while the gravitational forces do; but it takes amounts of pla¬ 
netary or stellar size to make the two comparable. 

Molecular forces have certain characteristics in 
common. At large distances they are weak but 
attractive. They increase at first while the di¬ 
stance decreases. On the other hand, at small dis¬ 
tances they must be repulsive, and increasingly 
repulsive the smaller the distance, or matter would 
collapse. Therefore the general behaviour of the 
interaction energy S between two uncharged 
particles is represented by the curve of Pig. 1. 

That the value of E at infinity has been put equal to zero, is a matter of 
convenience, r, is the equilibrium distance, e the depth of the well and the 
turning point of a particle coming in with negligible kinetic energy from in¬ 
finity. A particle coming in with energy E has its turning point at r^. 

It is of historical interest that this type of curve was first considered by 
the Italian Jesuit Eoger Bosoovioh in the middle of the 18th century. He 
was bom in Bahnatia, of Slavic coimtry stock, to judge from his name. After 
joining the Jesuits and making his studies, he taught mathematics at the 
CoUegio Bomano and at the University of Pavia. He considered the atoms 
as dimensionless centres of force, and has in his books several curves equi¬ 
valent to ours. It is of interest that his curves have several maxima and mi- 
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nima, to take care of the difl'ereiit densities of the various states of aggre¬ 
gation, since the role of kinetic energy was not tlien known, (Even in the iBrst 
half of the lOtli century, physicists still spoke of the «elastic » tension of va- 
poms.) Boscovich’s book appeared in many editions, the first being published 
in Vienna 1758 [20]. As to the nature of the attractive forces, the first reaso¬ 
nable theories appeared soon after 1912, when Debye proposed the existence 
of permanent electric dipoles in (some) molecules. 

It might be mentioned hero that magnetic for(*.es are negligible compared 
to ele<jtric ones, since the ratio to ele(*.tric fields is about wfe, and the velo¬ 
city tv of the (outer) electrons in atoms and molecules is small compared to <?, 
the velocity of light. 

Boon after 1912, it was not known tliat relatively few molecules have per¬ 
manent dipoles, and so this interaction energy between permanent dipoles, 
was evaluated. However inolecuiles rotate due to thermal motion, and some 
relative positions are attractive, others repulsive; the attractive positions are 
taken more frequently because of the Maxwell-Boltzmann distribution function. 
The effective attraction energy turns out to be ^1/T, disappears therefore 
at high temperatxu'os, and even at room temperatm^e and for molecules with 
appreciable permanent dipoles is only a fraction of the total in gases, as 
Keesom’s [21] (‘.alculations have shown. 

The next stops were taken by Debye [22], If one considers with the former, 
a magnetic*, permanent dipole rotating in front of a sphere of soft iron, then 
one sees that, in case the north pole of the needle points to the sphere, a south 
pole will bo induced there giving attraction. If, next in the rotation, the south 
polo of the needle points to the sphere, a north pole will bo induced, again 
giving attraction. It follows that the interaction between an existing dipole 
and an induced dipole is always attractive, independent of rotation and there¬ 
fore tomperatm*(^, be(*.ause and in so far the induced and the inducing dipole 
are in phase. 

But where is the dipolo, say in a helium atom*? Here, looking at it (das- 
sic.ally, one can i)oint out that each moving electron in an atom or molecule, 
together with the nucleus, can b(^ considered as a rotating dipole which will 
indu(*e in a neighboring molociiU^ another dipole in ])hase with its own motion. 
Sinc.e the interaction between a dipole and its induced dipole is i)roportional 
to the square of the electri(i field, and since tlie electric*, field of a dipole de¬ 
creases like r "®, th(>i interaction energy is proportional to This general 
attra(*tion is now usually called van der Waals attraction. The ideas just dis- 
(‘.ussed were finally translated into qiiantum-theoreti(‘.al form by London [23] 
who reached this result with the help of sC^cond-order perturbation calcu¬ 
lation. 

In quantum theory, there is substituted for the classical rotating dipoles, 
made up of orbiting electron and nu(*leus, all the « virtual dipoles » connected 
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with, all tliose possible electronic transitions from the groimd state, which are 
optically allowed, i.e. which have a dipole moment connected with it. These 
virtuaJ transitions then induce in the other molecule a dipole just as the clas¬ 
sically assumed real dipoles would.. The attractive interaction energy is, there¬ 
fore, given by — where A contains, apart from universal constants, two 
factors: the first is the sum of the strength of all absorption lines starting from 
the ground state, divided by their frequencies, squared. This is the sum of 
the virtual dipole moments squared. The second factor is the polarizability 
of the particle in which the dipole is induced. Castmir [24] has shown tliat 
for larger distances — where however, the attraction is already small — 
should be substituted for r““, due to the retai’dation of the electric field, which 
retardation introduces a phase difference between the original and the induced 
dipole. 

After discussing the physical nature of the attractive forces, we will no.xt 
treat the repulsive potential and then enumerate the different expressions for 
the overall potential. The existence of the repulsive potential is necessary to 
prevent matter from collapsing, in view of the generally existing attraction. 
When the atoms were thought of as hard spheres, this was no problem. For¬ 
mally a hard sphere is described by a potential equal to zero beyond n, 
positive infinite for distances smaller than But when Lenaud, by his 
experiments on the penetration of matter by electrons (around 1895) found 
that atoms were mainly empty space, and when the Bohr theory held to the 
same view, a more elaborate theory became necessary. The first attempts at 
explanation turned out to bo wrong. In 1918, Born and LANJ)ii [26] tried 
to explain the lattice force in sodium chloride typo crystals. They imagined 
the ions—^following Langmuir and Kossbl —as cubes, with the nucleus in the 
center and the eight outer electrons in the comers. The attraction was of course 
provided in this case mainly by the Coulomb attraction between the excess 
charges, while as Born and Land^ proved, neutral cubes of the kind described 
above, an’anged side by side, gave repulsive potential energies oc r-®. How¬ 
ever this picture proved to be wrong. 

According to Eamshaw’s theorem, no two charge arrangements, each held 
rigid within itself, can have relative to each other positions of equilibrium. 
Physically, the idea is simple. In any arrangement of charges, which is neutral 
as a whole, there are as many lines of force leaving as are returning. Mathe¬ 
matically this is a consequence of the fact that any spherical harmonic (except 
the zeroth, which corresponds to an excess charge) integrated over a sphere 
vanishes. Therefore in any interaction, between overall neutral rigid charge 
arrangements there are as many orientations in which there is attraction as 
there are orientations in which there is repulsion. According to the statistical 
Maxwell-Boltzmann formida, the positions of attractions will be chosen pre¬ 
ferentially except at very high temperature, where the average interaction is 
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zero (*). That means tor the Boxn-Land6 ciystal case, that noighbonring cubes 
should arrange themselves side against corner, which would provide attraction. 

No solutions was found until the paper of Hbitlbr and London [26] 
in 1927, which explained the universal repulsion at low distance (the «impe¬ 
netrability» of matter) by a first order perturbation calculation. 

It is found to be a typical quantum effect, to which no classical analogue 
exists, and is bound up with the Pauli exclusion principle, or the fact that 
the electrons obey Permi-Dirac instead of classical statistics. 

It only arises when the electron clouds of the two partides (atoms, mole¬ 
cules) overlap and is proportional to that overlap. Since the densities of the 
electron clouds of spherically symmetrical particles (rare-gas atoms) are roughly 
proportional to oxp[—r/r'], the overlap is roughly proportional to 
exp[(r/r'-f r/r")]= exp[—r/r'")] which explains the short range and steepness 
of the repulsive potential. One might try to explain the repulsion due to the 
overlap electrostatically, by asserting that the overlap of two electron clouds 
of course produc.es repulsion. But the electron cloud of B, by penetrating 
the cloud of A, has also come closer to the nucleus of A (and correspondingly 
the electron cloud of A to the nucleus of B) and on balance, the electrostatic 
citoct is attractive. 

The first attempt at a more physical interpretation of the Heitler-London 
csdculation is duo to the late Lbnz [27, 28]. 

Consider the Permi-Thomas model of a rare gas atom containing N elec¬ 
trons as simple examidc of a molecule. In it, all the N quantum states of lowest 
energy are each filled by one electron. If one now brings electrons from the 
other cloud, belonging to the atom B, into the space already filled by the 
electrons of atom A, they cannot go into the same quantum states which are 
already filled by electrons of atom A, because of the Pauli principle. So they 
must fill liigher, originally unfilled states. It is the energy of this «pro¬ 
motion »to higher states which has to be supplied by work when the two atoms 
approach too closely, which appears as repulsive interaction. One sees that, 
without the Pauli principle, this would not exist. 

A modification of this explanation is due to Berlin [29]. According to 
Berlin, attraction between two atoms results from an accumulation of nega¬ 
tive (diarges between the nuclei, repulsion from a deficit of such cliarges (as 
compared with the formal superposition of chai’ge densities of the free atoms). 
The Pauli exclusion iwinciplo forces electrons out of the overlap region, into 
the space opposite the line joining the molecules. 


(*) One might ask whether this contradicts our previous statement, that the attrac¬ 
tion between dipole and induced dipole is temperature-independent. It doee not, because 
the existence of an induced dipole implies nonrigidity or more speoifloally, the presence 
of nouelectruBtatic Hooke's law restoring forces. 
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We turn nov to the interaction formulae which haye been proposed. 

I) The oldest is the van-der-Waals model, which has been applied to 
viscosity calculations by SuTHEatLAND in 1900, long before quantum mechanics. 

It is a hard sphere model, with relatively long range, weak atrractive forces. 
In the viscosity calculations, two constants appear: the molecular diameter r^, 
and G, Sutherland’s constant, which has the physical meaning that Gh is the 
attractive potential energy of two molecules in contact. 

II) The one most closely connected to theory is the formula of Cun¬ 
ningham 


(7.1) 


ff = Bexp -- 
I ^0. 


- Ar-o . 


The first term approximates the theoretically expected repulsion, the se¬ 
cond the theoretically expected attraction. It contains 3 constants, B, and A. 

Ill) The Lennard-Jones expression 


(7.2) 


H = 4e 




It contains the theoretically expected attraction. The repulsion term was 
originally chosen in deference to the Bom-Land6 ideas of interaction of high 
multipoles (the cubes correspond to octupoles). Lennard-Jones originally left 
the exponent of the repulsion tenn indetermined, with the only proviso that, 
because of the greater steepness of the repulsive forces, it had to be appreciably 
higher than that of the attraction. He settled than on 12 for no physical 
reason but for the mathematical one that if the two exponents are in the ratio 
2:1, the calculations are much simpler. 

The Lennard-Jones expression contains only two constants e, which is the 
depth of the well, and which is characterized by the fact, that for r= r^, 
H=0. Therefore r = yo is the place at which the H curve cuts the abscissa; 
it is also the turning point for a molecule approaching with negligible kinetic 
energy. The equilibrium position (m^mum of the well) is at •^2ro- 

IV) The next important formula is that of Moesb. 

This is a purely empirical equation, which Moesb originally introduced as 
an empirical expression to describe the (asymmetrical) potential-energy cmrve 
governing the internal vibration of molecules. In its original form, it was 


(7.3) S = fi{exp [— 2«(y — r,)] — 2 exp [— x{r — r J]} . 


It is a three-constant expression, e being the depth of the well, r, the equi- 
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librium distance, and l/« the mdth of the well. It has the exponential form 
for the repulsion, hut also for the attraction, althoxigh less steep {« instead 
'of 2x). The attraction here drops off much faster than for a power law like r~*. 

In the discussion. Dr. Sbttb pointed out that both for (7.2) and (7.3), the 
repulsiyo term is the square of the attractive tenn (except for a factor 2 in 
(7.3)), but that in the Lennard-Jones form the latter is chosen according to 
the theoiy, in the Morse equation the foniier. 

HiesoiipeTjUBR. and Lovbix [30] have chosen the independent constants 
in (7.3) differently. They write 


and 


C 

»=-, 


r, = 1 — In 


0 


If one then chooses reduced lengths rja, r/(T = l for H=(i, and 0 has to 
be used as an additional parameter. 

V) Amdttb [31, 32] has investigated the interaction potential for higher 
kinetic energies by scattering experiments with molecular beams and has found 

(7.4) 

*Sf= 6.94 for He, 8.33 for A, 7.22 for IST,, in the range of (0.1-rl) eV for H. 

On principle, the use of molecuhu- beams for scattering experiments is the 
most direct way of determining the interaction law between molecules. How¬ 
ever tiie UBUid beams have a Maxwell distribution of velocities, and one must 
therefore include a velocity selectoi*, wliich cuts the intensity too much. In 
addition, moleculsir beams have only velocities within the thermal range. 
Several groups iire working at pi’osent to get around these difficulties [33, 34]. 

Amduh [34] pi'oduoes a beam of positive ions, which are accelerated to a 
uniform velocity by a given potential difference, then neutralizes the ions by 
electrons. This produces strong neutral beams of several volts energy or more. 
The method cannot be used for very low energies, because of Volta potential 
differences in the apparatus. 

We will finally discuss in how far theory can predict the value of the con¬ 
stants in the expressions for S. 

Slater, [36, 36] has calculated long ago the complete interaction expres¬ 
sion (7.1) between two helium atoms, the simplest saturated molecules. This 
expression agrees fairly well with experiments. The constant in the exponential 
repulsion expression was later calculated by Blbiok [37] for Ne, and this 
work has been extended recently to A [38]. 
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Recently, the method of molecnlar orhitals has been applied to the problem. 
In it, the interaction between the molecules A and B is treated so that they 
are considered as a complex: AB to which all the electrons belong. 

One then has to calculate numerically E for a series of distances between 
A and B. This has been done, as an example, by "Gmfetng arid Wbhnbr [39] 
for the interaction of two helium atoms, considered as a two-nuclei, four-elec¬ 
tron complex. The result agrees rather well with Slater’s and other newer im¬ 
proved calculations. 

It is interesting to see how the van-der-Waals attraction arises in this 
method. When the two atoms are very far apart, the electrons are comple¬ 
tely in (spherically symmetrical) Is states. But when the atoms get closer 
together, the best electron states are those into which 2p states are mixed 
(more precisely, 2(Tj7-states). These are directional, and mixed with the s-states, 
describe polarization, i.e. the induced dipoles. 

In recent years great interest has arisen in the transport properties of very 
hot mixed gases, 6.g. in the heat conduction in the exhaust of jet motors, or 
in the shook waves important in high-speed aerodynamics, or in the properties 
of the atmosphere at very high altitudes. 

Here, due to the high temperature or to the effect of sunlight, many of our 
customarily saturated molecules are dissociated or even ionized. It becomes 
therefore important to know something of the interaction energy of, say, oxygen 
atoms and oxygen or nitrogen molecules. To determine this experimentally 
would be rather dif&cult, so it has to be attempted theoretically. 

One can say immediately that in the case of such unsaturated species as 
an oxygen atom, the main attractive force will not be provided by van-der- 
Waals type forces (although these will also be present), but by a kind of che¬ 
mical force. This latter will decrease with distance much faster than the 
van-der-Waals type, probably, exponentially, so that one should expect that 
the Morse-formula (7.3) should represent the situation better than (7.1) or (7.2). 
The problem can be and has been approached by the method of molecular 
orbitals, but in practice this is limited up to now to very simple particles, 
since the whole calculation must be made from the beginning for each case. 

A semi-empirical method, proposed by Masok and Vaiidbbslioe (in a 
number of papers in the Journal of Chemical Physios since 1968 [40-42]) is 
very useful. It uses the valence bond method, in which the binding of two 
atoms in a molecule is made up of interactions between pairs of electrons, 
each member of a pair belonging to a different atom. As an example, con¬ 
sider the potential energy curve as function of distance in different excited 
electrons states of HO. This curve can be gotten from a study of the bands 
in the optical spectrum in the visible and ultraviolet. 

Because one has them for different electronic states, one can decompose 
the overall interaction curves into components each belonging to a particular 
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electron pair e.g. an outer p-electron in oxygen and an outer s-electron in 
nitrogen, for all different spin orientations. 

If one then ’tri.shes to calculate the interaction energy of an' oxygen atom 
with Nj, one makes it up additivoly out of the previously determined inter¬ 
action curves of a particular oxygen electron and a particular nitrogen electron. 

One extreme case of «chemical» interaction has been calculated recently 
by Kokobkin [43]. 

It concerns the interaction enei^ of an hydrogen molecule and proton, 
which approaches the molecule in the midplane normal to the molecTilar axis. 
This potential is calculated both for chemical binding (electron sharing or 
formation of electron orbitals embracing all three nuclei) and for purely electro¬ 
static interaction. 


8. - The effeet of the form of the Interaction potential on the transport properties. 

In the previous Section, we have discussed the different expressions for the 
energy of interaction between particles. We shall now be concerned with the 
question how these influence the transport properties. 

Except for single power laws like (7.4), one can write the viscosity (*) 
(see (4.10)) 

■\/mt 

( 8 . 1 ) ^ = 266 . 9 - 10 -’^^,. 

Here, is a dimensionless function of a dimensionless qiiantity for which 
one can profitable choose 

s 

If one writes this TKejlc), one can give e/fc in degrees Kelvin without having 
to bother with negative powers of 10, as would bo if s were moasm‘ed in ergs. 

The particular force law only enters in and therefore it is necessivry 
to known rj over a wide range of temperatm’os if one wants to test a law. There 
exist measurements for argon and air from somewhat below room temperature to 
about 1800 "K, and N, and CO, up to 1700 ®K, made with the capillary flow 
method [44]. The limit on accuracy and range is the limit of fabricating the 
capillary and preventing changes at the high temperature. Other gases have 
been measured very precisely up to 1600®K by .Toitnston [45]. 


(’) This is only a first order approximatioa, none the less quite good. At extremely 
low temperatures (Ilg and He) quantum corrections come in. 
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Tor most force laws, the integrals -which make up Y*’* (4.7), (4.8) can only 
be calcxilated numerically on a computer. A further complication lies in the 
fact, that to the actual interaction energy S must be added the quasi-potential 
energy of the centrifugal motion, to get the effective potential energy (if),,* 


( 8 . 2 ) 


TT JT-L ^ 


where is the angular momenrum of the relative motion equal to 

, 

where w® is the relative motion at large distance and a the distance at which 
the asymptote of the original motion would pass the scatterer. Under some 
conditions, the positive quasi-energy of the centrifugal motion may produce 
a maximum of in the region where E is attractive. Molecules of low 
energy may colhde with and be turned back by this hump without ever getting 
very near to the scatterer. Molecules which have an energy slightly below 
that of the maximum will make a number of circuits around the hump (which 
acts like a circular wall) before flying off again. These «orbiting» molecules 
make a further complication for the computation. An extensive table of Y*-® 
for the Lennard-Jones potential (which contains as only independent variable 
the dimensionless temperature fcT/e) has been calculated by HiRfiOHij'BijDBa 
and his collaborators and can be found in his book [13]. 

To give an idea of the necessary range of temperature measiuement, one 
has the following values for a number of gases 


Gas 

He 

H. 

N, ' 

0, 

Clj 

COa 

CBg 

ejlc (=K) 

6 

34 

91 

113 

367 

190 

490 


This means that, if one excludes and He, IcTjs hes for 300 ®K be¬ 
tween 0.6 and 3; for 1600 ®K, the range is as high as between 3 and 17. 
In the range between 0.6 and 3, Y varies between 2.16 and 1.04. 

As a matter of fact, while and its temperature variation, i.e. Y, permit 
one to determine the constants fairly accurately provided the force law is 
assumed, they are not very sensitive to the force law. The Sutherland model 
gives 
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If one chooses C = 1.089e and the two r, as differing by a constant factor, 
the temperature variation of the Lennard-Jones model and the Sutherland 
model is indistinguishable [46] in the range of hTje between 0.76 and 4. 

Quite recently, HjRSOHFEiiDBK, and LovKii [30] have calculated tables of 
for the Morse law. This is of course a two-parameter table. No com¬ 
parison has yet been made of the temperature-dependence of rj for the Lennard- 
Jones and the Morse law. Experimentally, the temperature-dependence of rj 
for the Lennard-Jones expression agrees very well for the experiments of 
Johnston on Olj. 

Monohiok and Mason [47] have published a table of Y for the Stockmayer 
potential, which is applicable to polar gases and which contains besides the 
Lennard-Jones expression an angle-dependent term for the interaction of two 
permanent dipoles. They compare their results with the measurements of the 
viscosity of steam, the latter being of considerable engineering importance. 

Amdub [48] has o.alcuIated the viscosity of some gases at a range of tem¬ 
peratures, using for the lower part of the potential-energy cmwe the Lennard- 
Jones formula and for the upper part his expression (6.4). The result is shown 
in tlie following table for {jrgon. 


T 

1000 

6000 

16000 

r) calculated entirely from (6.2) 

5.4 

15.4 

30.7 

7] calculated from combination of (6.2) and (6.4) 

6.6 

18.6 

42. 


Some years ago, Smilbt [49] has extended the measurements of the heat 
conductivity of tugon up to 3000°K. Since this is a monoatomic gas, the 
ratio of thermal conductivity to viscosity is temperature-independent, so that 
this can bo considered as an indirect measurement of viscosity. A shock wave 
in argon is reflected from the back end of the tube. Between this end and 
the reflected shock, the gas is at rest at high temperature. The heat con¬ 
ducted from the gas to a resistance thermometer on the back-wall, which ther¬ 
mometer consisted of a thin platinum film, was measured. The evaluation is 
not simple, since the temperature in the gradient varied all the way from the 
interior of the gas to the wall, and the conductivity is temperature-dependent. 
Agreement with the predictions of the Lennard-Jones equation was found to 
be within 20% which is about the accuracy of the measurement. 

One might ask whether there are any other methods which might distin¬ 
guish more easily between different force laws besides scattering experi¬ 
ments. 

There is first the second virial coefftcient. 

The Kammerlingh-Onnes equation of state for moderately dense gases can 


a - ReniUeonH - XXVH. 
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be TOitten 
(8.3) 


vY B C 

= -I-1- 


which for small density is reduced to 


(8.4) 


ET ^Y 


Within the same approximation, this can also he written 


pY_ B 
ET 


B is called the second -virial coefficient. The form (8.4) is completely inde¬ 
pendent of the force law, provided the forces have short range. The force 
law enters only into the temperature-dependence of B, which looks typically 

as follows (B is in units of volume) (Fig. 2). 
gi The region where B is negative is determi- 

__ _ ned by the attractive forces, the region where 

Z' it is positive,- hy the repulsive ones. The tem- 

® j perature where B is zero is called the Boyle- 

/ temperature. For hard molecules, B should he 

constant at high temperature. The fact that in 
Fig. 2. reahty the curve there has a sUght negative slo¬ 

pe is a proof that the molecules are « compres¬ 
sible ». As ZwiOKT [60] has first pointed out the repulsive force increases 
as a continuous function with decreasing r, so that faster molecules can ap¬ 
proach closer, and the apparent volume of the molecule decreases at higher T. 

Unfortunately, as the curves in BQrschfelder’s book [13] show, the situation 
with B(2') differs not much from that of ri{T)] for a given assumed force law, 
one can determine the constants, but for different force laws with the « best » 
constants, the curves differ very little. 

There is next thermal diffusion of different isotopes of the same element, 
since the coefficient of thermal diffusion depends directly on the force law. 
However, the experiment is so difficult that no results useful for our purpose 
are available. 


Lastly, and perhaps most promisingly, would be a measurement of the 
compressibility and its variation with pressure in the solid state at low tem¬ 
perature, since this measures directly differential quotients of the interaction 
energy. The usefulness of such data was already recognized by Lennard-Jones 
in his early papers. Here again these are not enough modern measurements 
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(of frozen gases!) available. Por complicate molecules, one must also take 
into accoimt the compressibility of the intra-molecular bonds, as MtixuEDB [61] 
has done for the paraffins. 

As far as the calculation of relaxation times is concerned, the greatest gap 
in our unders;tanding of the forces is due to the absence of a theory of the 
viscosity of nonspherical molecules. In the treatment of the interaction of 
vibration and translation we will have to assume that when a particle A, say 
an atom of argon, hits a molecule BO, there will be separate forces between A 
and B and between A and 0. But the present theory of transport phenomena 
replaces this by the interaction between A and a spherical model BO. The 
problem is: If I know the potential energy which, exerted by a spherical 
molecule'BO, gives the right viscosity, what separate interactions A-B and 
A-0 together will give the same result? 

Connected -with this is the other question: For a spherical molecule, the 
collisions responsible for viscosity are truly elastic, but for a nonspherical, 
e.g. dumbbell molecule they are probably not, but exchange of translational 
and rotational energy will take place. Exchanges with vibrational energy are 
too rare in most circumstances to matter. 

Many years ago Pidduok: [62] considered collisions between rough hard 
spheres, but he was mainly interested in establishing that in the end the rota¬ 
tional degrees of freedom would attain the equipartition energy, and did not 
calculate visccisity. Another model consisted of spherical molecules with asym¬ 
metric mass distribution. 

Curtiss [63] has investigated the Boltzmann equation in a general form 
ill wliich the interaction energy depends also on internal co-ordinates, but has 
not carried it far enough yet for our purposes. 

Kjchaba [64] has calculated the equation of state for hard, ellipsoidal mole¬ 
cules or those of the shape of cylinders, capped with a sphere, and endowed 
with van-der-Waals’ attraction, t have (unpublished) tried to see what would 
happen if one substituted a sphere which had the same average cross-section 
as the Kihara molecule, used the radius of the sphere aS r# in the (spherical) 
Lennard-Jones equation while the radius of the cylinder was used as the r# 
in a Lennard-Jonos expression for each atom, and determined the c by iden¬ 
tifying the second virial-T curves in the Elihara and Lennard-Jones calcu¬ 
lations. 

Curtiss and Muokbnfuss [66] have calculated recently the viscosity for 
a gas of Kihara’s sphero-cylindrical molecules. 

Another rather doubtful attempt at a theory of ■viscosity of a dumbbell 
molecule ■will be reported in the article on relaxation 'times. 

Finally, we will discuss the heat conductivity of polyatomic molecules. The 
coefficient of heat conductivity will be designated as c.h.c. For monoatomic 
gases the kinetic theory of gases gives, as first but excellent approxi- 
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mation 


c.h.o. 


5 0, 16 jB 

2M'^ ~ 4 Jf■ 


for polyatomic molecules, with 0, > f 22, the factor | has to be changed. 
Dr. Gkmjnspait reported on Bucken’s hypothesis. We will call this factor 
the Eucken number {E%) 

(8.6) c.h.o.= 

The newer inrestigations of Chapman and Mbixnbb [66] look on the mole¬ 
cules in the difCerent states of internal excitation as different chemical species, 
which diffuse along the temperature gradient. This leads to 

Here is tlie internal specific heat and D the diffusion coefficient. (8.6) pre- 
supposes^ that the cross-section of the excited molecules does not differ from 
that of the unexcited ones, "which might be "wrong in the case of high excit¬ 
ation. 

DqIij is a ratio of several integrals X, and therefore dependent on both 
the force law and but this dependence is very slight, and the ratio lies mostly 
between 1.3 and 1.36. 

We ha"ve finally to consider the effect of slow exchange of internal and 
external energy on the heat conduction process, which leads to the fact that 
the diffusing excited molecules are not in equilibrium with their surroundings. 
This was first done by Ubbelohdb [67] who investigated heat conduction 
between parallel plates. He introduced a diffusion length, which is the dis¬ 
tance a molecule must travel in a uniform gas before equilibriuni is established, 
and found a region on the plates of the thickness of this diffusion length,, where 
a discontinuity in the gradient 'of the internal energy occurs, just as in normal 
Poiseuille flow there is a slip region and in normal heat conduction an ano¬ 
malous region, both of the thickness of a mean free path. He calculated that 
for normal pressure in COg, the effect would only be noticeable if the plates 
were closer than ^mm. 

Mason and Monohiok [68] have developed the equations for heat con¬ 
duction to an approximation one order higher than is usual and discovered 
a direct influence of the internal relaxation time on the coefficient of heat 
conductivity, i.e. and effect which exists also in large vessels, in addition to 
TJbhelohde’s effect, which is noticeable only in small vessels. 
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They find for tlie Buckon number instead of (8.6) 



where Gj is the specific heat and vj the relaxation time of the j-th internal 
degree of freedom. When the relaxation times become infinite (very slow 
energy exchange) this goes over into (8.6), 

O’Neal and Brokaw [69] have tested (8.7), by measuring the Bucken 
number directly, in cases (Na, Oj, COj) where contributions by rotational 
energy are the only internal parts which matter, and have deduced from their 
results reasonable values of r. 
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Relaxation theimique dans les gaz. 


H. O. Knbsek 

I. PhysikcMtohes ImUhit der TeoTvniaehm Eoduch/uie - SPuttgart 


I. 

Relaxation acoustique dans les gaz. 

1. - La thdoile pbdnomdnologlque. 

On entend par «relaxation»: 4qmlil)re non atteint. La thermodynamiqne 
dassique qui s’appelle plus proprement «tbennostatique » n’est valable que dans 
le cas od un syBtdne, lors de changements d’dtat, passe par des 6tats d’dquili'bre. 
B’apr4s la thenuodynamiqne dassique, la vitesse du son dans les fluides 
— mise 4 part Tinfluence de la Tiscosltd et de la conduction de obaleur — est 

(1) o = (Z,-er*, 

K, signMant la compressibilitd adiabatique et q la masse spdciflque. Lorsque, 
pendant une pdriode du son, l’4quilibre thermique n’est pas atteint, il faut 
reTiser cette afSrmation. Bn ce cas, oe sent particuliSrement les 4tats de tran¬ 
sition d’un dquilibre 4 I’autre qui ddterminent la propagation du son, c’est-4- 
dire des processus de relaxation. Nous pouTons.les ddcrire comme des r6ac- 
tions, dont les partidpants peuvent 4tre des atomes ou des moldcules plus ou 
moins 4n4rg4tiques, excites ou non exdt4s, dissoci4s ou associds, etc. 

Be 14 r4sultent difEerentes possibilit4s d’interprdtation tb4orique: 

1) Aveo la m4canique statistique on caloule les fonctions de changements 
et de r4partition en fonction du temps. Oda deTrait foumir en principe une 
repr4sentation compl4te du processus de relaxation. C’est Lobbmz qui a essay4 
cette m4thode pour la premifere fois. Ohapkan et Bnskog I’on d4velopp4e 
oompl4tement, mais pour les cas les plus simples senlement. Pour tons les 
probl4mes accessibles aux exp4iiences pratiques, la m4thode se trouye en face 
de clifficult4s insurmontables. 

2) Avec la th4orie cin4tique des r4actions: si I’on suppose des r4actions 
414mentajres sp4ciales, il est possible d’4tablii des 4quations oin4tiques sous 
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forme de « rate equations ». Be cette fa§on on peut calouler des fonotion d6ori- 
Tant la d^pendance de la concentration. Les «rate-constants » ne sont cal- 
culables que par la th6oiie des quantas. De nouveau on rencontra ici des 
diffioult6s presque insminontables. 

3) Avec la tli6oiie thermodynamique des processus irr6versible8. Ici on 
rencontra a cdtd de grandeurs d’dtats thermiques des coefficients plienom6no- 
logiques, par exemple la viscosite, la conduction de la chaleur etc., mais la 
tbdorie est incapable d’6valuer leur grandeur. 

4) Avec la th6orie pb6nom6nologique. Avec cette tb6orie on ne peut 
ddc61er que le type gdndral du phdnomdne de relaxation. En ddpit de cela, nous 
nous bomons pour I’instant ^ la phdnomdnologie, d’autant plus que les autres 
thdories seront traitdes plus en ddtail dans les autres le§ons. Ifaturellement 
nous ferons usage de la statistique en utiUsant ses rdsultats concemant la cha- 
lour spdcifique des gaz etc. 

Nous considdrons done le rapport entrela tension et la ddformation d’un corps 
quelconque d’uno manidre entidrement phdnomdnologique. Le corps sera sou¬ 


rs Aar d«s/■/on relaixation 



mis line ddformation (s) soudaine, qui sera annulde aprds un temps donnd. 
Le changemont de la tension (or) en fonction du temps est donnd qualitati- 
voment par la Eig. 1. L’dquation ddcrivant cola do la manidre la plus simple 
et applicable dans plusiours cas est 

(2) ff = i (oTo- a). 

Tb 

Be plus nous supposerons que pour I’dtat ddftnitif la rdgle de Hooke est 
valable 

(3) 7 = , 

Go 

oil le modulo Mq reprdsonte une vraie constanto do la matidro. Pour le phdno- 
radne inverse, la retardation, on a d’une fagon analogue 

e = - (go— g) . 


( 4 ) 
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Nous dliminons So et Cg de (2) et de (4) et obtenons 


(6) a + T.d = ifo(e + T„e). 

C’est I’dquation fondamentale pour le p]i6noinene de relaxation simple. 
Dans une onde dlastique <r et e changent pdriodiquement aveo le temps: 

(r(t) = cr.exp [woi] , ■ e(<) = s exp [iat], 

(T et £ dtant complexes. Avec ces donn4es l’4q. (5) donne 

(6) ff(l + icor,) = Jlfoe(l + . 

Pour les frequences tr4s hautes (a)»l/T) on obtient un module different: 


(7) 


e(o) ->■ oo) r. 


En g6n6ral on pent demontrei' que doit fetre > If, et de 14 quo > t,. 
Si Jf „ — Jf „ = AM est < ilf 0 la distinction entre les temps de retardation 
{Xg) et de relaxation (x,) sera irreieyante. Pour des frequences quelconque I’d- 
quation (6) dome 


(8) M{(o)^-=M'+iM'’. 

8 

aveo 

(9) Jlf'=3f, + AJIf , et M’^AM — 

I + co'tJ l + a)»T! 

oil 

(10) 7(co) = J' + U', 

o 

avec 


(11) 


J'=J,-AJ 


co' t| 

1 + ®»tJ’ 


et 


AJ = 


_1_^ 

Jfo if„' 




COXg 

1 + ®»t’ 


J(co) sl/Jf(ft)) signifie la «compliance ». 
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On aura une repr6soiitation tres claire, si on inscrit M((o) on J{co) dans 
le plan des nombros complexes aTec eo comme paramfetre. Dans les deux cas 
on obtient un demi-cei'cle, dont le centre se trouve sur la coordonn6e r6ell6 
(« Cole-plot») Dans la Fig. 2 ce cas est repr6sent6 sous la forme d’un dia- 



gramme de force. On pent y reconnaitre en m6me temps la difference de 
phase (d) entre les grandeurs correspondantes qui a un maximum tout pr6s 
de la frequence co sa l/r. On sait que 6 determine quelle part (AW) de l’6ner- 
gie (W) sera convertie uTOTersiblement pendant un cycle: 

(12) -=3-= 2n: sm d . 

Vv 


La Figure 3 rcpresonte cela pour des doundes differentes. 

Dans les fluidos la oompressibilite K se met 4 la place de J. Tout comme J, 
olle depend do la frequence comme 
dans (10) et (1.1) et nous obtenons Pt 


(13) K((o) = K' + iK''' 


(14) 


K' = E!>-LK 


r-f-co*T» ’ 

(OX 


(15) i'— 

(1(5) t^K = K<>~K”. 





L 




_».log u 


_i«:_i 

V -A 


tg tfi \! 


Log CO 


2 n sin 6 
W 


Log u 


Fig. 3. 


Nous considerons maintenant I’in- 

fluence que la relaxation exerce sur I’onde du son, en introduisant dans la 
formula (1) pour la vitesse du son (o = ci)/fc) la oompressibilite complexe qu’il 
faut dTaluer en fonction de (13). II s’ensuit, Tt complexe, 


(17) 


It = W ilf = (o Vfi • VjE' + iK'. 
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(18) 


De 14i, on obtient, k I’aade de (14) et (15) la vitesse du son 

AZ, a)»T» 


0* 


— 


-.)■ 


Kf l + co*T»; 

et poux I’indice d’absorption (^ = coefficient d’absorption paa* longuexir d’onde): 

AZ. 


(19) 


/i^JC 


(OX 


VZJZ” 1 


En d6riTaint les fonnules (19) et (20) nous avons n6glig6 des expressions 
de I’ordre de grandeur (/i*/4ra*). 

A partir de (14) nous avons simplement 6crit t (sans index) au lieu de x„. 
TJn calcul plus rigoureux [1] montre que dans les fluides: 

1) les cbangements d’6tat, qui se passent dans une onde sonore, peuvent 
toujours dtre trails comme adiabatiques (t = t,); 

2) il faut remplacer t par Vx^,. 

D’autre part en eomparaison avec (7) nous avons 


(20) 

T. SIT 

K ’ 

et en suivant 


(21) 

/ TTOO 

x-^y^-x,,. 

) z; 

Inti'oduisant (21) en (18) et (19) on obtient avec 

(22) 

AZ. 

K 

(23) 

«’_1 . s. _ 

^ 1+(1 —£)a)»Tj,’ 

(24) 

COTpf 

H — (1— fi)co>Tj, ■ 


2. - Processus simples de relaxation des gaz. 

Maintenant nous appliquerons les considerations de la pretni6re leqon 
aux gaz. Zous parlerons seulement des gaz dont le nombre des molecules 
no varie pas, si on change I’dtat. Les nombres d’ocoupation des 6tats quan- 
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tiques doivent assumer tin noiiTel 6tat d’6quilibre aprfes tin certain temps de 
relaxation limitd. Ici il s’agit snrtout des 4tats de rotation et ^oscillation, 
cela yent dire des gaz avec deux ou plusieurs atomes, parce que les 6tats 
61octroniques ne sent occupos qu’aux tempdratures de quelques 1000® (sauf 
une seule exception). 

Les «rdactions», qui peuvont se passer dans un des gaz considdrds, sont 
tels que quelques moldcules d’un dtat excitd assument un autre dtat excitd. 
L’expdrienee montre que ce passage ne se fait qu’aprds des collisions. 

Quest’ce qu’il se passe dans ce gaz, si on ddrange soudainement I’dquilibre 
thermique, par exemple en diminuant son volume en poussant un piston dans 
un oilindret Les moldcules touchant le piston augmentent leur dnergie trans- 
latoire et la transmettent par quelques collisions aux autres moldcules. Lardpar- 
tition de vitosse des degrds de libertd de translation correspond une tempd- 
rature dlevde aprds un temps trds court (4 peu prds quelques temps de col¬ 
lision). C’est la tempdrature extdrieure T^: La distribution aux degrds de 
libertd d’oscillation et de rotation ne change pas aussi vite, cela veut dire 
qu’elle correspond 4 une tempdrature plus basse (*), Tt («tempdrature intd- 
rieure»). 

Pendant le processus de relaxation Tt et Ta s’dgalisent davantage jusqu’au 
moment oh ils ont atteint la valeur d’dquilibre qui correspond au nouvel dtat. 

Ici il faut distinguer les cas bh le processus est isothermique des autres cas, 
ohle processus se deroule d’une manidre adiabatique aprds le premier coup. Dans 
le premier cas (!ra== const) la pression et le volume restent constants (4 cause de 
A® = 0), et I’dgalisation so produit avec un temps de relaxation (=t,,). 
Dans le deuxidme cas (jSf = const), le temps de relaxation ddpend du type du 
processus de rdaction isobarique ou isocliorique. Seulement dans le cas du 
processus isocliorique la pression a son maximum au mdme temps oh le 
volume a son minimum; dans tons les autres cas, le maximum de pres¬ 
sion arrive plus tdt que le minimum du volume, cola veut dire le maximum 
de densitd (Pig. 4). 

Pour les trois temps de relaxation diildi’onts, on a toujours 

■fjii • 

Les changements des dtats dans une onde de son sont toujours adiabatiques. 
La pression court au devant de la compression; il y a une diffdrence de phase 
entre la pression et la compression; dans le diagramme p-F le processus montre 


(*) Cette d6fimtion simple de la tempdrature intdrieure ne oonespond qu’aux « pro¬ 
cessus simples de relaxation»; dansce oas H, peut serrir oomme variable oaraotdristique 
du systdme au lieu des nombies de rdaction. Pour la ddfinition de la tempdrature intd- 
rieure: J. Mbixkbb: Zetts. Phys,, 124, 129 (1947). 
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Jk. 




(r=co/)sA) 

temps 


a) 


une palier limite, cela veut dire qu’on perd de I’dnergie qui se transforme 
irrdvarsiblement en ohaleur. 

La dissipation d’dnergie provoque une absorption du son. Si le temps de 

la p6riode et le temps qui est 
ndoessaire pour former I’dquili- 
bre sent en concordance, I’ab- 
sorption est la plus forte pos¬ 
sible. 

On voit qu’une diminution 
rapide du volume, qui provo¬ 
que une augmentation extre¬ 
me de la pression, provoque 
une compressibiUtd plus petite 
qu’une diminution lente. Pour 
une onde de son ^ haute fre¬ 
quence U faut s’attendre une 
compressibiUte plus petite (et 
une Vitesse de son plus gran¬ 
de) que pour une onde pe¬ 
tite frequence. L’exp6rience 
montre que la courbe de di¬ 
spersion monte dans le mfime 
domaine de frequence, od la 
courbe d’absorption passe par 
un maximum. 

Utilisant les mfimes symbo- 
les qu’en la premiere section 
nous introduisons un «nombre 
de relaxation» e 



Pig.' 4. - Allure de la pression, du volume et de 
la temperature dans le processu de relaxation 
sous differentes conditions seconidaires. Les fit- 
ohes dans les diagrammes p, Y ddsignent les 
processus deoourant e vitesse inflnie au temps 
t = 0. 


( 26 ) e = 


(K“ et = compressibUite adiabatique pour des processus tres rapides et to^s 
lents). 

Avec et E^ = C”IO^-p on obtient 


(26) 


0,-G, 

Ol-O^ 


Ot, 


0 et oo ont la m6me signification que dans (26). 0, est la partie de relaxation 
de la chaleur moldculaire, cela veut dire id: la partie des 4tats de rotation ou 






d’oscillation: 
.(27) 
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o,= o!-o: = o«-o: 


Pour un gaz parfait on pout remplacer CJ —OJ par B: 


(28) 


ROt 


La partio des 6tats de rotation de la chaleur mol4culaire ne pent pas sur- 
passer (3/2)i2. La partie des dtats d’osoillation ne peut surpasser Oi>B que 
pour les molecules qui poss^dent plus que 2 atomes; mais dans ce cas la sup¬ 
position d’un processus sinaple de relaxation devient douteuse. Avec 
Oj>f et 01>^B, s deTient 

(29) 8<0.3 . 


Pour les forniTiles de dispersion et d’absorption nous adoptons les notations 
sulvantes: 

e = "Vitesse de phase de I’onde du son, 
c, = 0(0)-»- 0 ); o„ = o(q) co), 
a = co6fficient d’absorption de I’amplitude, 
fi = a-A = indice d’absorption (sans dimension). 


Aprfts un petit calcul dont la maniere a 6t6 niontr6e dans la premiere 
section on obtient 


(30) 


oS_ 0 )*tS, 


(31) 


li=sJtS 


_ - fl)Tp. 

1 + fl)>TS,(l — e) ■ 


Los formules (30), (31) ne sont yalables qu’4 la condition (ju/2i?r)*<l. 
D’apr6s I’estimation r6alis6e en haut, (/m/2ji)* ne peut pas surpasser 8-10~' 
dans le cas de relaxation d’excitation des gaz parfaits. 

Les mesures aux ondes de son nous donnent des information sur 
L’autre temps de relaxation (t„) s’obtient par (20) 
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3. - Le dlagramme fjp et la probability de dysexcitation Z. 

Pour les diagrammes de dispersion et d.’absorption on ne choisit pas In w 
coinine abscisse, mais lg//p. Oela s’explique par la consid6ration sniyante: Si 
I’actiyation et la dysactjivation ne se produisent que par des collision de doiix 
naoiycules, les temps de relaxation sent proportionnels an temps moyen entre 
deux collisions t,. Pour un gaz parfait les temps de relaxation sont proportion¬ 
nels Si 1/p. Dans les formules (30) et (31) les temps de relaxation sont toujours 
li6s Si 0 ). Entre //p et cot il n’y a comme difE6rence qu’un facteur constant, qui 
ne dypend pas de la trSquence et de la pression, mais seulement de la tempd- 
rature. 

Dans cet article — comme dans plusieurs autres — nous ne donnerons pas 
les temps de relaxation eux-mdme, mais cela veut dire les 

temps de relaxation Si la pression 1. Une courbe d’absorption sur //p doit avoir 
un maximiun de ^ S (//p)^!. D’aprSs, l’6q. (7), a un maximum, si 


(33) 

(34) 


1 1 
~ Vl— e Tm 

1 1 Cl 

Vl^ T., 0 ^ ■ 


Aveo t ,4 = tJ,/p on obtient 


(36) 


At p 


■VI^, 


Dans les cas pas trop compliquds on pent calculer avec la thdorie quantique 
la probability qu’une moldoule excitde retoume S I’dtat fondamental aprSs une 
collision avec une autre moldcule ou le processus inverse. Cela veut dire qu’on 
peut calculer le nombre Z de collisions qu’une moldcule subit avant de changer 
son energie d’excitation en dnergie de translation et le Z' pour le processus 
inverse. S’il n’y a qu’un seul dtat q.uantique sauf I’dtat fondamental, on ob¬ 
tient pour Z et Z' I’dquation simple suivante: 


0 ^ et Ojg sont les concentration des moldoules dans les deux seuls dtats occupds. 

D’aprds Fig. 4 il semble plausible, que Z et Z' ddterminent le temps de 
relaxation isothennique r,, (= r^), mais les diagrammes d’absorption et de 
dispersion donnent ou r„. 
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Pour des reactions bimol6culaires ou trouve 


(37) 


T** Z'^ Z'’ 


tJ est le temps moyen entre 2 collisions une pression 1. 

Avec (36), (36) et (37) nous obtenons pour le module de deux 6tats: 


(38) 



Si l’6tat excit6 est faiblement oocup6, cela reut dire e est preque 

toujours <1. 

S’il y a plus que 2 4tats comme par exemple ^ I’osoillateur harmonique, le 
problkne est plus compliqu4. II y a la question s’il n’y a qu’un seul temps 
de relaxation. Lakdau et Tbxxbb out doun4 la r4ponse: Les 4tats des 4qui- 
libres d’un gaz d’oscillateurs harmoniques, qui seraient des 4tats d’4quilibre 
pour une autre temp4rature ext4rieure n’ont qu’m temps de relaxation pour 
atteindre l’4quilibre. On ne passe que des r4pairtitions d’4quilibre des nombres 
d’occupation, qui appartiennent aux temp4ratures difCdrentes. Pom: ces processus 
de relaxation on pent choisir une temp4rature int4rieur6 Ti comme param4tre 
de r4action. Dans I’onde du son il y a aussi seulement un processus de re¬ 
laxation. La possibilit4 d’appliquer des probabilit4s de transition optiques pour 
I’activation et la d4saotiYation par une collision et de ndgliger une transition 
de plusiem's quanta est la condition de cette tb4orie de Landau et Teller. 

Alors (37) se modiiie 14g4rement. Comme dlff4rence remarquable il y a un 
signe n4gatif 


< _ 1 _ 

t;, Z Z' 


\jZ' est la probabilit4 d’excitation pour le passage de l’4tat fondamental au 
premier 4tat excit4, IjZ la probabilit4 de d4sexcitation. Au lieu de Z et Z' 
on 6crit souvent Zy^ et 

Avec (36) et (36) on obtient l’4q. (38'); entre (38) et (38') il y a une dif£4- 
rence 14g4re: 


(38') 


Z-u< — 


r ftvil 1 o; r„ / >-— 


references 

[1] H. A. Lobbntz; Arcih,, Fieri, Phya,, 16, 61 (1880). 

[2] J. Meesnbr: Acvstioa, 2, 101 (1962). 
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n. 

L’interpritation qualitative des temps de relaxation. 


Dans cet expos6 je veux essayer d’6tablir une connexion simple entre les 
temps de relaxation de gaz didSrents. Cela ne yeut pas dire, que je dSvelop- 
perai une tli6orie des temps de relaxation. O’est la tache que le Dr. Hkbzpbld 
a r4solue d’une mani^re magnMque. Je ne yeux qu’indiquer un point de yue 
selon lequel les temps de relaxation peuyent 4tre classifies, et peat-4tre on 
sera mis en 4tat d’estiiner la yaleur des tomps de relaxation pour des mol6- 
cules pour lesquelles la th6orie rencontre des dif&cult6s insurmontables. 

La Vitesse de toutes les reactions dans an gaz est d4termin6e par le nombre 
de collisions qn’une mol4cule snbit par seconde. O’est pourquoi la mesure na- 
turelle de temps, par laqnelle on doit mesurer le temps de relaxation (t) n’est 
pas la seconde, mais le temps moyen entre deux collisions, o’est-a-dire le temps 
moyen de collision (Tj). Z=rlt, est une qnantit6 caractMstique pour chaque 
processus de relaxation. EUe depend exdusiyement de la tempdrature. Quant 
a la relaxation mdcanique dans les gaz, U s’agit presque toujours de relaxa¬ 
tion d’exdtation. Alors le temps de relaxation est presque identique au temps 
pendant lequel une mol4cule reste dans I’dtat excit6, et Z est le nombre des 
collisions que la molecule subit pendant ce temps la, on autrement IJZ est la 
probability ayeo laqueUe une collision fait cesser I’dtat excitd, qui s’appelle 
la probabilit4 de d4sexcitation. 

Bappelons alors le prindpe de I’adiabatisme qui a 4t4 introduit dans la 
tli6orie des temps de relaxation par Landau et Teller d’une mani4re ing4- 
nieuse. En voioi a peu pr4s l’4nonc4: 

Supposons qu’un mouyement p4riodique se passe dans une mol4cule; qile, 
de plus, une force yariable dans le temps, mais non p4riodique, agisse. Le 
mouyement p4riodique sera-t-il d4finitiyement distordu, c’est-a-dire l’4tat quan- 
tique sera-t-U changtl Le prindpe de I’adiabatisme r4pond a cette question 
de la mani4re sniyante: L’4tat quantique ne serai cliang4 que si le cbangement 
relatii de la force distordante est grand pendant' xme p4riode. Dans notre pro- 
bidne, le mouyement p4riodique pent 4tre une oscillation ou une rotation de 
la mol4cule. La force distordante est proyoqu4e par une autre mol4cule, qui 
s’approcbe de la premiere. Son cbangement relatif sera grand pendant une 
p4riode, si la dur4e du contact. des deux partenaires est tr4s courte. Celle-ci 
sera d4termin4e approximativement par le quotient diam4tre mol4culaire (d) 
di'vis4 pax la vitesse mol4culaire moyenne {w). D4notons la dur4e d’une pdriode 
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par 1/v, done nous pouvons supposer que la probabilitd de d6sexcitation IjZ 
est line fonction de la quantity a? = (d/to);(l/v). De la thdorie cindtique des 

gaz nous prenons la relation w ='\/ShTjm oil m est la masse rddnite des deux 
partenaires, et nous obtenons 

dv 

X = - - , 

Vsktjm 

Dans les Fig. 1-3 toutes les valeurs connues de Z pour les gaz diatomiques 
(exceptd ceux de I* et Br*) sent inscrites comme fonotions de A Z^ est mis 



X 

Fig. 1. - Frobabilitd de transition vibratiounelle en fonotion de x. 


pour V, la frdquonce de rotation, ii. Z^„ la frdquence d’oscillation. Le rdsultat 
n’est pas mauvais compte tenu de I’estimation approximative que nous avons 
employde. Presque tous les points se groupent autour d’une courbe. Deux 
points seulement se distinguent, trds nettement: ceux correspondant a HCl 
et NO. Oes moldcules se composent de deux atomes diffdrents. Les valeurs 
de Z sent oomparativement trop petites, leur probabilitd de ddsexcitation est 
beaucoup plus grande que celle de leurs voisines. 

Pour cela je veux proposer I’interprdtation suivante; Les moldcules sus- 
nommdes sent optiquement actives, e’est-it-dire eUes peuvent rddmettre aussi 
leurs quanta de rotation ou d’oscillation comme rayonnement. Oes quwta de 
lumidre parcourent dans le gaz un certain intervalle moyen (1) avec la vitesse 
de la lumidre et sont absorbds par une autre moldcule. Si I est petit en com- 
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paraison de la longueirr des ondes sonores (A), le processus n’influence pas la 
propagation du son. Mais si I > A/2 ou mdme > A/2, il provoque un racoourcis- 
sement du temps de relaxation. Cela pent 6tre compris de la maniOTe suivante: 



Fig. 2. - Prol>abi]it4 de transition 
rotationneUe en fonotion de x. 



Fig. 3. - Combinaison des Fig. 1 et 2. 


En cas de relaxation il n’y a pas d’dquilibre tliermodynamique dans une onde 
sonore; cela yeut dire que, par exemple au minimum de la temperature, les 
etats excites sont plus fortement oocup6s qu’Jl I’equilibre. Alors, si quelques 
molecules emettent leur 6nergie d’excitation sous forme de rayonnement §t 
une distance I > A/2, le rapprochement ib I’equilibre est accei6r6, c’est-h-dire r 
et done Z sont racoourcis. 

Ces reflexions ont ete discutees il y a quelques anudes par Ltxkasik [1]. 
Il tira la consequence que des processus de rayonnement n’ont pas d’influence 
sur le temps de relaxation, parce que la duree naturelle des etats de rotation 
et d’oscillation, e’est-i-dire le temps qui passe jusqu’h ce que la molecule con- 
yertisse son quantum d’energie en rayonnement, est extraordinairement longue. 
En effet il faudrait que le temps d’etablissement de I’equilibre thermique to) 
deyint egale k la duree naturelle. Mdme aux pressions les plus petites dans 
lesquelles on peut encore executor des mesures des ondes sonores, t, est dejib 
plus petit de plusieurs ordies de grandeur que la duree naturelle. Ayant que 
celle-ci flnisse, la molecule a subi dejh un nombre extremement eidvd de 
collisions. A cause de cela il est toujours beaucoup plus probable qu’une de 
ces collisions soit ineiastique, e’est-ib-dire que I’enorgie d’excitation soit trans- 
formee de maniere purement mecanique en energie de translation. Voilib 
^argumentation de Luxa.sxe. 

n ine semble qu’une chose lui a echappe, e’est que remission d’un quantum 
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ne doit pas s’effectuer gpontandment, mais peut-dtre aussi proToqnde par uae 
collision. Bn ce cas-1^, le temps de relaxation pent 6tre racoonrci en effet par 
I’dmission de quanta; ib supposer naturellement qne la condition dtablie 
I > A/2, dont on parlait plus haut, soit r6alis6e. II nous faudra examiner si la 
quantity A;sA/2Z est <1; seulement dans ce cas une influence de l’6inission 
quantique pent devenir remarquable. Alors Z est sans doute inyersement pro- 
portionnel 4 la pression; nous mettons en 6quation Z = l/yj). De plus nous 
posons A = c//, oil o signifie la vitesse du son, dont nous n6gligeons ioi, la 
ddpendance de la frdquence, et f la fr6quence. n s’ensuit ainsi: 


( 1 ) 



Pour flp nous substituons la valeur, pour laquelle la relaxation est plus 
remarquable, c’est-d.-dire la valeur pour laquelle on trouve le maximum 
d’absorption. 

Mallieureusement nous n’avons que pour deux gaz, pour lesquels les dtats 
d’dnergie intdrieure sont optiquement actifs, des r6sultats suffisants sux I’ab- 
sorption acoustique et optique. Pour NO et COg. La table I nous donne les 

valeurs et les positions du maximum de la relaxation d’osciUation _), de 

mgme que la grandeur de pour le processus de relaxation calcul6e partir 
de oette valeur. 


Tablb I. 


Gaz 

0 (oms-1) 


//Pnuuc (8“^ atm“^) 


NO 

3.26-10^ 

0.6 [2] 

4-10'[4] 

0.02 

COg 

2.7 -lO* 

12.6 [3] 

3.6-10* [6] 

5 


De 1^, I’infiuence du rayonuement susmentionnS ne devrait pas pr4- 
dominer chez COg, alors qu’il entre en considdration pour NO. Ce fait pour- 
rait expUquer le temps de relaxation de NO dtonnement court en oomparaison 
avec Ng et Og [6]. 

Parmi les gaz dont on connait la relaxation de rotation, HOI, Tunique opti¬ 
quement actif se distingue par un temps de relaxation particuli6rement court [7]. 

Quand nous ne considdrons que I’eflet des collisions indlastiques et sans 
radiation (c’est-§.-dire Z est inddpendant de p et par-lA aussi de //p. 

Alors ju, reprdsentd graphiquement en fonction de log flp, donne d’aprds la 
formule (2) la courbe d’erreur de Oauss symdtrique bien connue avec un 
maximum pour //p = //p„»*=l/A, une valeur de moitid infdrieure pour fjp = 
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= (2—Vs) I A et une valeur de moiti^ sup4rieure pour fjp =(2 -|- Vs) I A, o’est-lt- 
dire avec la demi-largeur logaritluaiqTie log 3.73/0.27 =1.14. 

n en est de mfime lorsque I’influeuce de remission dos quanta pr6doinine. 
Cela pent aToir lieu dans le cas oii LJl. aussi la largeur de moiti6 

logarithmique devrait 6tre 1.14. 


Ac^onotion 
Tol. % He 

O-10-* 

(m/B) 

Y 

(om-^ atm“i) 

//Pb-x-IO-* 
(B-i atm~^) 

(poise) 

^mwc 

calould 

d’apr^s 

(1) 

demi-largeur 

loga¬ 

rithmique 

0 

2.7 

12.5 

3.5 

1.471 

5 

1.17 

68.8 

4.13 

6.14 

27 

1.714 

3.9 

1.21 

86.2 

6.23 

1.72 

40 

1.908 

0.13 

1.24 

99.0 

9.59 

0.125 

49 

1.960 

0.012 

1.26 


Mais si le maximum d’absorption entare dans le domaine do fjp oil ifc isw 1, 
4 cause de la fonnule (1), Z et par-14 A peut aToir une valeur plus grande 
(4 — An) dans le prolongement de basses frequences (k > 1) que dans le pro- 
longement de baute frequences (*<1; A==A„), et la demi-largeur sera 
og( . /0.27)(4,/J.„)>1.14. Hous pouvons effectivement observer cela dans 
des melanges de CO,-Se pour la temperature ambiante [6]. 

Avec une adjonction de 99o/o He, la demi-largeur logarithmique n’a pas 
repm sa valem normale. On pourrait en conclure que I’influonce de la 


RfiFfiREFCES 


14] H. 3. Ba™, h. 0. KsS^'e 

. Knbsi®: J(mm. Aeoust. Soo. Am., 82, 886 (1960). 
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in. 

Relaxation oseillatoiie et rotatoire. 


1. - Introduetion. 

Le temps de relaxation determine la position de la montde de la courlte 
de dispersion, et le maximum d’alisorption en abscisse (In co ou lg//j)). Le 
nombre de relaxation e donne les dimensions du maximum et de I’augmentation 
de dispersion. 

$ a une ddpendance importante de (7,, cela vent dire des parties des degrds 
de libertd intdrieurs de la chaleur moldculaixe. 

L’dnergie intdrieure comprend les espdees d’dnergie intramoldculalre sui- 
vantes: 

1) Energie d’oscillation. 

2) Energie de rotation. 

3) Energie dlectronique. 

Pour toutes ces espdeos d’dnergie, il faut faire attention ib la diTision en 
quanta qui n’existe pas pour I’dnergie de translation. Des grandes distances 
des niveaux d’dnergie proToquent des grands temps de relaxation, et on salt 
que les grandes diffdrences d’dnergie (compardes avec hT) donnent des petites 
parties ib la chaleur moldculaire, cela Teat dire \me petite valeur de relaxation e. 
On pent comprendre qu’il n’y ait qu’un seul cas spdeial (NO), oil on pourrait 
ddceler des traces d’une relaxation dlectronique. 

Les quanta de I’dnergie de rotation sont presque toujours < TeT. O’est 
pourquoi I’on trouTe les effets d’absorption et de dispersion de rotation lb des 
raleurs de fjp trds dlevdes mais encore obtenibles. La Taleur de relaxation e 
est trds forte. 

Les quanta d’oscillation prennent une position moyenne. O’est pourquoi 
la relaxation d’oscillation est la mieux connue. 

Entre les moldcules lb deux atomes, ce sont surtout les halogdnes qui out 
grSee li la grande masse des atomes, des quanta d’oscillation tellement petits 
qu’on peat observer des effets nets de dispersion et d’absorption di domaines 
de frdquences bien accessibles par I’expdrience. 

Les dnergies de rotation et d’osoillation ont trds souvent un temps de re- 
taxation bien ddfini. Ces temps de relaxation ont des diffdrences de quelques 
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ordies de grandeurs sous des conditions nonnales et des domaines* d’absorp- 

tion et de dispersion s6par6s dont la d6pon- 
dance de fjp est ddcrite par los equations 
d6riv6es pour la relaxation simple. Lo caractere 
du spectre d’absorption acoustique ost toujours 
le mSme pour des gaz pas trop conipliquds. 
Un maximum de rotation est superpose 
I’acoroissement de I’indice d’absorption olas- 
sique. 

Le maximum de rotation a un fioMt ^ • 

Aux vaJeurs de fjp plus petites il y a lo maxi¬ 
mum d’oscillation. Son fi^ ddcrolt si la fr6- 
quenoe du maximum d6crolt. La Fig. 1 montro 
ces faits It dexix temperatures diffdrontes. Pro- 
sque toutes les experiences actuelles montrent 
que les temps de relaxation dOTiennent plus 
petits, si I’on augments la tempdrature. Loh 
maxima de relaxation se deplacent vers dea 
valeurs plus eievees de fjp e. tempdrature 
croissants. 

On Toit que le coefScient de temperature de I’absorption du son pout avoir 
des valeurs positives ou negatives. 



2. - Relaxation d’oscillation. 

21. Gaz A deux atomes. — Les etats quantiques des molecules ^ doux atomoa 
(osoillateur harmonique) se trouvent des distances egales hv, v est la frequoiico 
fondamentale. On calcule seulement par la «temperature cai’acteristiquc », 



la partis des oscillations de la chaleur moieculaire en se servant de la foriuulo 
de Planck et Finstein. 

a) Halogenes [1]. Les frequences fondamentales de toutes les mole¬ 
cules des kaJogenes sont relativement basses (6 = 308 tb 813°). O’ost pourquoi 
ces gaz montrent ime relaxation d’osoillation forte, qui a 6te examinde 
surtout par des mesures d’absorption. Si I’on calcule, avec 0 la chaleur 
d’oscillation [2] et I’eievation du maximum d’absorption, on trouvo unts 
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tres bonne concordance avec les valeurs mesur 6 es. An dessns et au dessous du 
maximum la courbe d’absorption suit aussi la courbe calculde pour un proces¬ 
sus simple de relaxation. C’est une preuve que tons les niyeaux d’dnergie d’un 
oscillateur out un temps de relaxation com- 
mun. On peut calculer Z avec (14'). 

Toutes les valeurs de Z des halogenes 
(Fig. 2) sont mises en fonction de fl/T, 
parce que Z est surtout d 6 termin 6 par 
6IT (surtout mais pas seulement). 

La combinaison d’un lialogene avec 
riiydrogfene a des quanta d’oscillation 
beaucoup plus grands 4 cause de la petite 
masse de I’atome H. II n’y a qu’une re¬ 
laxation d’oKScillation aux temp 6 ratures 
extrfimement hautes et ^ des frequences 
basses. Les mesures de HCl ne montrent 
qu’une relaxation de rotation. 

b) O 2 et La temperature ca- 
racteristique de ces deux gaz est tr&s 
haute (0^=2228°K et 0=333O°K). Une 
relaxation d’oscillation ne pout exister 
qu’Jb des frequencies tr^s basses ou des 
temperatures et des pressions tres 61ev6es. 

Des mesures soigneuses existent seulement 
pour I’oxygene [3]. 

Le temps de relaxation (r) du gaz pur hi 1 atmosphere et temp 6 rature am- 
biante est tellement grand, que les m 6 thodes acoustiques ne suffisent pas pour 
trouver directement la frequence de relaxation. Mais en ajoutant des gaz 
convenables, on peut augmenter beaucoup la frequence de relaxation. On la 
trouve pour les gaz purs par extrapolation. Pour ces mesures, il est necessaire 
d’avoir des gaz extrfimement purs et de determiner exactement le pourcentage 
du gaz ajoute. 

Pour des additions petites e ne varie presque pas; c’est seulement r qui 
varie. Dans ce cas on applique le diagramme do Cole; on porte la partie ima- 
ginaire do la c.ompressibilite adiabatique nomialisee en fonction de la partie 
reelle. La premiere partie est (/^/ 7 r)(cJ/c®), la derniere La Figure 3 montre 
le resultat pour 63 & temp 6 rature ambiante. Tons les points sont pr 6 s de deux 
demi-cercles avec les diametres 0.003 et 0.136. La forme circulaire montre 
qu’il s’agit do deux processus de relaxation simple. Les diamfetres donnent 
directement les valeurs do relaxation s. Le petit cercle (0 est seulement un pen 
plus grand que ei, basses frequences) repr 6 sente la relaxation d’oscillation; on 



0/r 

Fig. 2. - Ajfluore (Shields, 1962); o, 
ohlore (Shields, 1960) ; I, ohlore (Smi¬ 
ley, 1964), ; #, ohlore (Sittig) ; □, bro- 
me (Shields, 1960); x iode (Shields, 
1960). 
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obtient arec 6=2228°K; 0(=0.028E; e=0.0032; en concordance avecle dia- 
mfetre dn «Cole-plot ». Le grand cercle repr4sente la relaxation de rotation. 

Pour Ng on vient de fadre des mesures slires [4] ^ une temperature de 
103 °0 malgr6 la petite valeur de Gt de 0.0046 B et de 10“®. Ces me¬ 
sures permettent d’estimer que le maximum se trouve k la yaleur extr^- 
mement basse de 1 Hz/atm. 




Fig. 3. 


Les valeurs de Z obtenues par ces mesures et d’autres mesui’es se trou- 
yent dans la Fig. 4 en function de djr. 


c) CO et irO. Pour le CO [6] {0 = 3O8O‘’K) il y a do grandes diffe¬ 
rences entre les mesures dej^ faites dont le nombre est tres petit. Les mesures 
les plus r6centes montrent qu’il y a une relaxation d’oscillation arec une fre¬ 
quence de relaxation fjPaa 73 Hz/atm 4 ime temp6rature de 103 °0 
(0, = 0.0033JB). 


Pour le N'O il n’y a pas seulement des etats 
d’oscillation et de rotation qui participent 4 Oi, 
mais il y a aussi un etat eiectronique, qui est dej4 
bien occupe 4 la temperature ambiante et qui 
foumit une partie de Il faut pr6Toir trois 
domaines de relaxation. En effet on reussit 4 
analyser la courbe d’absorption mesur6e 4 300 “K. 
On trouve un maximum de /j, dont la hauteur 
(^,„, = (1.41 ±0.06)-10-») est en bonne concor¬ 
dance avec la valeur attendue pour la relaxation 
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Fig. 4 - Nat □ Blackman, o Luka ik et Young, 
■ HbNEDRSON; Oa:A BlACKMAN, • KnOTZBL, A HeN- 
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d’oscillation (0<= 0.008 06; = 1.359*10“®). On trouve le maximum k une 

valeur de fjp = 400 kHz/atm; cela donne une yaleur de -Z (2 700 & 300 [7]) 

au moins 20 fois plus grande que les 
valours des inol6cules pareilles Og et 
Ng. On trouve toutes les valours de Z 
trouv6es par des mesures acoustiques 
pour CO et STO en fonction de dJT 
dans la Fig. 6. 


Fig. 5. - CO: A Shbrrat et GtKippiths, o 
VON Ittbrbbok et Maeiens, ▲ Sendee, 

• Henderson, ■ Windsor, Davidson et 
Taylor, □ Gaidon et Htjrle ; NO : x Bauer. 

3. - Relaxation de rotation. 

3*1. Gorr6lations ginirales. - Les quanta de rotation d’une molecule sont 
presque toujours d’un ordre de grandeur plus petits que les quanta d’oscilla- 
tion. La Figure 6 inontre les valours d’6nergie du quantum de rotation pour 
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quelques gaz donn6es par la temperature caract6ristique 

On Toit, qu’nn grand nombre d’dtats de rotation est ddj&i occnpd ^ la 
tempdratxire ambiante. Le para-bydrog^ne est une exception. Dans tons ees 
gaz la relaxation de rotation se vdridera aux Taleurs fjp dlevdes. Les quanta 
de rotation sont proportionnels ^ la valour rdciproque du moment d’inertie. 
C’est pourquoi ils sont relativement grands pour les moldcules dont la masse 
se trouve pr^s du centre de masse. Mais mdme dans ce cas les relaxations 
de rotation et d’oscillation n’interf^rent pas car la relaxation d’oscillation 
se trouve alors aux valours fjp extrdmement basses. 

Dans le domaine de la dispersion et de I’absorption de rotation on trouve 
ddjii presque toujours les effets classiques, qui suivent la formule de Stokes- 
Kirchhoff; pour le coefficient d’absorption a on obtient: 

avec: e = vitesse du son, 

y = rapport des chaleurs spdciflques OJO^, 

A = le coefficient de conductibilit^ calorifique, 

?7 = la viscositd. 

La thdorie cindtique du gaz donne pour c, A Qt rj les Equations suivantesr 


( 2 ) 


OfolMa — 


O)® 


(3) 


(4) 


(6) 

rj = iec*T,; 


Avec: c = vitesse moyenne des moldcules, 

To = temps moyen entre deux collisions. 

L’introduction de (3), (4), (6) dans (2) donne I’equation 


( 6 ) 


^0l«88 - 


2o 


7y-3 

3y* 


•CO*To . 


Largement au dessous du maximum de la relaxation de rotation on trouve 
souvent, que I’absorption totale a,xr = aiot + “oiMi ®st proportionelle & coK 
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On suppose que la formule d’absorption pour le processus simple de relaxation 
est valable aussi dans ce domaine. Au moins chaque spectre continu des temps 
de relaxation donnerait un accroissement en fonction de la fr6quence moins 
forte. 

Pour 1 on obtient: 






0) 




2nc Vl — fi 


(O 




Tin utflisant les formules d6riv6es dans les lemons pr6c6dentes on trouTO 
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On obtient 
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et par (6) et (7) et (13) de la le§on pr6t*Hente 
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avec 

( 12 ) 
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■ (7y- 3)0* ■ • 


On pent supposer que les degr6s do liberty de rotation sont totalement 
excites k la temperature ambiante (sauf p-H,) et qu’ il n’y a aucune excita¬ 
tion des degris de libertd d’osoillation pour des yaleurs de fjp conyenables. 
Pour des mol6oules non lin6aires, on obtient dans ce cas: 


(13) 


y = . 


6 + 2 



01 



pour les molecules lineaires: 


6 + 2 





(14) 
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Arec ces valexus on obtient: 


(16) 


P (non lin6aire) = 0.106 , 
P (lin6aire) = 0.099 . 


Par l’6q. (11), on pent estimer directement Z par le rapport de I’absorption 
mesnrde et I’absorption calcul6e avec les 6quations classiques [8]. Le Z signlde 
bien le processus de relaxation de rotation, mais il n’a pas dn tout la signi¬ 
fication physique pr4GiBe qu’il a dans le cas de la relaxation d’oscillation. 
C’est aussi valable pour le temps de relaxation, qu’on peut oalculer en appli- 
quant (7). Surtout on ne peut pas trouver directement le temps de relaxation 
du niveau le plus bas de rotation (0 ^.,) . ce qui est possible pour I’osciUateur 
harmonique. 


8‘2. Pa/rorhydroghne. - Grfiee 4 ses quanta de rotation tr6s grands, le 
para-hydrog6ne est une exception. Seulement les deux premiers niveaux de 
rotation sont occup4s remarquablement avec 16.7% et 0.26%. 
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Fig. 8.-0 n-H, (von Ittbbbbok et 
MABiiiNS, 1937; Stewart et Stbwart, 
1952; TON Ittbrbeok et Vbbharobn, 

1951) ; □ D, (Stbwabt et Stbwart, 

1952) ; • ECl (Bbbazbalb et Enbsbb, 
I960); X hf, (Zmuda, 1951; Ebulbb, 
1940; Parbrook et Tbmbbst, 1958; 
Sbssibb, 1958; Baubb, 1959); + 0, 
(Parbrook et I’bmbbst, 1958; Sbs- 
sibr, 1958); A NO (Baubr, 1959). 
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Jusqii’i une valeur de fjp de 2-10’ Hz/atm I’absorption est surtout deter- 
miii6e par la relaxation de rotation. Jusqu’Si 10® Hz/atm c’est la mfime chose 
pour la dispersion. Bn plus il faut soustraire les parties classiques [9]. Ainsi 
on obtient des courbes [10] qu’on ne pent pas expliquer par une relaxation 
simple (Big. 7). L’analyse donne assez bien deux temps de relaxation: pour le 
passage ler/26me niveau 1.21*10“® s, pour le passage 2feme/3eme niveau 
2.11-10“® s. Les valeurs de Z correspondantes sont 173 et 301. Au point de 
vue ordre de grandeur elles sont en bonne concordance avec les valeurs trou- 
v6s pai* la th6orie quantique pour la collision de deux mol6cules de para-hy- 
drog^ne [11]. 

La Fig. 8 donne un resum6 des r6sultats exp6rimentaux. 
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IV. 


Histoire des recherches sui la propagation du son. 


Depnis que les hommes connaissent I’^clair et le tounerre, ils sayent que le 
son se transmet areo nue vitesse liimt6e. Mais ce n’est que le g6nie de Newton 
qui reconnut le premier dans la yitesse du son un probl^me de m6canique (1687). 
II le x6solut ayec un succfes 6tonnant: le carr6 de la yitesse du son dans I’air 
(et dans tons les autoes corps) est 4gal au quotient de la pression de la masse 
sp6ciaque. La yaleur niun&rique qui en r6sultait s’aecordait, dans les limites 
de I’erreur de cette 6poque-14, ayec les expMences. Newton ajouta une ob- 
seryation surprenante, que Ton pent facilement yMfier: La yitesse du son 
dans I’air est 4gale celle d’un corps qui tombe en chute libre de la moitid 
de la hauteur de I’atmosphdre homogdne et isothermique. T7n autre rdsultat 
contenu dans la formule de Newton et but lequel on disputa pendant un sidele 
encore dtait beaucoup plus important: La vitesse du son est absolument 
inddpendante de la frequence et, dans certaines limites, de I’amplitude. 

Oela ne changea pas, quand LAPLi.OE alia plus loin en tenant compte du fait 
que la compression d’un gaz est lide I’dldyation de sa tempdrature. En effet, 
la thdorie de Laplace — qui fit du probldme de la propagation du son un 
probldme thermodynamique — dtait d’une audace extraordinaire. EUe sup- 
posa que, dans un espace libre rempli d’un gaz, des diffdrences de tempdrature 
peuyent exister, changeant cent ou mille fois pendant une seconde. Outre cela, 
la thdorie prouya que .les diffdrences de tempdrature s’dquilibrent moins aux 
basses frdquences qu’aux hautes frdquences. 

Naturellement la thdorie de Laplace a dtd compldtd certains dgards par 
des auteurs postdrieurs: 

1) Si la longueur des ondes diminue, les diffdrences de tempdrature ten- 
dent s’dquilibrer par conduction de chaleur (Stoebs). 

2) Dans une onde plane, chaque dldment de yolume d’un gaz est soumis 
non seulement une ddformation de ressemblance isotrope, mais aussi 4 une 
ddformation de cisaillement. Celle-ci est toujours ralentie par la yiscositd 
(Ktrchhopf). 

3) L’amplitude augments, si une onde se propage dans un gaz de densitd 
diminuante — par exemple yerticalement dans I’atmosphdre (Soheodxngbe). 

Toutes ces corrections infiuencent en premier lieu I’absorption du son, et. 
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une approximation plus 616v6e seulemeut, la vitesse du son. Elies forment 
I’objet de la th6orie classique. 

Tout d’abord nous partous du point de vue de La.plaoe. Oeci est justifl6 
surtout lorsqu’il s’agit d’ondes de basse frequence; car toutes les corrections 
citees plus Ixaut iufluencent particuli^rement les hautes frequences. La seule 
exception serait I’influence de la radiation mais elle n’a jamais 6t6 prouv6e 
par rexperience. 

Laplaoe ayait done suppose que la^pression ot la masse sp6cifique dans 
Tonde du son sont li6es de la meme fa§on avec la temp6rature que dans une 
experience lente, e’est-Jb-dire en r6alisant l’6quilibre thermique. Sa th6orie 6tait 
done une th6orie vraimeiit thermostatique, opposd k la tli6orie qu’on appelle 
aujord’hui un peu lourdement la «th6orie thermodynamiquo des processus 
in’dversibles 

A notre avis Boltzmann 6tait le premier ii etre sceptique. II croyait y 
trouver la cause du fait, qu’on n’obtenait pas toujours pour la vitesse du son 
la valeur 0,/6^=(/+2)// comme le demanderait le th6or6me d’6quipartition, 

/ signiflant le nombre de degr6es de liberte des mol6cules. Serait-il done pos¬ 
sible que la distribution de l’6nergie siir les defijrds de libort6 translatoire et 
intramolcoulaire prenne autant do temps, qu’ello n’aurait pas son plein eJfet 
sur I’onde du son? Boltzmann essaya done d’expliquer les anomalies par des 
processus <( thermodynamiques», qui out dt6 parfaitement oxpliqu6s par la suite 
par la tli6orie quantiquo des chaleurs sp6ciflques. Uous savons aujourd’hui 
qu’elles sont la cause do I’absoiption et de la dispersion mol6culaires du son. 
H. A. Lokbnz supposa e^alemcnt, que la theorie thermostatique de Laplace 
n’aurait qu’une validity limit6e. II deduisit de la theorie cin6tique des gaz les 
6quations hydrodynamiques pennettant les (*.al(‘.uls ma(*.roscopiques pour los 
gaz, et calcula ainsi la vitesse du son. Avec. raison il pr6vit, c-ontrairement 5^ 
Boltzmann, I’influence do I’ajasteinent de l’(‘.quilibre thermique en un temps' 
limite, aux fr6quences extreinement hautes, qu’on croyait it ce temps-lJli qu’elles 
ne seraient jamais realisables. 

Enfln Eayleigh discuta d'^galement le probUme et reconnut d6ji que une 
dissipation de I’energio devait avoir lieu, e’est-tt-dire (pie I’ondc du son devait 
subir une absorption supplementaire. 

Nous laisserons de cOte, pour I’instant, les thdories et les exp6rienc.es con- 
cemant la propagation du son dans des gaz partiellement dissoci6s. L’employ 
des m6thodes theimostatiques y parait d’ailleurs particuli6rement douteux car 
on ne pent guere s’attendre qu’un dquilibre de dissociation s’6tablisse compl6- 
tement pendant des fractions d’une milliseconde. En d6pit de cela, ce probl6me 
a 6t6 r6solu exp6rimentalement il y a quelques ann6es seulement. 

En plus de cel^, tons les doutos conceiaiant la th6orie thermostatique de 
Laplace devaient dispiiraitro lorsque les r6sultats obtenus avec les m6thodes 
de pr6cision moderiios pour la mesure de la vitesse du sou (o) dans I’air et dans 


6 - ’RcmUconH - XXVTI. 
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Ha conflim^rent ezactement la formule de Laplace: oe sent les mesures de 
GBitjNMSEN et de M-BiRinaT, . Dans tout le domaine mesur^ la valeur de OpjC, 
difEdre de moins de 6 de la Taleur thdorique attendue de i. 

Settlement 4 ans pins tard, G. W. Pebeob publia son interfdromdtre d’ultra- 
sons. Un dnonne nonvean domaine de recberches s’cnTrit. L’idde expdrimen- 

tale, toute gdniale et fructuense 
qn’elle dtait, ne donna d’abord pae 
des rdsultats bien conTaincant. 
Ds montraient nn maximnm dtroit 
de la tdtesse dn son dans I’air 
60 kHz et nn Idger accioissement 
avec la frdquence dans CO, (Fig. 1). 

Le fait qne Hebzeeld et Shoe 
— en 1926 d6j4 — donndrent une 
interpretation juste de ces pre¬ 
miers rdsultats est particulifere- 
ment d relever. Cette interpreta¬ 
tion a ete depuis confirmee beau- 
coup de fois. Ils reconnurent la 
relaxation de la cbaleur specifique du CO, comme cause de la dispersion et 
axriverent d estimer correctement I’ordre de grandeur du temps de relaxation. 

Permettez-moi d’ajouter quelques souvenirs personnels: en 1927 je suis 
devenu assistant I’Institut de Physique de I’Universite de Marburg dont le 
directeur etait le Professeur B. GBfliwSEN. Ses mesures tres precises de la 
Vitesse du son dans le domaine audible, dbnt j’ai parie plus haut, n’avaient 
donne aucun signe de dispersion mSme dans Pair. C’est pourquoi il se rndfia 
des resultats de Pierce, et me dit de verifier ces mesures. Mes experiences 
avec cette metbode merveilleuse ne montrerent en efiet aucune dispersion 
dans Pair. Au contraire, Pefiet dans du CO, etait mime plus fort que ohez 
Pierce. A ce moment je ne connaissais pas encore la publication de Hebzfeli) 
et Bice. . Pour oela je me formais moi-mfime une theorie fobs simple, sans 
m’occuper des pb6nomenes de transport. En dbpit de oela, elle etait en accord 
avec les resultats experimentaux et I’interpretation qu’il s’agissait ici de la 
relaxation de la chaleur specifique d’osciUation (et non pas de la rotation) 
etait confirmee. Mais 11 y avait des diffioultes: justement les mesures dans le 
domaine de la dispersion la plus forte ne voulaient pas bien reussir. Alors, jo 
ne savais pas encore que le pbenomene de relaxation est lie Eb une dispersion 
d’energie. Cela ne fut rectifib que par une publication de P. S. H. Henbt, 
qui montre que la formule representant la courbe d’absorption etait dejEt con- 
tenue dans ma simple theorie. Peu de temps aprbs, A. Euoeen Eb Gdttingen 
oommenga une longue sbrie d’expbriences sur la dispersion du son au moyen 
de Pinterferometre. On lui doit deux conclusions importantes: 



frequence (kHz) 

Pig. 1. - Les donnas de Pierce pour la vi- 
tesse du son dans CO, eu fonotion de la fre¬ 
quence, dont HxBzrrauD et Biox out ddrlvd 
I’idde de la relaxation acoustique. 
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1) le temps de relaxation est inversement proportionnel k la pression; 

2) le temps de relaxation est extrSmement racconrci par certaines con¬ 
taminations. 

Le dernier fait expliquait la large fluctuation de mes mesures de la dis¬ 
persion. Le premier fait rendait possible I’obtention d’une courbe de dispersion 
complete sans cbangement de frequence. La yariation de la pression faisait 
justement la mgme cbose. Pour cette raison tons les r^sultats d’absorption 
et de dispersion sont exprim^s en fonction du quotient fjp. Seulement s’il 
s’agit de gas d^composants et si des triples collisions ont lieu, I’absorption 
et la dispersion ne ddpendront plus uniquement de fjp. 

Jusqu’^ ce moment (1932), la technique de la mesure de I’absorption n’avait 
gubre d4pass6 le stade que NBiCLnPAjnBFn avait d4j& atteint en 1911. Ses exp6- 
liences faites arec un talent exp4rimental admirable, araient donn6 & ce 
moment-lJb, au moins I’ordre de grandeur juste pour I’absorption du son dans 
I’air. Ce problems a 6t6 de nouveau repris par V. 0. Knitdsbn ^ Los Angeles 
et cela pour doimer enfln des r^sultats surs I’acoustique d’ddifice. Sa m4- 
thode rendait possible de mesures d’absorption du sou trbs exactes dans le 
domaine audible et au deli. H est Evident que cette m4thode fonctionne 
d’autant mieux que I’absorption est plus petite, les temps de ralentissement 
6tant plus longs et pouvant 4tre mesur6s plus pr6cis6ment. Avee cela il trouvait 
un effet tr4s curieux: en 6tudiant I’absorption d’un son de frequence constante 
en fonction de l’6tat hygromdtrique de I’air, il s’en suit un maximum raide. 

Moi mSme j’avais la chance de travailler en ce temps i l’FniTersit4 de 
Califomie. Il m’4tait possible d’interpr4ter cet effet cpmme relaxation de 
I’oxygbne qui d4pend beaucoup de la teneur de la vapeur d’eau, comme 
EuoKEiN I’avait d4ji montr4 dans le GO,. Si cette interpr4tation 4tait juste, 
il faUait que le maximum de I’absorption du son dans de I’oxygine pur fflt 
presque cinq fois plus grand que dans de I’air. Kntobbn fit cette exp4rience 
et le r4sultat confirma cette hypothise. 

Il ne manquait plus qu’une chose i l’4olairciss6ment fondamental: est-ce 
que le ph4nom4ne de relaxation est caus4 seulenuent par la chaleur d’oscil- 
lation on y-a-t-il aussi ime relaxation de la chaleur de rotation, comme 
H. A. Louenz I’avait d4ji 8uppos4f Le team, qui se r4unissait autoux de 
Hubbaud, r4pondait k cette question. Il avait bien d4velopp4 l’int«rf4rom4tre 
et en donnait une th4orie d4taill4e. Ses 414ves H. et L. Stbwaei pouvaient 
ainsi attoindre des fr4quences si hautes ou des pressions si basses que la rela¬ 
xation de la chaleur de rotation de I’hydrogbne devenait mesurable. Les re- 
cherches de OnoBrnNSPAN continuaient dans cette direction. Il r4us8it & con- 
struire un appareil to4s sensible pour mesurer la dispersion et I’absorption, 
ce qui lui rendait possible de travailler avec des pressions de moins de 1/100 atm. 
Grace a cela il 4tait possible pour la premibre fois de produire des ondes sonores 
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plus longues que le libre parcours. Les probl^mes qui s’en sui-virent 6taient 
des probl^mes de la cin6tique des gaz et demandaient un 61argissement impor¬ 
tant de cette th6orie (Burnett, TJhlenbeok, Wang Chang). 

Le d6veloppement suiyant yous est bien connu. Aujourd’hui nous con- 
naissons les temps de relaxation de la chaleur d’oscillation pour environ 20 gaz 
purs. Les mesures de in61anges de gaz ne sont presque plus comptables. Les 
temps de relaxation de la chaleur de rotation aussi sont connus en 10 cas. 
Avec cela nous connaissons des valeurs num6riques extraordinairement nom- 
breuses et nouvelles que nous trouvons tout au long de leur interpretation 
tli6orique dans le livre fondamental de Hbrzebld et Lttovitz. 


RfiF^EENCE 

[1] E. GrOneisen et E. Merkel: Arm. d. Phys., 6, 344 (1921). 


V. 

Les m^thodes expdrimentales. 


Les phenomfenes de relaxation ont lieu lors de cbangements rapides d’6tat 
O’est pourquoi on est enolin6 k les examiner en faisant subir au milieu un seul 
changement d’6tat. C’est en effet ce que differents auteurs ont fait, par exemple 
en comprimant rapidement [1] une substance ou en observant la masse sp6ci- 
fique aprfes une onde de choc [2] ou bien encore en freinant subitement un 
jet de gaz [3]. Toutes ces m6thodes permettent de mesurer des dur6os de 
relaxation, en partie avec une pr6cision remarquable. Mais souvent il n’est 
pas possible par cette m6tb.ode de mesurer des quantit6s de relaxation et ce 
sont elles seulement qui 6claircissent la nature du pli6nomtoe. C’est pourquoi 
nous.allons traiter par la suite des m4thodes exp6rimentales qui se servent 
des cbangements d^6tat p6riodiques, c’est-Sj-dire nous nous limiterons aux md- 
tbodes de mesures de la vitesse et de I’absorption du son. 

Depuis longtemps on a des mdtbodes trfes prdcises pour la mesure de la 
vitesse du son. Dans le domaine audible on a obtenu, par la mdthode des 
rdsonateurs cylindriques, une precision meilleure que ±l%o et depuis le d6ve- 
loppement de l’interf6rom4tre de Pierce, on obtient presque la mdme prdcision 
dans le domaine des ultrasons. Pour Pexploration des pbdnomdnes de relaxa- 
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tion on utilise aujourd’hui particuli^rement des mesnres d’absorption. Pour 
obtenir des frequences basses ou elevdes, les mdthodes expdrimentales out 6t6 
perfectionndes pendant les dornieres anndes. Une precision meilleure que ±2% 
est obtenue dans quelques cas sans quMl soit ndcessaire de maintenir la tem¬ 
perature constante de plus que de quelques degrds. 

On peut classifier les rndtliodes expdrimentales selon deux points de vue: 
ou en distinguant les rndthodes qui se servent des ondes conduites par exemple 
dans un tube (A), des methodos qui utilisent des ondes se propageant librement 
dans I’espace (B); ou en distinguant les mdthodes qui utilisent des interferences 
des ondes sonoros (I) do celles qui les evitent (II). En g6n6ral les rndthodes I 
sont meilleures pour la mesure do la vitosse du son (coniine produit de la lon¬ 
gueur d’onde par la frequence), et les m6thodes II se prfitent k la mesure de 
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I’absorptiou. Tjos infithodoH A sont soiunises 4 nne limitation, par la freq[uenoe, 
au desBUB de laqnelle les ondes cessent d’etre planes. Cette frequence est d6- 
toi’min4o par le rapport; de la longuexur d’onde au diambtre du tube. On 


comprerid que les methodea utilisant 
dans le oas des liquides, no sont pas 



ia diffraction do la lumibre, trbs utiles 
trbs utilisables pour les gaz, said pour 
des prossions 61ov6es. Pour toutes les 
rdactions du premier ordre qui peuvent 
se passer et causer des ph^nom&nes de 
relaxation dans un gaz, le temps de 
relaxation est proportionnol ^ Ijp. 
Faroe quo les iormulos de dispersion et 
d’absorption ne contiennent la frequence 
qu’en fonction de r, le mSmo r6sultat 
est obtenu ou par une augmentation de 
la frequence, ou par une diminution 
de la pression. O’est-Jii-dire la puissan¬ 
ce d’une mdtbode est oaract4iis6e par 
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Fr4quenoe/ 



Type 

pression 

(kHz/atm) 

Pig. 

Auteurs 


0,06 

^ 1,7 


J. G. Pakker: Jowm, Aeouat, 

I-J.) E6sonateur 




8 oo. Am., 34, 1763 (1961) 

oylindrique 




L.-Pritsche: Aeustica, 10, 189 


2 

-r 200 


( 1960 ); M. Henderson : 
Jov/m. Aiiomt, 8 oc,Am. (1962) 

II-J.) Oades progressives 

20 

-r 2000 

1 

P. A. Angona: Jov/m, Acoust. 

dans des tubes 

i 

8 oe. Am., 25, 92 (19S3) 

- 




M. C. Henderson et L. Pbsbl- 


300 

-T- 300 


NiOK; Jov/m. Aoovst 800 . 

I-J?) Interfdrom^tre 

3000 

-r 10 000 

2 

Am., 29, 1047 (1967) 

S. Petralia: Nuovo Oimento, 1, 





351 (1955) 


600 

-r 13 000 


W. Tempest et H . I). Parbrook : 





Aevatioa, 7, 366 (1967)* 

II-E) Signauz limit4s; 

100 

-r 9000 

3 

.£. SiTTiG: Aotbstica, 10, 81 

ondes s’amortis- 




(1960) 

sant rapidement 

10® 

-r 10® 

4 

M. Greenspan: Jov/rn. Acoust. 
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le quotient de la fr6quence et de la pression, pour lesquelles la mdthode est 
capable de fonctionner. Aujourd’liui on dispose d’appaxeUs qui mesurent la pro¬ 
pagation de <10 jusqu’t. >10“Hz/atm. En comparaison arec les ondes 61ec- 
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tromagndtiques celi con’espond an domaine qni s’^tend des rayons X anx 
ondes de Pinfraronge extreme. 


Fig. 4. 




II est impossible de d6crire tons les appareils ing^nienx constmits par des 
antenrs nombreux. C’est pourqnoi nons avons ohoisi — assez arbitrairement — 
qnelques exemples des quatre types signal6s ci-dessns 1-A, I-B, II-J. et II-B. 
Ils sont 6num6r6s dans la Table I, et illnstr6s par les Fig. 1-6. 


N 



Fig. 6. 

II fant ajonter quelqnes remarqnes k deux de oes m4tliodes: 

1) Anx fr6qnences basses, Pabsorption dn son est mesux6 par la largenr 
des <i peaks» de r6sonance d’nn oylindre rempli de gaz. Cette largenr est d6- 
terminde par Pabsorption du gaz et par Pamortissement.causd par les parois 
du oylindre. Pour connaltre Pabsorption du gaz, il fant oonnaltre Pinfluence 
des parois. Celle-lS» pent Stre oalculde partir de la tbdorie de Stokes et 
Kirchoff. Fkitsohe rdussit k constmire nn rdsonatenr cylindrique, qui — rempli 
d’un gaz non absorbant — produisit des «peaks » de rdsonance correspondant 
exactement & la thdorie de Stokes et KirchbofE. (Fig. 6). Depuis ce temps-l&» 
nons possddons nn instrument de prdcision pour ce domaine. 
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2) On apergoit Petendue 6norine de la in6thode de Greenspan, modifiee 
et adapt6e k pressions encore plus basses par Mbyeu et Sessleh. A moins 
de 1 mm Hg, Pabsorption « classique» devient trfes grande et il n’y a plus 
d’interf6rence. Naturellement le recepteui* « Sell», doit 6tre extrSmement sen¬ 
sible et la distance entre lui et r6metteur devient nno fraction de millimetre. 
Si le libre parcours des mol6cules devient plus grand que la longueui* d’onde 
on rencontre des probl^mes de la tli6orie ein^tique des gaz complfetement 
nouveaux. 
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Translational Dispersion in Gases. 

M. Greenspan 

National Bureau of HlanAwrde - Washington 


1. - Introduction. 

The study of sound propa,{;{itiou in a fluid is essentially a problem in the 
hydrodynamics of small motions, and if attention is confined to situations 
in which viscous, thermsd and relaxational effects are negligible, then only 
minor interest attaches to the problem. It is only when circumstances are 
such that these ordinarily small effects become easily measurable that useful 
information about the structure of the medium may be gotten from sound- 
I)ropagation nieasurcmonts. More commonly, the equilibrium structure of 
the gaseous medium is sufficieutly well known; the measurement then provides 
a tool for the investigation of the mechanics of a nonuniform gas. In piiii- 
eiple, the nonuniformity can be made arbitrarily largo [i.e., the space and 
time gradients of the dynamical variables tliat specify the motion can be made 
arbitrarily lai’ge) by the establisliment of a suffieiently liigh «ratio of frequency 
to density». At the same time the complication of nonlinearity can be avoided 
by keeinng the particle-velocity amplitude small relative to the speed of sound. 
This sepai'ation of the effects of nonuniformity and nonlinearity is not pos¬ 
sible in sliock-wave experimeuts, for instance. On the other hand, extreme 
conditions in the acoustic case give rise to an attenuation of the principal 
mode which eventually becomes so great as to make it difficult to distinguish 
among the vtwious modes. 

Some somi-qmintitative ideas about the proi)agation of sound in gases 
result immediately from kinetic-theoreticid considerations. To begin with, 
it is clear that in a gas of smootli, rigid spheres, the speed of sound can depend 
only on the mean speed of the molecules, provided only that the gas is suffi¬ 
ciently dilute so that practically all of a molecular property is transferred 
while the molecule is in free flight, and that the mean collision rate is very 
high relative to the sound frequency. The ordinary Laplace formula for a 
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monatomic gas reflects this; here the speed of sound depends on the molecular 
mass and the temperature, which together determine the molecular speed. 
Calculations based on this elementary notion were attempted by Watebston, 
by Stefan, and by Pebston. In an addendum to Preston’s paper [1], J. 0. 
Maxwell arrived at the Laplace formula (for a monatomic gas) by this means. 

It is now obvious that any dispersion must depend on the ratio of mean 
collision rate to sound frequency and that the dispersion is small unless this 
ratio is smaU. A suitable parameter is therefore one proportional to this 
ratio (which is inversely proportional to «frequency/pressure» or «fre¬ 
quency/density»). Consider a sound wave at an audio frequency of some 
kilohertz in a gas near atmospheric temperatme and pressure. The mean 
collision rate is of the order 10“ S“^; the mediiun is very fine-grained and 
the dispersion negligible. As the sound frequency is steadily increased, it 
becomes comparable at first to the collision rates of the slower molecules, 
the collision rates being positively correlated with molecular speed. The slower 
molecules are now not in a position to transfer the acoustic (ordered) momentum 
coherently, and the burden accordingly shifts to the faster molecules. Since, 
the sound speed depends, as? we have seen, on the thermal speed of the mole¬ 
cules which transport the momentum, it steadily increases with frequency. 
The effect is negligible unless the frequency is very high, for the average col¬ 
lision rate of even the zero-velocity molecules is V2/2 times the mean. 

Attenuation can be examined in a similar way, but the arguments are less 
intuitive and the exercise less instructive. 


2. - Nomenclature. 

In these lectures, sinusoidal tune variation is expressed by the (usually 
suppressed) factor exp[4cot], so that 9/0t=»co. For a plane, progressive wave 
traveling in the -f ^-direction, the space variation is proportional to 
exp[—J*®] (so that 0/0® =—/'). The propagation constant is 

(1) r = x-\- = a-\- icojo = ai2jr/A , 

in which a is the amplitude attenuation per unit length, c is the phase speed 
of propagation, and A is the wavelength. It is often convenient to use the non- 
dimensional propagation constant 

(2) & = r//So=c«r/a), 

in which c, is the Laplacian speed of sound. 

It will be found that the frequency / = a)/25r enters into the dispersion 
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relations through, the nondimensional parameters 
(3) r = eJgo/yotO/M > 

whi(sh has the nature of a Reynolds number, and 


(4) 


s = elQoOtlyoOiv, 


■which is a similar number for thermal effects. Here go is the equilibrium density, 
y# is the zero-frequency speciflc-heat ratio, o, is the isometric thermal capacity, 
is the viscosity and v the thermal conductivity. 

For an ideal gas of Maxwellian molecules, we -will iBnd 


so that r is proportional to the ratio of mean collision rate to frequency, as 
anticipated (s is related to r). For /«=/, r = 2/63r= 0.126, approximately. 

In accordance with the usual convention, repeated literal indices denote 
summation. The indices cc, y,«, (= 1,2, 3) are not considered literal. 


8. - Theory. 

The propagation constant, T, of eq. (1) is obtained in the same manner 
as in a hydrodynamic continuum, namely by combination of the conservation 
laws -with the equation of state. This point of view is usually justified as a 
consequence of the Boltzmann equation [2]. 

81. The oonservcfHon Urns. - For the present purpose we may limit ourselves 
to the one-dimensional, case ■with no loss of generaJi'ty. The la'ws are: mass, 

(6) Q + Q(du/div) = 0-, 
momentum, 

(7) —9r»,/0® = 0; 
and energy. 


(8) 
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In eq. (6) and (7), vMch. are self-explanatory, q is the density, u the flow velocity, 
and jTaiB the normal stress. The dot signifies the total time derivative. 
In eq. (8) E is the total (intrinsic plus kinetic) energy per unit mass, is 
the rate of working of the stress, and q is the total heat flux. 

Equation (8) can he reaoxanged in many ways. For instance, since 






from eq. (7), and uii is the rate of change of kinetic energy per unit mass 
eq. (8) is 


(9) 


• 0M 0ff 




in which U is the intrinsic energy per unit mass. 

The conservation equations may be derived from the Boltzmann equation, 
but are more general. The stress and heat flux are still unspecified; the main 
problem is, in fact, to obtain suitable expressions for these in terms of the 
macroscopic variables. 

The equations are now linearized about the equilibrium values Q^^Po 
(Tbb = —po at equilibrium). To the same approximation the dot is replaced 
by 0/0t = ico (for sinusoidal time-dependence). We have, finally, 


(10) 

id) + Qo{duldx) = 0 , 

(11) 

0 

^ STbb —ia)5oM== 0, 

and 


(12) 

Qu 

icopo ^ ^ + T'o ^ + dqjds) = 0 


3*2. The oonstiPutive rdatums. 

3'2.1. Equation of state. In the equation of state as hero considered 
we deal not with the stress tensor but with the hydrostatic pressure 
p = — TiijS. In the case of a perfect gas, fox which the stresses are entirely 
accounted for by the flux of momentum, the equation of state for the non- 
uniform condition is the same as that at equilibrium, a consequence of the 
kinetic-theory definition of temperature adopted here (Chapman and Cow¬ 
ling [2], p. 87). For an imperfect monatomic gas, there is a contribution to 
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pressure proportional to the rate of dilatation {i.e. to so that a bulk -vis¬ 
cosity small relative to the ordinary -viscosity is involved, Enskog[ 3] 
has shown tliat TcjfjL is of the order (volume of molecules/volume of gas)®; we 
therefore regard this « as zero for the dilute gases with which we are concerned. 

The situation is more complicated in polyatomic gases, which exhibit 
thernuil relaxation. Tisza [4] showed that a complex, frequency-dependent, 
and disposable bulk viscosity can be introduced to give a phenomenological 
accounting of thermal relaxation. What is of more interest here is that it has 
been shown [5] that thermal relaxation induces an excess, frequency-dependent 
pressure. If the state variables are taken as p, g, and the «transitional temper¬ 
ature)), then the equation.of state is the same as in the equilibrium case; 
the excess pressure in question is over that corresponding to another temper- 
atme, namely that whicli would obtain if the density change had occurred 
reversibly. Our kinetic-theoretical temperature is the same as the «transitional 
temperature d above, and we therefore take the view that the equation of state 

(13) Q = Q{V,T), 

is adequate for oven, a highly nonunifonn, nonsimple gas, provided it is suf- 
ficiontly dilute. This is not to say that energy is not dissipated during the 
isotropic compression of a relaxing gas. For instance, in the form of eq. (13) 
applicable to small motions, 


(14) Se/eo=6'Si»-«”(?, 

in ■which i*" = (9e/3jj)j,/<?o is the isotherrafil compressibility, a’’=—(3g/02')„/go 
is the isobsmc coefficient of thermal expansion, and 9 = 8T, the incremental 
variables arc complex quantities not necessswily in phase for sinusoidal time- 
dependon<!e. 

The al)ovo considerations are superfluous in the case of a monatomic gas, 
but for a relaxing gas "we sluUl generally assxime (because there is no other 
simple choice, and it is anyway plausible) that, for sinusoidal time-dependence, 
the ordinary thermodynamic identities hold formally if the appropriate quanti¬ 
ties ai'e taken as complex. As an example, consider the intrinsic energy U 
for a gas in wliich U depends only on T. Then the usual relation W = Cv6 
still holds if thenuaJ relaxation is present; e,is considered complex and frequency- 
dependent. In fact, tliis is the basic notion of the common phenomenological 
theory of thermal relaxation (Heiizfbij) and Litovitz[5], p. 68). 

More generally 


U=U{T,q), 
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SO that 


(16) SD’ = c,0+.(0Z7/0e),8e. 

From the thermodynamic identity (see e.g. Condon and Odisbcav [6]) 



there follows, for eq,. (16), the form 
(16) = 

Equation (16) enables us to eliminate 817 in favor of ^ in the energy eq. (12)} 
from the result we also eliminate Sg as gotten from the mass eq. (10). The 
energy equation then has the simple form 


(17) 


f ,, . ft , ^2 I eo(o.-c.) 

ta)e„c.e4-9j+ — 


0 . 


In the sequel we will require numerical values of Oo, the zero-frequency 
limit of the speed of sound. This is readily calculated, for each gas, from an 
equation of state appropriate to it. It is convenient to use a modified Laplace 
formula 


(18) 


c„=(yoii:i'/Jlf)*(l-h(5), 


in wMch M is the molecular weight and 5 is a correction, calculated from the 
virial equation of state, which has been tabulated by Woolley and Bene¬ 
dict [7]. The necessary force constants are given by Hirschfbldbr et oil. [8], 
for instance. 


3*2.2. Stress and heat-flux. The most elementary expressions are 

(19) + 

where p is the mean pressure appropriate to the density and temperature, 
and 


(20) 


j = —v(0T/0a?). 
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These lead to the «Navier-Stokes » equations and are a second approximation 
from the Boltzmann equation. However, eq. (20) is just Fourier’s law, and 
eq. (19) is an assimilation of a fluid to a linear, elastic solid. For an isotropic 
solid 

( 21 ) 

where 8^ is the strain, and A and ju are two elastic moduli. It is supposed 
that in a fluid differs from —pSu by a quantity which depends on the 
strain rate, rather than the strain, and has the same form as eq. (21), so 
that for a fluid 


(22) Tii=( —j) + A^rt.)5«H-2/4^jy, 

where A and are now two viscosities. Contraction of eq. (22) gives 

Tu = — + (3A + ) 


in which, as before, we take the bulk viscosity A + 2/i/3 = 0, so that eq. (22), 
with i, j = l, becomes eq. (19). Bujdx , iSj,= 8,a = 0.) 

Expressions leading to the so-called Burnett equations result from a third 
approximation to the distribution function obtained from the Boltzmann 
equation. The forms 


(23) 


T = 


, 4 /0« , u' 9*p 


3 r' 

F) T 0a!V ’ 


and 



are special cases for Maxwellian molecules, of expressions due to Wang Cbanq 
and Uhlenbeok [9]. The primes denote kinematic quantities, i.e. 
and v' = vlQOt. 

The «thirteen-moment» expressions of Gead [10] are third approximations 
of another type, in which the stress and heat flux are implicit. The small- 
motion approximations for sinusoidal time-dependence are 
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The above eq.uations are for an ideal monatomic gas and have been recast 
to exhibit clearly the Maxwell relaxation effect. In fact, is exactly the 
viscons, and 3/t/2j)o the thermal, relaxation time for Maxwellian molecules [11]. 
(/i/Po is 4 times the mean collision time.) For small cop/po, i.e. for large r {ind s 
(eq. (3), (4) for an ideal gas), eq. (25), (26) reduce to the Navier-Stokes equa¬ 
tions (19), (20). 

It should be noted that the convergence of the series assumed in all of the 
above developments has not been established [12], [13]. See however, 
Gbad [14]. 

3'2.3. The transport numbers. The viscosity p and thermsil coirduc- 
tivity V which appear in the expressions for T** and g; are determined by exper¬ 
iment. Nevertheless, it is of value to note that they are related to the mean 
free path L. For Maxwellian molecules, for instance, if v is the mean speed, 
(Kenwabd [11], p. 179) 

Sir _... 

^=32®"'^’ 


from which eq. (6) for r follows in consideration of L= vjf^, v*= BpItcq 
(Kbnnabd [11], p., 60). 

For helium, Keesom’s empirical formula [16] 


(27) 


p = 6.023r'''*'' [xpoise , 


is convenient. For other gases we have used Sutherland’s formula (e.g. Chapman 
and Cowling [2], p. 224) 


(28) 


L = (L\^ n-f-F 
p„ \tJ T + 8’ 


for interpolation. 

Measured values of v are not as accm’ate as those of p, and in any ease it 
is sometimes convenient to have v expi'essed in terms of p and other known 
properties of the gas in order to exhibit the results as a fimction of one par¬ 
ameter (r of eq. (3), (6)) only. 

In the case of a monatomic gas, v/c„p = |, approximately. Following the 
elegant (but not rigorous) reasoning of Euokbn {e.g. Kennabd [11], p. 182) 
for a polyatomic gas, we divide v and also c, into two pai'ts, one translational 
and one internal, so that 


(29) 


V = (f + 0«l)p • 


The factors (| and 1) differ because the translational energy of a molecule is 
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correlated with its speed but the internal energy is assumed not.. The approxi¬ 
mations o, = 3J2/2, Op—c, = iJ, together with eq. (2d) give 


(30) 


V _r _ 9y — S £v 

Orfi s 4 ' 4 22 ' 


The point here is that in our case any experiment on a polyatomic gas involves 
thermal relaxation effects, which we take into account by considering o, 
(and therefore also Op = 22 -|- o, and y) to be a complex function of frequency. 
The argument which leads to Eucken’s formula (eq. (30)) is unchanged, and 
we see that whatever validity it possesses is retained for a relaxing gas. The 
thermal conductivity v is thus complex in this scheme. 


3'3. Flam wa/oea. - For the plane progressiVjB wave case, we write — F 
for 0/0® in the conservation eq. (10), (11), (17) to get 

(31) i(o — QiPu = 0 , 


(32) 


rsTep-f ici)eo«=0 


and 


(33) icoeOpO —[?o{c»—o.)/ap]J^ = 0,, 

to which we append the equation of state (14) 

(14) 0e/efc=&*'8j)— 

The desired forms for Tp* and g (with 0/0® = —jT) are inserted, producing 
a set of four homogeneous equations in Sp, Sg, it, and 0 1 the condition of con¬ 
sistency is the vanishing of the determinant. The result is an equation of the 
second or higher degree which in effect gives P* as a function of <& (although 
we use nondimensional quantities instead) oorrespon<^g to two directions 
of travel of the waves.' 

In the Navier-Stokes and 13-moment cases, the equation is of the second 
degree in FK If the roots are Fi and Fj^, then for positive-going waves, for 
instance, 

V = Ai exp [—P, ®] + At exp [— Pn ®], 

where V stands for any one of the four variables Sp, Sg, u, 6, and the arbitral 
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constants are difCerent for the dlifferent me aning s of F. Of the eight constants, 
two are independent and can be determined by specification of % and 0 (or any 
pair of Fs) at ® = 0, for instance. 

In the Burnett case there will be three propagation constants (P) and more 
for order approximations. The problem of how to assign the boundary 

conditions has not been solved (Gead [14], p. 277). 


8’4. TAe fropagoOAon oonstmU. - The details are exhibited for the Navier- 
Stokes case only. The appropriate forms of the constitutive eqs. (19), (20), 
namely 

S2’,,= — Sp + iF/iu, 2 = vFB , 

when substituted into eqs. (32), (33) yield 


(34) (icog#—$/■*/*)«—PSp = 0 . 

and 

(36) [eo(«’*—««)/«"] Fu — {icoQtO,— vF*)6 = 0 . 

The condition that eqs. (14), (31), (34), (36) are consistent is [16] 




-|-1 = 0 , 


in which r and « are from eqs. (3), (4). The compressibility A** of eq. (14) was 
diminated using Qtb’ 7» ^ zero-frequency speciflc-heat 

ratio. As for y, it is comiplex and frequency-dependent if relaxation is present, 
as is also a. 

The corresponding Burnett equation, restricted to an ideal gas of Maxwellian 
molecules, is 


(37) 


JL _ 
?*»•< 


- + g (yo ) ^ 3 r‘ 6 rs 6 «•) "*” 

^|i_4y_3(2^ [8 , _i._4ll.1 

y’,|« 3r* 6 »> sjraj 


+ 




*(1 + 5;)' 


+ 1 = 0 . 


+ 


Thft 13-moment equation is for monatomic gases only, and we defer cou' 
sideration of it. 
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3'4.1. Monatomic gas. Here y = yo> I'or purposes of iUnstration it is 
Buffloient to take 7o = f r/« = v/o,e = f. We have: 

HaTier-Stokes, from eq. (36), 


(38) + + 

Biirnett, from eq. (37) 

w ’•'hH-l-r- *‘)+s H- T ;+**)+*■("+§ 9 

and from 13-moment, obtained from eqs. (14), (31), (32), (33), (26), (26). 
9 1/ 9 / 24 i 117 1\,- 


It is sometimes convenient to use expansions in powers of 1/r. These are, 
for the roots which are asymptotic to the Laplace value in each case; 
Navier-Stokes, 


7 1 _ 141 _i _ 165i i 

(41) 200 r® 16-6® r® 

Burnett, 

71 43 i 4203 ^ 

(42) **~*'^ 10 r~i 0 »^~ 2000 r®' 


13-moment, 

(43) 


. 7 1 43 i 

*i = » + i0r"40i^ 


mi 

4001 ^”^ 


The three solutions agree to the first order; the Burnett and 13-moment 
solutions agree to the second order. 

We see by inspection that in the zero-th approximation the speed is constant 
and the attenuation is zero; the first approximation introduces the «classical 
attenuation » (proportional to the square of the frequency) and the second, 
a dispersion in the speed. 

The expansions are not useful except for large r. The situation is most 
easily studied in the Havier-Stokes case. The solution of eq. (38) is 

6 r -f (23/10)i ± (r*- 49/100 + vr)* 

^‘ = 3^-’ 


( 44 ) 
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in ■wMch, the root associated mth the minus sign conesponds to fci (the 
«I-wave»). The right-hand side of eq. (44), as a function of 1/r, has singular¬ 
ities at l/r= (60i±20'\/6)/49, so that eq. (41) converges only for r>7/10. 
The solutions of eqs. (38), (39), (40) are best got numerically, and it is found 
that the series solutions converge too slowly to be of use unless the dispersion 
is small [17]. 

The so-called «Il-wave », which corresponds to the plus sign in eq. (44) 
resembles a diffusive wave (a = j8) such as occurs in the elementary theory 
of heat conduction. 

The solution for the I-wave (Favier-Stokes) is depicted in Fig. 1 (dashed 
lines). It is seen that for r less than about 6, the speed of the I-wave increases 



Fig. 1. — Solution of the Navier-Stokes equation for a monatomic gas (I-wave) and 
for a Becker gas (I-wave and Il-wave). The latter represents polyatomic gases .within 
the accuracy of the plot. -factorized;-y=|- 


monotpnically with decreasing r, and a//9o for this wave becomes less than the 
« classical value » and eventually decreases with decreasing r after a maximum 
at r about 0.8 (/,//«6). The speed of the Il-wave is always less, and the 
attenuation more than that of the I-wave. In the limit of low r, the waves 
are indistinguishable and diffusive (a=jS). 

Our equations predict that the speed of sound (I-wave) should be 1% 
above its normal value for rfnaS. For He at room temperature this corresponds 
to about 100 MHz/atm and/«//«« 61. The increase is about 10% for r=2.4 
(325MHz/atm, /„//«!# 19). The maximum value of a//9o is about 0.36. In Kr 
at 11 MHz and room temperature this amounts to an attenuation of about 
10* db/cm, or 1 db/fxm. 
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It is sometimes (‘oiivenient to have an approximate solution for the 
I-wave of eq. (44). The expression 

(45) ■ = 

fiu'nishes a remarkable fit. The expression for large r is 

_^1_147 t__ 1716 1 

200 r» 16-6» r“ ’ 

which should be compared to eq. (41). The maximum value of a/jS# from 
eq. (46) is about 0.35 at r ft; 0.7, with /?//?,«:(0.61; the corresponding values 
from eq. (44) sire 0.36, 0.8, and 0.61. 

Pigure 2 shows the I-wave for Navier-Stokes (full line) and Burnett (dashed 



I'ig. 2. - Results in five monatumio gases. Pull line, Navier-Stokbs; dashed line, 
Burnett; dotted line, super-BuRMETT. All I-wave: O He; • Ne; □ A; ■ Kr; A Xe. 


lino). The dotted line is for a « super Burnett» solution (fourth order approx¬ 
imation) which we do not discuss here. 

The 13-moment solution is not graphed. The attenutation agrees well 
with the other cases for r > 6 or so, but it peaks at r about 2 and falls oft 
rapidly for smaller r. The speed is in good agreement for r > 1. However, 
the shape of the ®s. y-curve is radically different from that of the other 
theories; it has an S-shaped transition between a. high-and a low-frequenoy 
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speed, the ratio being about 1.66. This is a most interesting feature of the 
13-moment solution, as we shall see later on when we discuss the experimental 
results. 

8’4.2. Polyatomic gas, Becker gas. Solutions to oq. (36), (37) for 
aniy polyatomic gas, characterized by a specific value of a relation between y 
and r obtained from relaxation theory, and a relation between s and r got from 
experiment or given by the Eucken formula, eq. (30), or some other expression, 
are easily calculated. However, we turn to a simpler, and perhaps more inte¬ 
resting, attack. 

It was discovered by Bbokbb[ 18] that the shock-wave equation for the 
IfaviOT-Stokes case has an explicit solution if r/s = 4yo/3. It turns out that 
eq. (36) has a particularly simple form for such a « Becker» gas. Furthermore, 
the diatomic dumb-bell molecule and the rigid nonsymmetrical molecule are 
good approximations to a Becker gas; the values of 4yo/3 are 1.867 and 1.778, 
respectively, which are dose to the corresponding values given by Euken’s 
formula (30), namely 1.900 and 1.760. Even for = 9/7 (diatomic dumb-bell 
plus vibration) the difference in r/s is only 4.4%. 

For a Becker gas affected by relaxation we write rjs = 4=ylB, following the 
argument already used in connection with the Eucken rdation (30). Equa¬ 
tion (36) is now 


+ 




7fl 


4 i 


y4-3;{r-+-i) 


, 4i y h‘‘‘ (. 4 1\ 

3 »• V 3 r) 

which factors into [19] 


+ 1 = 0 ; 


+ 1 


= 0 , 


so that 
(47) 


fefi=IW = »» , 


which is exactly the result of the elementary theoiy of heat (‘ouduction, and 



We concentrate our attention on the I-wave, and drop the subscript. If relax¬ 
ation were absent, then we would have y = yo in eq. (48) and 



(49) 



TRANSLATIONAL DISPERSION IN GASES 


87 


On the other hand, the theory of relaxation (in which translational effects 
are ignored) gives 

(50) = 

Therefore, from oq. (48) 

( 61 ) k = —iktkr. 


Equation (61), which provides a simple algorithm for the oomhinatioii of 
translational and relaxational effects in a Becker gas, is probably adequate 
for a real gas. We would expect it to be useful even in cases other than ITavier- 
Stokes. It subsumes the rules 


(52) 

and 


ft _ a, ^ a, £* 

Po ^0 ^0 Po Po * 


(53) 


^0 ^0 ^0 ^0 Po 


Equation (52) shows that the total attenuation is always less than the sum 
of tijo attenuations computed separately. Also, 

( 6 . 1 ) “ 

P ffrPt—OCrIXt 

and if a,a(<j3,j8* as is usually the cjMJe, 


(56) 

so that the attenuations piu- actual nibdian phase shift are additive, approxi¬ 
mately. When the dispersions arc negligible the attenuations themselves add 
directly. With the same approximation oq. (63) gives 


( 66 ) 


0 fa OiCrlOt , 


and it is easily seen that the separate speed increments add if they are small. 

It is easy to examine eq. (49) analytically and gain some insight into the 
structure of the I-wave solution for a Becker gas. (The approximate solution, 
eq. (46), for a monatomic gas can bo treated in the same way.) Equation (49) 
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is equivalent to 



from •which it is easily shown that a//3o has a maximum value of ^2/4 («» 0.35) 
at r = 4-v/3/9 («;(0.77; The corresponding value of/8o/|8 = c/Oo is 1.63. 

In Fig. 1, the solid lines are for the I-wave of a Becker gas. They represent 
also, -within the accuracy of the plot, any K'avier-Stokes polyatomic gas which 
obeys the Eucken relation. The dotted line gives both the real and imaginary 
parts of %ii. 

The interpretation of experimental data on polyatomic gases is besot 
by a difficulty, namely that there is no good a prion way to separate the transla¬ 
tional and relaxational effects. If the translational effects were known, a 
reasonable point of -new would he to regard the experiment as measuring the 
relaxational effects. This entails a knowledge of how the effects combine, 
and as we have already remarked, we cannot at present do better than to 
apply the rule of eq. (61) even though it is especially appropriate to a Becker 
gas in the ITavier-Stokes case. As for the translational effects, we have to 
fall back on the experimental results for monatomic gases. As we shall see 
these are fitted best by the Burnett equation, and we therefore assume that, 
relaxaition aside, eq. (37) e'valuated for the appropriate value of (with 
y = yo) is adequate. 

In particular we are interested in diatomic gases. Taking y = = 

eq. (37) becomes 


' ' 7* rs \ 3 r 3 r‘^ rs 7» \ « 3 3 rs 

+ 7Hs'^3'rl 


+ 


-fl = 0. 


The expansion for the I-wave is 


(69) 


Ic ^ % -|- 


6 p 1 

7 U r 


7 ~n) 7* Vr» 21 rs 14 

6> /620 1 32 1 I 17 1 5a .1 \ 

7» \27 r’ 9 7*8 21 rs* 2-7* s’j 



If the Eucken relation (eq. (30)) r/s = 19/10 holds, eq. (69) is 


(60) 


A: = i 4- 0.6701/r—1.0672 t/r*—2.1273/r» -|- .... 
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These expressions ai-o used in the procossui#? of data on gases such as Oj and Ng 
in order to get rotational collision numbers [20]. 

For the most part, wo restrict our further attention to monatomic gases. 

3'6. Amthtr aiiaek. - Tlie critical step in the methods so far desciibed 
is the selection of suitable expressions for T** and g. These have to be obtained 
by approximation from the higlily nonlinear Boltzmann equation even though 
the conservation equations, into which they are inserted, ai'e later on linearized. 

Wang Chang and Uhlenbeck [21] linearize the one-dimensional Boltzmann 
equation ah initio jind insert immediately the space- and time-dependence 
exp [—ilc +'ico<]. The solution is in the form of an infinite determinant. 
At each stage of approximation one has a finite determinant and a series expan¬ 
sion in Ijr. In this way expressions similar to, but not identical with the third- 
order Navier-Stokes, and fifth-order Bmmott, equations for Maxwellian mole¬ 
cules were obtained. 

Pekeris[22] has attempted to cu'cumvent the (^onverg6nce difficulties 
associated with expansions in powers of Ijr by numerical solution of each 
finite approximating determinant up to that of order 20. Later, Peeeeis 
at al. [23] continued the work up to order 483. For r > about 0.6, the results 
are closely the same as for order 226, indicating good convergence for tins 
range. 


4. - Experimental methods. 

4M. (hnerdl. - The techniques for in<«isiirement of « and o in rarefied gases 
!U'o in principle the same as those commonly used in denser fluids. Various 
refinements are usually incoiporated in order to orercome the difficulties 
resulting' from the very large attenuations encountered and from the low 
characteristic, impedance of the medium. On account of tliis latter, a sub¬ 
stantial velocity-amplitude at the transducer juoduces a disappointingly low 
sound pressure. The upshot is that the received siginils iwe so minute as to 
rjiise severe problems with respect to both signal-to-noise ratio and discrimi¬ 
nation against dectricfU and median ical cross-talk. 

The methods divide themselves naturally into pulse-modulated (pulse) 
and continuous-wave (cw). The advantsiges of jiulse methods include freedom 
from standing waves and the almost automatic discrimination (in time) 
against cross-talk. The poor signal-to-noise ratio associated with the neces¬ 
sarily large bandwidth inherent in a pulse system is its main disadvantage. 
The useful range does not, at present, extend beyond about 60MHz/atm 
which is well below the region 'of appreciable translational dispersion. For this 
reason we do not consider pulse methods in detail, but it is worth noting that 
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very good measuremeuts have been made by a number of inveBtigators, begin¬ 
ning with PAitrau et dl. [24]. These measurements are valuable not only 
for the problems they were designed to solve, but also because they provide 
a desirable check on the cw measurements within the range of overlap. 


4'2. Single-crystal interferometer. - The ordinary single-crystal interfero¬ 
meter has been widely applied to our problem, with results that in many cases 
are surprisingly good, considering the inherent limitations of the instrument. 
To explain these we need to consider briefly the principle of operation. 

The instrument may be thought of as a column of gas terminated at one 
end by a solid reflector, and at the other by a transducer, usually an x-cut 
quartz thickness expander. One or the other termination is movable to allow 
the length of the gas column, aj, to be varied by accurately known amounts. 
The input impedance at the electrical terminals of the transducer, at its resonant 
frequency vn veumo, is measured as a function of x. Ordinarily only the magni¬ 
tude of the impedance is measured; this is conveniently done by measmrement 
of the voltage on the transducer driven from a constant-current (high-imped¬ 
ance) source. Such an arrangement is provided by the ordinary Q-meter 
circuit, which also provides a simple means of eliminating the effect of the 
static capacity of the transducer. 

To simplify the analysis we consider a case for which the losses in the 
crystal are nil and the impedance of the reflector is infinite, although these 
are not necessary assumptions. Then under the supposition that the sound 
waves in the medium are plane, the input impedance in question is 


(61) 


« = otgh Fx = j1«o 


1 -t- j tghoa? tg^a? 
tgha®-|-itgj5a5 


in which A is a constant and is the characteristic impedance, also a (complex) 
constant. The voltage measured on the transducer is proportional to 


(62) 



1 tgh^* ax tg* j3a? \ 
tgh* oca>-f tg® jS® / 


1 


It is easily shown that the graifli of \z\ m. » is a damped oscillatory curve 
of wMch the upper peaks are tangent to the curve |«| = |ri.«ol ctgh ocx, and 
the lower, to | * | = | Az^ \ tgh ocx. The points of tangency are those for which ^x 
is an even or odd multiple of je/2, respectively. 

If oaj is so small that tghaaj<tci, the curve described has a sharply 
defined structure from which a and can be evaluated. But for ocx so large 
that tgh OCX is nearly miity, |«| is nearly constant and eq. (62) gives no infor¬ 
mation. As eq. (61) shows, it is also of no avail to measure the phase of z under 
these circumstances. 
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Thus the utility of the ordinary interferometer is confined to the region 
of liigh standing-wave ratio. The implication is twofold; the smsiUest 
value of r that can be reached is about 20, and the accuracy is poor even at 
considerably larger values, and second, the transverse modes associated with 
resonant conditions introduce errors which are difficult to evaluate [26]. 
The Stewarts’ work with hydrogen [26] furnishes a good example of the single- 
ciystsil interferometer technique [27]. 


4‘3. Double-crystal interferometifr. — In the so-c.allod double-crystal inter¬ 
ferometer, the sliortcomings described above are mostly eliminated, but at 
the cost of increased complexity. The column of gas is terminated by two 
transducers, of which one serves as a sender and the other as a receiver. Tlie 
principle may bo illustrated by consideration of one of several possible modes 
of operation. We suppose the static capadties of the two crystals annulled 
at tlie operating frequency by tunable inductors. The sender is driven at the 
common resonant frequency of the two transducers from a high-impedance 
source (constant current, I,) and the receiver is terminated on the electrical 
end by a high-impedance preamplifier. Then the voltage on the receiver is 


(63) 


— Asia I. csech Px = 




sinh xx cos fix -\- i cosh cue sin ^x ’ 


so that 


(64) 

and 


= (Hijih“ ax + sin* fixpi , 

AZnlf 


(65) 


He 


lig * (ctgh OCX tg fix) 


When ax is small, |i?j,l (eq. (64)) undergoes periodic vi>riatious as Hinfix 
oscillates between plus and minus one, and the variable part of the i)haso <p 
(eq. (65)) shifts rather abruptly between plus and minus 7t/2, ctgli ax being 
largo. However, wo make no use of this region of high standing-wave ratio, 
and thus we avoid the effect of transverse modes. Instead, for a particular 
value of a, we make the smallest vilue of x so largo that sinh oc® 1 and 
ctgh axcil. Tlien from eqs. (64), (66) |vsiries like exp [—ocaj] and (p like —/See. 
The slope of a graph which gives the logarithm of anything proportional 
to |jB„| vs. X gives a directly, and fi is similarly obtained from a plot of q> (rela¬ 
tive to I,) vs. X. 

The first such instrimient to be built and adapted to the present purpose 
was fitted with quartz (trystals and operated at a fixed frequency of 1 MHz [28]. 
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It -was superseded by an 11 MHz instrument of gi’eater reiinemeut [29]. The 
amplitude is presented by a recorder having a logaiithmic characteristic and 
the phase by a conventional recorder; these recorders are driven synclxronously 
■with motion of the transmitter crystal. 

The amplitude-measuring system is of the single-conversion superheterodyne 
type, with an intermediate frequency (I.F.) of about 440 kHz. The overall 
bandwidth, set by a crystal filter at the I.F., is 23 Hz. 

The signal at the output, together -with a reference signal are both converted 
to about 4 kHz before phase measurement. The phase of the reference, which 
ordinarily remains Axed, is instead uniformly advanced at an accurately kno'wn. 
rate nearly equal to the rate at which the output phase is advanced by the change 
in acoustic path length. The errors in the phase meter are now less important, 
for the meter measures only a small difference between the (variable) reference 
and the unknown phases [30]. 

The overall gain from the recei'ving crystal to the rectifier, which is at 
the input of the amplitude recorder, can be varied from —10 to + 120 db. 
The neutralization can be Adjusted so that the total output, in the absence 
of signal, is about 1.6 db above the noise, which is about 3 -10-®V referred 
to the input. 

As the pressure is lowered, the useful length of the record reduces to one 
wavelength at about r = 0.1 (10‘®Hz/atm in A). The attenuation does 
not get larger for smaller r, but the sound pressure levels do; the accuracy 
rapidly deteriorates and at r about 0.01 the instrument reaches the end of 
its useful range. 

An instrument similai' to the above, but equipped ■with solid dielectric 
electrostatic transducei's, has been used with very considerable success by 
Mb'Seb and Sesslbb [31]. These « Sell »transducers [32] are made by stretcMng 
a thin, metallized plastic membrane (say about 10 gm thick) over a metal 
backplate. The resonant frequency of a typical unit is in the 60 .to several 
hundred kilohertz range, and changes with external pressure and ■with polariz¬ 
ing voltage. The resonance is very broad and the transducers need to be 
matched only roughly. 

The several instruments of this type ■wrhich have been built at the III Physi- 
kalisches Institut, Gottingen, operate over the range of r from 0.01 to 100 
and at frequencies of from 100 to 600 kHz. The data ai’e taken point by j)oint. 
The amplitude-measuring system has a bandwidth of 100 Hz; a cosine volt¬ 
meter (lock-in amplifier) is used for the phase determination. 

Our own work at the National Bureau of Standards has been done mostly 
at 11 MHz, that at the III Institute mostly at 100 or 200 kHz. The question 
naturally arises as to whether, for a given value of r, it is better to use a high 
or a low frequency and pressure. The higher the frequency, the shorter is 
the useful path length and the greater the demands on the accuracy of the 
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screw. On the other hand, in a low-pressure system it is more difficult to main¬ 
tain gas puiity. Tor a particulai’ laboratory, the best compromise depends 
on the displacement-measuring and vacuum techniques available. 


5. - Results and discussion. 

The results of measurements at the National Bureau of Standards [30] 
on five monatoiriic gases are shown in Fig. 2. It is seen that all five gases behave 
in substantially the same way. The frequency in all cases was about 11 MHz. 
For argon, there are also available data taken at 100 and 200 kHz for r < 20 
by Meybb and Sbsslbh, [31]. Their results are practically the same. 

In the nondispersive range (r > about 10) where the various theories are 
nearly indistinguishable, the measured values agree with the calculated ones 
very closely. That is to say, tlie so-called «classical» theory is verified for 
monatomic gases. 

The Burnett theory appears to bo satisfactoiy for r > about 0.6 to 1. 
The dotted line in Fig. 2 is for a « super-Burnett»theoiy [30], [33] csilculated 
by Wang Chang and TJhlenbeck, which wo have so far not discussed. The 
super-Burnett expression corresponds to the fourth approximation to the ve¬ 
locity-distribution function. Experiment indicates it to be far inferior to the 
Burnett expression; the arguments about convergence of solutions of this 
type («normal» solutions) are tlius given additional meaning. 

The calculation of Pbkeris cit al. [23] reproduces the data about as well 
as does Burnett’s expression, but for low viUues of r the two are very different. 
It should be noted that Pekeris’ result represents an approximation of much 
liighcr order than does that of Burnett. 

We have already noted that the 13-niomont expression gives a poor value 
for a if y< about 6. However, p is not too bad for r>l. For r<l, plPo 
levels off to about 0.6. This is of particular interest because measurements, 
not shown in Fig. 2, have actually been cjUTied out down to r = 0.01. Such 
data on argon are given by Meyer and SehsIjBR [31]. Wliat is found is a leveling 
off of PIPi to about 0.6, and of a//?o to about 0.26. This raises the interesting 
possibility that some modification of the 13-moment solution is possible. 
However, other considerations are important to any interpretation of the 
results for low r. For one tiling the attenuation of the Il-wave in this region 
is not much more than that of the I-wavo, so that it is probable that what 
is observed is a mixture of (at least) two typos of wave. Furthermore, the 
measurements in the region of low r are made with a total sound path of length 
comparable to the mean free path. Thus, tlie propagation is not entirely a 
collisional process, particularly at very low r. Such processes are discussed 
in Section 1. 
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6. - Mixtures. 

The subiect of mixtures is somewhat beyond our scope, as the experi¬ 
ments and theory have been carried out in the nondispersire region only. 
I^'evertheless, it is of interest to note the present status. So far, calculations 
have been made of the necessary corrections to the first two terms of eq. (41) 
for an ideal gas mixture; to this approximation the speed e will be independent 
of frequency and the attenuation a proportional to its square. 

We study a binary mixture; the mole (or number) fractions are and 
(a?i + a?a==l)* The molecular weight of the mixture is 

( 66 ) + 

so that on account of unmixing, there is an additional state variable, Jf, or 
alternatively, Xi oi x^* There is also an additional dynamical variable, as wo 
are now concerned with two flow velocities, and u^* The velocity u which 
appears in the conservation equations is tlxe mass velocity given by 

(67) QU = QtUy + , 

Qi and ga being the partial densities (pi + g, = q). 

Tbe effect of the unmixing is to change the form of the heat flux q in the 
energy equation, eq. (33) for example. The stress tensor in the present (second) 
approximation is unchanged (CteAPMAN and OomiNQ[2], p. 146). The heat 
flux ([2], p. 146), as generalized to polyatomic gases by Kohlkr [34, 35], to 
'whom the calculation of a is due, is, in one dimension, 

(68) g = + , 

where kg, is the thermal diffusion ratio. The ratio k^ is of particular interest 
because it is the only transport coefficient which is very sensitive to the inter- 
molecular force law; for Maxwellian molecules it vanishes. 

The ordinary theory, then, needs to be modifled only by substitution of 
eq. (68) for the simple expression q = —v{dTjSx). However, two additional 
equations are required because of the increased nmnber of variables. One is 
obtained by splitting the mass equation (such as eq. (6)) into two, one for each 
component of the' mixture. The other is the general diffusion equation 
(Chapman and Co’wling [2], p. 144; Kohlbe [36]), which is, for one dimension, 

(69) -/e»8yi gi8p2 . 

^i^ajP Xg 9^*? Q dx T dx )^ 
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in which is the coefficient of diffusion, and pi and j)* are the partial pres¬ 
sures coxP and x^p. Note that D,* relates to the diffusion caused by a concen¬ 
tration gradient, and to that caused by a thermal gradient. 

The equations are combined as in Section 8'4; the calculations are tedious 
oven for the case yx = ya = y which, we now restrict ourselves. Por the 
sound speed o# wo get the expected result, 

where y is that for the mixture, i.<i. 

(70) y = 1 -f- BI{o„^iXx -1- • 

The o’s are the molar specific heats. The attenuation is given by 

(71) = hL _L (y ~ r / Mj—Mi y — 1 fej y 

ft)* 30 oy 2 yeoOf 2 o^ \ M y XyX^ 

In eq. (71) the four transport coefficients are for the mixture in question, and 
must be measured or calculated for each. Otherwise the form is as that for 
a one-component gas, except for the additional term representing the effect 
of diffusion. A large effect is to bo expected when Jf, — Jfi is largo, as for 
instance when one component is helium. For air, the attenuation due to dif¬ 
fusion is only 0.3% of the total, where as in Ho-Kr it may account for 60% 
of the total.. 

Holmes and Tempest [36], utilizing a pulse toclmique [37] have measured 
a and Oo in a A-He mixture, and a in the mixtures Ne-He and Kr-He over 
the entire concentration range and at various pressure. They estimate the 
accuracy of the measurements at about 2% and that of the calculations at 
about S%. In sUl cases the agreement between calculation and experiment 
is within the maximum possible error of 7%. 

Similar measurements in A-Ho had been made by Fetbalia [38] at 
3 MHz by interferometer. He obtained the expected variation with concen¬ 
tration, but a was about 50% high. It is likely that the discrepancy is due to 
experimental error. 


7. - Free-moleeule propagation. 

We have already seen that one limitation on measurements of F in guises 
at small r is that the length of the sound path is comparable to the mean free 
path; at least this is so in existing equipment. It is easy to frame an elementary 
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theory for the case of no collisions .[39]. (This requires, among other things, 
that the boundary conditions be stochastic.) 

Consider tvo parallel walls, separated by a gap, h. One waU, the source, 
has a prescribed axial motion, «o(t). The thermal velocity u at the source has 
a Maxwellian distribution appropriate to the temperature, and we suppose that 
the axial component u for each molecule as it is emitted from the source is 
increased by the amount m«, small relative to «. At any time t, the velocity 
of a molecule at the wall (the receiver) is that which existed at the ro\ii*co at 
time t — hju. If, at the source, %({) = «( exp[wt)i], then at time t the non- 
thermal velocity of a molecule at the receiver is m, exp {ico{t — h/w)]. Supposing 
the boundary condition to be stochastic, the excess pressure is 


(72) 


Sp 


CO 

= muoJfi 


(«) exp [wt)(t — hju)] d«, 


where fi(u)d.u is the number of molecules approaching the receiver per unit 
area per unit time with axial velocity in the range w to m+ d^t. The distribu¬ 
tion function [40] in question is (Kbnnaru [1.1], p. 64) 

M 

(73) /i(«) = ^ M exp [— 6 *m*] , 

where n is the number density and 6* = 1/2B2', so that with rm = Q, 


CO 

Bxp + id) (t — 




which with the substitutions ai = bath, v = bu becomes, after suppressing the 
time factor. 


(74) 


Bp 


e«o 


^ , b^yn 




®d». 


The form of eq. (74) is independent of the pressure. The integral 


(76) 


g[w) 


im) = 2 ^exp ~ ~ ~ 


®d« i 


has been extensively studied. A survey is given by Abramowttz [41]. A series 
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Free molecule propagation. See text. 
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•expansion is useful for small ® and an asymptotic expression for large x. 
These are 

(76) g(iai) = l — iVjtx+ (y —3 + wr + loga!)®=/2 +..., 


and 

(77) 


g(iiio) 


2 ■\/7t / 
~\2) 



3 




+ .... 


In eq. (76) y is Euler’s constant, 0.677.... 

At h = 0, the phase Telocity is (2/yn:)*Co, and as A increases, the phase Teloc¬ 
ity ultimately Taries as the cube root of (a>hj. There is thus no attenuation 
or ^hase Telocity in the ordinary sense. HoweTer, the magnitude and phase 
of '8p as a function of Ji can he calculated and compared mth experiment. 

Eigure 3 shows the results [39] of tests made with an 11 MHz interfero¬ 
meter [29] on argon at p = 1.48 mm Hg. The gap h is zero at the left and 
increases toward the right; the full range of the chart is just OTer 2 mean free 
paths. The upper chart shows the amplitude on a logarithmic scale (full 
range = 4 neper) decreasing upwards. The lower chart is the phase on a linear 
sc^e (full range 2n); the abrupt change is a shift of 2jr which the recorder makes 
to get back on scale. The jittery lines are the actual traces, and the dashed 
lines are computed from eqs. (76), (77). The agreement is remarkably good. 
The theory is easily modified to allow for specular reflection (but not for the 
collisions entailed), and the dotted lines are calculated for a reflection coef- 
flcient of unity. The results are Tery little different except near the source. 

Many other experiments were made. The agreement for A at 0.5 mm Hg 
was not as good as at the higher pressure, and at 0.16 mm Hg, was poor. 
Similar results were obtained in He, Fg, H, and air. One would expect better 
agreement at the lower pressures; on the other hand the accuracy then deterio¬ 
rates, so that it is hard to eTaluate these results. 
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Dispersion and Absorption of Sound by Molecular Processes: 
Thermal Relaxation in Liquids. 

J. Lamb 

Deparhuent of JSleotrioal Bnginieering, The University - Glasgow 


1. - Introduction. 

Propa^gation of a Hound Mvave through a liquid takes place adiabatioally, 
except at very high frequencies which are outside the range at present avail¬ 
able experimentally. Thus, as the pressure in the liquid alternates sinusoidally 
about the static or ambient pressure at a frequency f (= 0 / 271 ), there will, in 
general, be a corresponding variation in temperature at any point. The 
exception iH water in which, at 4 °0, y=l, and the sound wave propagates 
isothermally: this problem will bo discussed later in relation to sound absorption 
in solutions of noneloctrolytes. 

If 0 is the phase velocity of the wave at a frequency /, then tbe variations 
in excess pressure in a plixue progressive sound wave can bo expressed by 

(1) P — Pi) oxp [— oio] exp [ jco(( — »/o)] 

where x is the distance measured in the direction of propagation, Po is the 
-amplitude of the pressure variations at the source (a5 = 0) and a is the am¬ 
plitude absorption coefBcient of the liquid through which the wave is propagated. 

In these lectures we shall bo concerned primarily with the interpretation 
of absorption data for piure liquids, binary mixtures and aqueous solutions 
of nonelectrolytes. Particular attention is given to tbe ultrasonic relaxation 
method of studying fast reversible chemical reactions in liquids, in which a 
sound wave of relatively high frequency is used to perturb sinusoidally an 
existing molecular equilibrimn, specified by a reaction variable, y. y may, 
for example, represent the degree of reaction or, in the more general sense 
used by Peenkel [1], the « degree of order ». Examples of such reactions are 
the equilibrium existing between alternative rotational isomeric configurations 
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of the molecules in the pure liquid or the equilihiium between fi*oe water and 
water molecules forming complexes in solutions of nonelectrolytes. 

A further separate topic to be considered is that of vibrational specific 
heat relaxation in liquids. Extensive studies have been made of the ultrasonic 
relaxation and its associated dispersion in gases and vapours which arise from 
the time delay in the redistribution of energy between the vibrational and 
translational or rotational degrees of freedom of molecules. However, only a 
few examples of vibrational relaxation in liquids are known, due principally 
to the fact that the expected region of relaxation falls at frequencies higher than 
it has yet been possible to attain experimentally. A detailed study will be 
made of the cases which have been investigated experimentally, but it is con¬ 
venient to treat this mechanism separately from that of a chemical equilibrium 
which will be dealt with first. 


2 . - Basle theory. 

2'1. Thermodyncmm rdatiomhipn. — Considei* a simple fluid system con¬ 
taining a single chemical reaction mechanism or, more genei'ally, a single 
ordering process. Three independent variables are than required in order to 
define the state of such a system and these are two thermodynamic variables 
(for example, p and T) and the ordering parameter, or reaction variable, y, 
which, for a chemical reaction specified by the stoichiometric formula 
2 = 0, can be taken as the degree of reaction. In this case, the change 

i 

in mole numbers of the i-th constituent due to the reaction is dJTt — Vidy. 
We require to relate the measured values of soimd absorption, a, and velocity, 
0 , to tlie parameters of tlie reaction which is perturbed by the sound wave. 
The most satisfactory way of tackling this problem is to follow the method 
outlined by Fkbkkel [1] and db Dondbb [2] introducing a parameter, y, 
which is a measure of the i degree of order», or rather, the degree of reaction 
for a chemical equilibrium, and the affinity. A, which determines tlie departure 
of the system from equilibrium [3]. We then have a change in Gibbs’ free 
energy, given by: 

(2) 8iT—Vip + A6.y. 

Proceeding from this, it is possible to derive the desii'ed relationships but, 
for present purposes, these may be obtained in the following less rigorous, 
though somewhat more straightforward fashion. In either approach, it is 
essential to make a linear rate hypothesis in the same way as Pbiqoginb [4] 
and DB Geoot [6]. The system is assumed to be near enough to equilibrium 
for rates of reaction to be linear functions of tiio affinities. 
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Following the procedure of Andbbae and Lamb [6], Andkbae, Edmoni>S 
and McKbllar[7], we expand the adiabatic compressibility, the iso¬ 
thermal conipressibility, /?„ the thermal expansion coefficient, 6, and the 
speoiiic heat at constant pressm'e, (7„ in terms of the reaction variable, y- 



The volume change of reaction per unit change of y is 



The enthalpy (haugo of reaction per unit change of y is 





One of Maxwell’s relations requires that: 
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Heace an altemative expression for 6 is: 



It follows that 



With (QTIdp)g= (r/(l,)(87/32')» and using (11) this yidds: 


( 12 ) 

But 




A7 1 
7Affj • 


A7 


7AH 


C,„=(fl- 


8C'.) = 0- 


VAH 


0, 


Since 


A7 _ 80 
7AjBr ■" SO, ■ 


Now 7I'0*= — 1) by standard formula and from eq. (11) 


Hence 

(13) 


^_f78/3,]i 
AH “It80,. 


fig 0,® 


{[§«]*-[(7-1)SC,/0,]1}». 


Altematiyely from eq. (12) using 7T0* = 0,|8,(y — 1), we have: 

AH 70 • 


( 14 ) 




(y-1) SO, 

0«oo 
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2’2. Kinetic effeeU. - Om* next task is to relate the relaxation strength 
sound absoi*ption per wavelength /u = (xclf. In order to do 
so, it is necessaiy to consider the tiine-dependent behaviour of a relaxing 
system. We postulate a «dynamic» or complex adiabatic compressibility 

( 10 ) 

Tliis is equivalent to assuiuing tliat for a small displa<ioment from equilibrium, 
the kinetic behavioui' is determined by 

(16) ^ = -(y-yo)lr, 

where is the equilibrium value of the roaetion valuable and t is a relax¬ 
ation time. Strictly, t here should be written to signify that it is the relax¬ 
ation time associated with the adiabatic compressibility [8]. 

With a sinusoidal pertobation caused by the sound wave of angular fre¬ 
quency <o (= 2nf) we have 

y = y+ iy exp [j(ot ]; yt = yo+ dyo oxp [jo>f ], 

where the use of a bar denotes the average value. 

Then from oq. (16) 

1 

iwdy=--{dy- dy,), 


or 


dy = 


<i?/o _ 

(1 +jeoT) ■ 


From this, together with eq. (3), we see that the frequeney-depondenco* of 
the incremental contribution to the swliabatic compressibility will bo 


v®z\ 

YSyo\ ^ 1 


\93/A.) 

» ISP/tf (l + i'cOT) " 

“ (1 -t- jeov) 


Hence 

as in eq. (16), 

l + jor' 


( 17 ) 
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We define a complex velocity c* to represent botli tlie pliase velocity 
and the absorption a at the angular frequency, (o, and rewrite eq. (1) in the form: 

(18) p = Po exp [— xx] exp [jco(< — ic/o^)] = po exp [jco(< — xjc*)]. 

Then 

(19) • i=(l/c<„)(l-^ao„/tt>) = (l/c„)(l-}>/27t). 


For (p/2:r)*'d we have from the complex form of the Laplace formula 
for the sound velocity, (o*)*= (ej8*)“‘: 

(20) l/(c*)* = (1/oJ*(1 - jfilTc) = e|5: . 

Substituting for /3j from eq. (17) and writing Ti= T(/5aco//Ss)* gives 


(21) (o/o*)» = |8;/i3,= 


)3^(1 + cWt») 




JCOTi 


5 l = 


iS,„)» (1 + «‘T?)J 

- (olo„)*(l-jjnln) ^ 


0 is the limiting value of the phase velocity at low frequencies. Equating 
real and imaginary parts of eq. (21) gives: 


( 22 ) 


tOTi 


^ (^s^«oj)^ (1 + a>*ii) 


When fi is sufticiently small 0,„ w 0„ ZiC^r and eq. (22) com" 

bined with eq. (13) yields 


(23) , 


M 

n 






Putting T = 1/2:71 ■/„ gives the frequency-dependent term as (///«)/(! +(///o)*) 
and this attains a maximum value equal to J at / = /«. The corresponding 
maximum value of ft is designated 
Then 


(24) 


at 


(^y-[(y-i)SW]*}‘ = 

_(y-l)8<7. 


0. 


A7 0.1* 


AP 0. 
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It follows from eq. (23) that we can express the sound absorption intheform: 


(26) 


a _ A 


i + u. 


This equation is couveuient for the ansdysis of experimental results, since for 
/> /c, a//“ and if the term B is evaluated, we can subtract this quantity 
from the measured values of (a//‘) in order to determine the absorption due 
to tbe reaction of interest. In effect, the term B accounts for tbe absorption 
due to shear viscosity, heat conduction and those processes having a much 
smaller relaxation time than the one in question. fi is then given in terms 
of the remainder by: 

Act 

(26) jU — I jir and /imtx—{h) Aofc • 

The fractional change in sound velocity over the whole relaxation region 
is given by Sc/o a 

Thus for < 0.03, as is usually tbe case, tbe velocity changes by less 
than 1 % over tbe relaxation region whilst (a//*) may change by several orders 
of magnitude. In most cases the dispersion in sound velocity can bo neglected 
and 0 may be taken as a constant. 

Equation (24) relates tbe measured parameter, to the tbermodynamie 
parameters. Ho far, we have made no important assumptions other than those 

made in connection witii eqs. (20) and (23) F/U_ In 1] and these can readily 

bo I’emoved if they are not justified. 

Unfortunately, the effect of the volume change, AV, opposes the effect of 
the enthalpy change, AH, and this is one of the major disadvantages of the 
ultrasonic relaxation method of amilysis for fast chemical reactions. Mathe¬ 
matically, this can bo seen from the contents of the squiwed bracket in 
eqs. (23) or (24) whore the thermal part due to AH has to be subtracted from 
the isothermal part due to AF. Physically, the adiabatic nature of the soimd 
wave requires that the maxima of pressure and temperature due to the sound 
wave should bo almost coincident in time: an excess tomperature shifts the 
equilibrium in question towards the higher enthalpy state whilst the excess 
pressure shifts the equilibrium towards a lower volume. AH and A7 will 
generally have the same sign and, in fact, if it should happen that 


F0-AH= C’,'AF, 


there will be no distui'bance of the equilibrium due to the passage of the 
sound wave! 

Bigour is less easily attained in the kinetic analysis. This stage demands 
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more knowledge of the process which is giving rise to the relaxation so that 
a rate equation can be established. This issue has so far been avoided by 
leaving the variable, y, undefined. 

2'3. BelaUonsMp between rdacoaUon times. - The complex adiabatic com¬ 
pressibility is given by eq. (17) as 


(17) 






where is the relaxation time measured with p and 8 held constant. Like¬ 
wise with p and T as independent variables we have: 


(27) 

(28) 






e*=0«-i- 


Too T" : 9 

1 -t- i(orp,jp 

89 


1 + jcotp.T ■ 

Hence generaUzing eqs. (4) and (9) in complex notation, we have: 


(29) 

(30) 


8V* = - V 


+ 


8^r 


88* -7 


1 + ja>rp.r_ 
86 


+ 7 


86 


l + jcoXp^l ' T 


+ 4 


1 -f 


1 + ifoxpj, 


Consider now the relation between p and 7 at constant T. Using simple time 
derivatives, we have: 


7-1- t87-1- VMP + t 7/9,„ Sp = 0 
This can be written as: 

Pt ypr ypw 

which shows that the complex bulk modulus is 

1 I (!/<?>) 


(T = constant). 


(T = constant), 


^XCO 1 -|- 

Howeyer, the relaxation time corresponding to the bulk modulus is ,. Hence 

T-yr -. 

Pt 
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It can readily be shown that: 

Further, it is clear that any ordinary identity between thermodynamic coeffi¬ 
cients {e.g., = PaGp) subsists between the corresponding" « complex» or 

dynamic coefficients provided that the appropriate relaxation times are used 
for each coefficient appeairing in the identity. Thus 

etc.. 

In practice, t^e difference between the various relaxation times depends 
upon the ratio between equilibrium and instantaneous values of the relaxing 
parameters and for simill relaxation strengths, 

„ _ Ms — 

iS. ". ?s "~ /?« ’ 

these differences can be ignored to a first approximation, and this will be 
assumed in tl^e following. 


(31) T,., _ r,, - Tp., - 


2‘4. BeaoHon eqmiionH in ideal solution. - Consider the simple isomeric 
equilibrium (Fig. 1). 


(32) 


Tcgi 


for which the rate eqriation is: 


(33) —^1* > 



reaction coordinate 

Pig. 1. - Gibbs free energy diagram for a 


n^ and n, ai’e the populations of simple isomeric equilibrium .4^7?. 
the molecular states A and B, 

and are the appropriate forward and backward rate constants. 
Putting 2/"= -f = constant, ir= Au/fc*,, y — nJN, we find 
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By analogy with. eq. (16) this gives 

(36) T-> = %^=(fc„ + fc*,). 

% 

For a simiRoidal perturbation eq. (34) becomes (cf. the treatment of eq. (16)): 

(1 + Z)*'i + jVot' 

We have previously expressed the relaxing: component of the adiabatic 
compressibility as: 

(37) 8^.. j ’(l + jwT) = (l+%r) • 

Similarly -we can put: 




]. \0p /t 1 + jcOT 1 + JVOT ’ 




'/, 1 + jcot 1 + jcor ’ 


These quantities can be evaluated -when the derivatives (9yo/9l>)» (Syo/ST), 
are known from eq. (34). 

It follows from eq. (36) and the van’t Hoff relations that: 


K Ay 



E 


(1 + Ey 

1 

CO \ 

E 


(1 + Ey 


/01nZ\ _ 

■\ 82 - K~ 


E AJT 

(1 +K)^'ET^ 


Hence from eqs. (38) and (39): 
(43) 


AF Z AF _ (AF)« K 

F ■ (1 + Ky 'bt ~ VBT ■ (1 + Ky 


JE AH „ [AHl* K 


8C.= AH.—= je 


(l + H)«H!r» [HTJ (1 + H)*' 
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Then, from eq. (24): 


(46) 

(16) 


_ (A7)« ^ ^ 

VRTp,(l + K)»\ A7 OJ ’ 

_ ( y- J )Ii _^ jf f^r ^ 

1 AF F0J [Rt (1 + F)*’ 


If A6? is the Gibbs free energy differonco between the standard isomeric 
states A and B, then: 

K = exp [— AG/FT] and AG = AF - T A(S. 


Further, if AG > 3RT, say, as is often found to be the case for isomeric equi¬ 
libria which give rise to ultraHonic relaxation, then within an accuracy of 6 % 
we can write: 


(47) 


^ (y- 1 ) fJ 
Clp ( 


A7 G 1» /AF\8 


The dependence of on T is primarily dotennincd by the exponential 
term in (— AF/FT). 

The relaxation time is r—{ht+ksi)-\ and for convenience in analysing 
experimental data plotted against log (/), we define a characteristic frequeny. 


(48) 



+*•>>-1 <* + '*■>■ 


With Jf -Cl: following? tho theory of rate proeosses: 


(49) /„-^(^~)exp[-Am/FT], 


Ft is a numerical factor representing, in effect, the entropy of activation for 
the transition 2 -> 1. AF* is the sM'tivation energy of the backward reaction. 

The method employed in this section for an isomeric equilibrium can be 
ext.ended to cipher specified reactions. For example, for the equilibrium 
A+B ^AB, we find 

VRT 4(l + K)i’ 


with a similar expression for $Cp. 



112 


J. LAHB 


3. - Analysis of experimental results: rotational isomers. 

Ideally one would hope to have available experimental values for the 
absorption, expressed as (a//®), which range from low frequencies well below 
the relaxation region (/<^/o) where oclf^ = A+B (eq. (25)), to frequencies well 
above the relaxation region (f ':$> fc) where a//* = B, at a given temperature. 
The measurements would be made at other temperatures covering as wide a 
range as possible and, provided that the relaxational behaviour can be attri¬ 
buted to a single relaxation time, r, or characteristic frequency, /c, we can 
then obtain values of (eq. (26)) and of /<,, the frequency at which ^ 
attains its maximum value, /Zata, as a function of temperature. In practice 
results are not always available over the complete relaxation region and 
procedures of extrapolation or estimation have to be employed [9, 10] to deter¬ 
mine values of A and B in eq. (25). 

Fortunately, experience has shown that the relaxation processes of present 
interest can be described by a single relaxation time: the exceptions are visco¬ 
elastic relaxation mechanisms which lie outside the scope of these lectures. 

Additional information is usually available giving the velocity of sound, c, 
as a fimction of temperature and this can be expressed: 


(80) 


0 ® ;= 


(v-m 


enabling a value for (y — l) to be substituted in eq. (24) if required. In 
cases of relatively large relaxation strength where dispersion cannot be neg¬ 
lected, then it is desirable also to measure the velocity (eq. (21)) as a 
function of frequency over the relaxation region. 

In order to proceed further in analysing experimental data, one has to 
introduce a definite assumption about the stoichiometric nature of the reaction 
in question and this is mainly decided on external evidence. In many cases, 
variation of the chemical composition in the ultrasonic experiments can lead 
to identification of the molecular mechanism responsible for the relaxation, 
as has been demonstrated by the work of Young and Pbtrauskas [11] and 
DE Gboot and Lamb [10]. The simplest and most important case is that of 
a unimolecular reaction in ideal solution. With K = exp [— A0/BT], we then 
have from eq. (46) an expression relating the measured quantity at each 
temperature to three reaction parameters A 7, AH and A(? each referred to 
the «pure constituents». The only relevant connection between them is the 
Gibbs-Helmholz equation 0(A(?/T)/0T = — AH/T* and it is clear that further 
assumptions must be made before information can be obtained about reaction 
coefficients. The simplest and commonest assumption is that the volume 
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change of reaction AF is zero. This is often a very reasonable assumption for 
isomeric reactions since the kinds of moleculai" mechanisms which have been 
studied do not usually involve large changes of size. It carries the immediate 
simplification that = S/S, = 0 and hence can be expressed explicitly 
in terms of SO*. Thus from eq. (24) with fi _ I n C1: 


(61) 

and from eq. (44): 


2/ini»x _ (y _l) _ 

31 


(62) 


80 , = E 


AHl* exp [- AO/BT] 

Bt\ ll + e^X-MiRT]^' 


Now AO = AH—TAjS and, in principle, a fi,t can be obtained to the com¬ 
bination of eqs. (61) and (62) by an appropriate choice of AH and Afif. 

The simplest version of eqs. (61) and (52) comes under the further special¬ 
ization that the entropy change of the reaction, A/Sf, is zero. In this case: 

AH]* exp [- AH/HT] 

Bt\ [1 -t- exp'i-AH/Bi^]* ‘ 

A plot of 80, m. (AH/BT) is shown in Fig. 2, from which it is evident 
that 80, reaches a maximum at a value AH/fiT = 2.4. Hence we see imme¬ 
diately from eq. (63) that if • 0,/(y — 1) decreases with increasing tem- 


(63) 


(y— 1) 


jt 


0 , 


B 



AW/ff r 

Fig. 2. - The relaxing specifto heat for a 2-Btate equilibrium with AF»AS'=0. 


80,==B 


AH * exp [— AH/BT] 

(1 -H exp [-AH/M'i)« ■ 



8 - Jiendiconii - XXVII. 




114 


J. lAUB 


perature, tlieii Air/J22'<2.4 "wliilst, if this quantity increases with increasing 
temperature, we are reasonably certain that the condition AH/BT > 3 will 
be fulfilled, thus permitting the previous approximation inherent in eqs. (47) 
and (49) to be used. 

The value of the ultrasonic relaxation technique for the study of rota¬ 
tional isomers can be judged from Pig. 2. Taking one third of the Tnn,Yimnm 
value, of 80, we see that SO, is greater than this figure for values of hMjBT 
ranging from 0.8 to 6.3, that is, for values, of AJT from 0.48 kcal/mole to 
3.18 kcal/mole at 300 ®K. The lover value of AiT corresponds to some 30% 
of the molecules residing in the state of higher energy whilst the higher value 
gives a figure of 0.6 %. At the maximum of the specific heat curve, approxi- 
noately 9 % of the molecules occupy the position of higher energy. Other 
methods for studying the behaviour of rotational isomers rely in general on 
there being at least 10% of the molecules in the state of higher energy so 
that, for relative population densities from 10% down to below 1 %, the ultra¬ 
sonic relaxation method provides a useful complement to other techniques. 
Moreover, the energy barrier hindering internal rotation is obtained directly 
from the observed variation of with temperature in the ultrasonic experi¬ 
ments and it is in this kinetic sense that the ultrasonic relaxation method is 
particularly valuable as an analytical tool. It should be noted that no relax¬ 
ation is observed for isomeric reactions in which the alternative configurations 
are of equal energy (Afl'=0). 


4. - Experimental results: rotational Isomers. 


The dassioal example of rotational isomerism is in ethane and its deriv¬ 
atives, where the existence of three stable configurational positions implies 
that rotation about the 0—0 bond is restricted. Consider, for example, the 
case of 1,1,2-tnohloroethane for which the curves of /j, vs, frequency arc 
given in Fig. 3. In this molecule there are two ground states of equal energy 
and one state of higher energy. The previous analysis can be extended readily 
to include a doubly degenerate ground state, giving a characteristic frequency 
fc = (ku + 2ifcji)/27r and an incremental specific heat 


SCf, = JJ 


Asr]* K 
L^fj (2 + Z)S 



where E = (i»J/iBj), and xl being the equilibrium mole fractions in states 1 
and 2 respectively. Substituting for (y — 1) in eq. (63) from eq. (60) we 
see that, provided Z <2, the plot of log (T^/o*) vs. T-i , should be a straight 
line, the slope of which gives the energy difference AS. This plot is shown 
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Pig. 3. - •RAin.vfl.tinnal Tjeliaviour for 1,1,2-trichloroetliane. The curves are theoretical 
fi AAnrriin g to eq. (26) and the points are derived from 63 q>eriinent, 


in Pig. 4, from which we obtain AjBr=2.2 kcal/mole (JCs= 0.025 at 300 ®K). 
Plotting log (folT) against in Pig. 6 gives the activation energy of the 
backward reaction as AHj == 5-8 hcal/mole. 



Pig. 4. - Log V6. 07-1 for 1,1, 2-trichloroethane. The value of AH obtained 

"from the slope of the line is AH= 2.2 koal/mole. 


Similar results have been obtained for other substituted ethanes and^^^ 
summary of the energy values obtained is given in Table I. 
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Table I. - Energy vaVuea for some substituted efhmes obtained from ultrasonic relaxation 

studies. 


Liquid 

A£r (kcal/mole) 

AHI (reverse) 
(kcal/mole) 

AlZj (forward) 
(kcal/mole) 

1,1, 2-triohloroethane 

2.2 

5.8 

8.0 

1,1, 2-tribromoethane 

1.6 

6.4 

8.0 

1-bromopropane 

1.3 

3.6 

4.9 

1, 2-diohloropropane 

1.1 

4.7 

6.8 

1, 2-dibroniopropane 

0.9 

4.9 

6.8 

«ym-tetrabromo6thane 

0.9 

4.3 

6.2 

2-methylbutane 

0.9 

4.7 

6.6 

2, 3-dimethylbntane 

1.0 

2.8 

3.8 

2-methylpentane 

0.9 

3.9 

4.8 

3-methylpentane 

0.9 

4.1 i 

6.0 


Another class of rotational isomers investigated by bb Groot and Lamb [10] 
is the nnsaturated aldehydes in which partial con*xigation of the C 1 O 2 bond 

plays a role in stabilising 
the planar configurations of 
the molecule shown below 
for acrolein 



Fig. 6. - Log (fJT) vs, for 1,1, 2-triohloroethane. 
The activation energy of the backward reaction ob¬ 
tained from the slope of this line is A^=6.8 kcal/mole. 
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The characteristic frequency 
for acrolein is 176 MHz at 
26 “C. 

Eeplacement of the H- 
atom on C 3 by a methyl 
group as in crotonaldehyde 
increases the conjugation of 
the C'lO, bond and leads 
to a decrease in fc to 


30 MHz at the same temperature. Further substitutions of this group by a 
benzene ring again increases the conjugation and in cinnamaldehyde, /»= 16 MH?; 
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at 25 °C. On the other hand, substitution of a CHg group in methacrolein 
has little effect on the conjugation since the positive charge separation within 
the molecule resides on the C3 atom; /fl = 174MHz at 25 ®C. Energy values 
for these liquids are given in Table II and the original paper should be 
consulted for further information on these and related compounds. 


Table II, - Energy values for five miaaVu/rated aldehydes 



AH (kcal/mole) 

AHJ (kcal/mole) 

AH* (kcal/mole) 

Acrolein 

2.1 

5.0 

7.1 

Crotonaldehyde 

1.9 

5.5 

7.4 

Cinnamaldehyde 

1.5 

5.6 

7.1 

Methacrolein 

3.1 

5.3 

8.4 

Furacrolein 

1.2 

5.1 

6.3 


5. - Studies of aqueous solutions of nonelectrolytes [7]. 

In the case of aqueous solutions, the equilibrium which is pexijui^bed by 
the sound wave and which gives rise to rolaxatioiial behaviour can be that 
between mole(*ular complexes AH and the (‘.omponent parts A and B into 
which the complex dissociates with a- producdiioii of enthalpy, AH, per mole 
of complexes dissociated: 

^> AZ?(-hAH) . 


ANDitEAK ct aL [7] have made a detail(^d study of ultrasonic*, relaxation 
for a large number of solutions of nonelec.trolyt.es (principally amines) in 
water, following on the Avork of Hcihnwiukr [12] and Baukibli) and Bohnei- 
DER [13]. These latter authors have showui that ultrasonic, absorption meas¬ 
urements on aqueous solutions of simple amines and alcohols can be inter¬ 
preted in terms of hydrogen bonding betwe.(Mi w^ater and solute molecules. 

In all the aqueous solutions studied, there is a (‘ortain mole fraction of solute 
in water at which th<^ sound absorption is a maximum; this is designated the 
peak sound absori)tion c.oncentration (P.B.A.(h). Borne of the solutions exam¬ 
ined also exhibit critical solution behaviour which is a further cause of ultra¬ 
sonic. relaxation, although it has been found possible to separate out on a 
freqiuuicy basis the relaxation due to hydrogen bonding reactions and those 
arising from critical solution phenomena, 

Andreae and his collaboratoros have given the following rough ultrasonic 
picture of a nonelectrolyte dissolved in water: 
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1) The critical solution behaviour gives rise to ulta'asonic relaxation with 
a characteristic frequency below 10 MHz around room temperature, while 
the formation of hydrogen bond complexes is correlated witli characteristic 
frequencies of ultrasonic relaxation which are above 20 MHz. 

2) Solute-water hydrogen bonding occurs between hydrogen atoms or 
protons of the water molecules and lone pair electrons on the sohite. 

3) As the concentration of the solute is increased from zero, there is a 
rapid breakdown of the water structure appearing as a sharp rise in the sound 
Telocity (i.e., a faU in compressibility), despite the fact that the added solute 
molecule is more compressible than water. It appeal's likely that each solute 
molecule prevents a number of water molecules around it from maintaining 
hydrogen bonded contact with the highly oriented water structure nearby. 
These «free » water molecules then pack more closely around the solute mo¬ 
lecule, thereby decreasing the overall compressibility. 

4) With fm'ther increasing concentration of the solute, the equilibrium 
between free water molecules and water in complexes begins to give rise to 
ultrasonic absorption which increases to a maximum at the peak sound 
absorption concentration. It then falls again as the amount of water available 
becomes the limiting factor. 

6) The equilibrium between solute, water and solute-water complexes is 
biassed towards the complex. The equilibrium ratio of mole fractions of 
complex to the product of mole fractions of uncomplexed solute and water 
is 10 or more. The rate of dissociation is slower than the rate of association 
(10* s“^). The relatively high value of the latter is attributed to the mobility 
of the water molecules and to the accessibility of water protons. 

6) Owing to the high rate of association, water molecules can be ((xj)ec.tcd 
to associate with the solute, one molecule at a time, a complex containing 
many water molecules being built up in this way. A simple model of Ku<*h a 
mechanism gives a fair representation of the shape of the experimental curvt*H. 

7) The thermal expansion coefficient, 0, is approximately z<*.ro for water 
owing to the normal expansion due to temperature rise being eounterbalam^ed 
by the breakdown of the water to a more dense, more closely packed structure 
from the open, hexagonal structure, characteristic of ice. When the solute 
molecules are added to water, the water structure is broken down by the solute 
and so 0 gradually increases to a value appropriate to a more « normal» liquid. 
If it be supposed that the observed ultrasonic relaxation in these solutions 
is predominantly thermal, that is, that the enthalpy change, AF, outweighs 
the effect due to volume change, A7 (or F0AF>O,-A7), then is pro¬ 
portional to (y —1) or to 0» and it is not surprising to fiird that the peak 
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sound absorption concentration is always higher than the concentration at 
which the sound velocity goes through a peak itself. This explanation is con¬ 
sistent with the obseiwed results and means that the strength of the ultra¬ 
sonic relaxation is governed by the enthalpy change, A-ff, or hydrogen bond 
energy, rather than by the volume change, AF. The breakdown of the water 
structure represented by the peak in sound velocity occurs before 6 is large 
enough to allow the sound absorption to reach a maximum. 

Analysis of the observed relaxation processes found by Andeeae and his 
collaborators for a number of aqueous solutions of nonelectrolytes has been 
shown to reveal a high frequency relaxation with a characteristic frequency 
above 20 MHz for a wide range of solutions. Results for each solution have 
been analysed in terms of eq. (26) and the characteristic frequencies are plotted 
in Fig. 6: the solute concentration in each case was close to the P.S.A.C. value. 


acetone 



50 70 90 110 130 350 

molecular weight 


Fig. 0. - Characteristic frequencies in aqueous solutions of acetone, aoetonyl acetone 
(AoAc), a-amylaniine (a-Ani), 7^-ootylamine (w-Oot), diethylamine (EtaNH), methyl- 
diethylamine (EtaMeN), triethylamine (EtgN) N-methylmorpholine (MM), butyl oello- 
8olve*(B.C), ethyl cellosolve (Kt. C), methyl oellosolve (MeC), tetraliydrofuran (THP), 
and <(Carbowax » 350, [(0X)«01l8O(OIIaCUlaO)7ir]. Triangles are for points near 0 

and circles for points near 26 ®C. 

Qualitative (*.onclusions drawn from Pig. 6 are that the characteristic fre¬ 
quency increases with the number of hydrogen bonding centres (N- and 
0-atoms) and decreases with molecular weight if the number of hydrogen 
bonding centres is kept constant. If we suppose that the relaxation process 
is the formation of complexes between solute and water, then the higher the 
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oxygen + nitrogen to carbon ratio in tlie molecule the larger is the proportion 
of the molecule available to water molecules as hydrogen bonding sites and 
the faster is the process of complex formation with a higher value of fc. 

In some way, the concentration at which the peak sound absorption occurs 
must represent the optimum solute to water ratio for sound absorption. It has 
been found that the P.S.A.C. is empirically related to the size or molecular 
weight, of the solute by 

(64) Logic = MJ6S + 0.41 - 0,66(moH + - 0.8wo , 

where %= number of UST-atoms in the solute molecule; 

Wo = number of 0-atoms minus the number, iii OH gi*oups. 

This relationship is shown in Fig. 7. 



Pig. 7. — Dependence of peak sound absorption concentration on molecular weight 
for 1) «Carbowax 3502) methyl oellosolve, 3) methanol, 4) diethylene triamiiie, 
6) acetone, 6) triethylene tetramine, 7) dioxan, 8) ethyl cellosolve, 9) ethanol at 0 °C 
(higher point) and 25 °C (lower point), 10) tetraethylene pentamine, 11) tetrahydrofuran, 
12) acetonyl acetone, 13) isopropanol, 14) 7^-propanol, 15) tert-butanol, 16) diethyl- 
amine, 17) butyl cellosolve, 18) methyldiethylamine, 19) w-amylamine. molecular 
weight of solute. 7^oH» and Uq are numbers of OH groups, nitrogen and oxygen atoms 

per molecule respectively. 
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Various models have been put forwai^d to account for the observed behav¬ 
iour in these systems and these can be described as follows: 

Model I 


(66) A+B^AB. 

K 

One molecule of water (B) combines with one molecule of solute (J.) to form 
one complex and maximum sound absorption is to be expected for equal mole 
fractions of A and B: P.S.A.O. = 0.5. 

We define the mole fraction, w, of solute and is of complex such that when 
the total number of solute and water molecules, including those in complexes, 
is unity, co is the total number of solute molecules and is is the number of 
AB complexes. The number of unassociated solute molecules is therefore (£d— z) 
and of unassociated mole(‘ules — — 

Assuming unimolecular dissociation, the rate equation is 


(Iz 

(66) — = 2 l)(l — ic — — hz = ICbix^ CO — z)- 

(xt 


1'®' {aj-7)(i-i-«)l’ 


The equilibrium constant K is doftned as tbo ratio of the forward and 
backward rate constants. 

Witli a sinusoidal perturbation (Rinsed by a sound wave of frequency 
/(=oj/2jt), let dc and dK bo the amplitudes of the fliK'tuations in e and K. 
Then replacing the time differential by jro, wo have: 


(67) 

( 68 ) 


j(o d* = 1ii,{x 


-«)(!-«!-«)|dfi:- 


1 + /{■(! - 2s) 
(co— z)(l — x — z) 


•d»|, 


da = 


ad(ln^) 


1+ /i’’(.l-2a) (l + jVoT)’ 


(69) = h + (1. — 2s)lCf . 


We identify a with the reaction variable y of eqs. (4) and (6) and use the 
van’t Hoff relation 


0(lnJr) 


dp 


ir 


= - (^VjRT) . 


If, following SoHNBiDEtt [12] we assume that propagation in these aqueous 
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solutions is isothermal, we obtain from the previous equations: 

(60) - - (l//3,7) A7(- A7/JKT)(0«/a In Z) = 

(A7)2 

pgVBT'l+K(i-2s)^ 

Since at equilibrium = — z){l — x^s!)y it follows that 

(61) » = {1 - [1 - 4iB(l - x)K^I(l + m}= (1 - 2), say. 

Hence since 

(62) )S,= l/eo*: = • 

The term (1 —2)/g reaches a maxiaiTun with concentration at »== 
= P.S.A.C. = 0.6, that is, for direct association of one solute molecule with 
one water molecule. However, in all the systems studied the P.S.A.C. is less 
than 0.6 (Pig. 8), indicating a greater activity of the solute, A, than of the 
water, B. A fuiiiher refinement of the simple model (55) is the following: 

Model II: 

(63) A + A. 

kt 

This model assumes that m water molecules combine in a single step with 
one solute molecule. The theory for model I is applicable if the vaiiablos x 
and e ajre transformed to 

as j ® 

®““»+(l-®)/m (l-»)/m- 

We then obtain the peak sound absorption at irf,rt=0.6 or 

P8A0 = x = 1/(1 + • 

In this model, therefore, (1'--P8AG)IP8A0 is both the number of 
water molecules in a complex and also the optimum water to solute ratio 
discussed for model I. 

We obtain: 


_ 7C QC^ 


(AF»)* 


(1-gm) 


(64) 
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( 66 ) 

and 

(67) 


= 1 - 4®„(1 - *„) K»ja +E„Y, 

Eft) = Zffij{X,a Zfn) (1 Xfn iSjft) • 



The theoiy enables a match to he made of the position of the experimental 
absorption peak by tidjusting the value of m, of the height of the peak by 
adjusting AT',„, and of the mean ■width of the peak by adjusting E„i This 
has been done in Fig. 8 for 
acetone-'water and for three 
amine-water systems. In the 
model used, the molar volume, 

F„, is given by 

F„= Jlf^ -t- (1- <»„.)(«iJlf,), 

where and Jf, are the mole¬ 
cular weights of solute and water 
and M is 'tihat of the solutjion. 

Now AFm has been deter¬ 
mined on the assumption that 
the thermal term in eqs. (13) 
and (24) is negligible compa¬ 
red with the isothermal term 
involving SjS,: wo denote this 
assumed value of AF™ by 
AF“. We could also pi*oceed 
by assuming that the ther¬ 
mal term in these equations 
is dominant, that is, that the 

enthalpy chatige denoted AH^ is obtained on the assumption that the 
volume change of i*eaction is negligible. It then follows from eq. (24) that the 
same value of is produced by (volume change negligible) or AF^ 
(enthalpy change negligible) if FflA2r“= Oj,-AF|^. Numerical values of m, 
E„, AFJ^ and AH“ are listed in Table III. 

The values of AH“ given in Table III are comparable with estimates given 
in the literature [14,16] for hydrogen-bond energies and this is a strong 
indication that the process is not isothermal. 

The association of a clus’ter of water molecules (B„) with one solute 
molecule (.4.) in a single step as assumed in Model II is an unlikely occurrence 


0 Q2 0.4 0.6 05 

mo/e fraction, x 

Fig. 8. - Relative values of vs. concentration. 
The curves are calculated on the basis of mo¬ 


del II. 


with = lO 


and 60. 


The experimental points are fitted to the theory 
byi selecting the value of m for each solution: 
acetone, 0 ®C, m=1.6 (triangles); diethylamine, 
0®C, (squares); methyldiethylamine 0 °C, 

w=11.6 (solid circles); »i-amylamine 5®C, m—19 
(crosses). 
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solutions is isothermal, "we obtain from tlie previous equations: 

(60) = S/9r//Ss = - (1//8^F) AF(- ^VIBT){delB In JC) = 

^ JAT^_«_ 

~ PsyRT"l + Kil-2a)' 

Since at equilibrium K = sl{(c — g!){l — a! — a), it follows tliat 

(61) « = {1 - [1 - Ml - ®)-S:V(l H- ^)“]*}= (1 - fi), say. 

Hence since 

(62) |8, = l/eo«: = 

The term (1 — q)lq reaches a maximum with coiicentration at at = 
= P.8.A.C. = 0.6, that is, for direct association of owe solute molecule with 
one water molecule. However, in all the systems studied the P.S.A.O. is less 
than 0.6 (Pig. 8), indicating a greater activity of the solute. A, than of the 
water, i?. A further refinement of the simple model (65) is the following: 

Model II: 

( 63 ) A+B^^AB„. 

k>}i 


This model assumes that m watei‘ molecules combine in a single step with 
one solute molecule. The theory for model I is applicable if the vaiiablos as 
and a are transformed to 

^'ni M \ /1 \ I ~ find - ■ , 

a? + (1 — x)lm a; + (1 — ic)lm 

We then obtain the peak sound absorption at r/?,„ = 0.5 or 

PSAG = iV = 1/(1 + m). 

In this model, therefore, m=(l — PSAG}IP8AG is both the number of 
water moleciules in a complex and also the optimum water to solute ratio 
discussed for model I. 

We obtain: 




(1-gm) 


(64) 



IiI.'il’KIiSIt'V AM* UF Sul'\li ($Y I'lilXM'lSSKW KT(!. 


12 :» 


{«•.:>) 

«!<►) 

itiiii 

0*7) 


^ It/ ^ ■IH^jt.T’ ) 

€ 1 - !•'•«( 1 -•'•»<) I A'..|)S 

t„ *IHl(t^*lll' ’■ *m) • 



Tlu* tln'itry tMiiil>l«>.s a inntcli lo 1 m> muda of llic! ixisil.iou of th« oxptiriuK'utiil 
ahs(tr|itioii iM'nk It.v atljustiiijj: (ho vuluo <ir /«, of lihcs lioiylit of tlio j)otik by 
iuljustiii}' AT,,,, iiuti of 1h(* niojin whlMi of (ho pouk by adJuMtiiap' K„,. TMh 
has (>oon dono in I'M}'. for 
aootono-\Ya(or and for (hroo 
amino-wa1*'r sys(oms. In (ho 
niodol nsod, tho molar volinno, 

I’liM if* Jtivoii by 

.1/ (I I 

whoro .1/ , an<l .y^aroMio inolo- 
onlar woiKhts of solid o and \va(ior 
and M is dial of (ho sididiion. 

N<i\v Ar,„ lias boon ilotor- 
ininod on (ho assninpdon dad 
(ho (horinal (orin in oqs. (IH) 
and (21) is nofjlijiiblo ooinpa- 
rod widi tho isoMiorinal iorni 
involviii}? wo donolo (his 

assaniod valno of AT,,, by 
<*i">bl also prooood 
by assuinln}{ dial (h«‘ (hor¬ 
inal lorin in (hoso oquidions 
is doniinaid, dial is, diat (ho 

ondialpy oliaiijjo dono(,od A//',!; is ob(.a,inod on (.ho assunipdon Had. dm 
volunio ohunp' of roaoliion is nojtlijjtiblo. lit (ihon follows (roin oq. (2'1) (ibali tho 
siiiao vahu' id’ is prodaooil by (volinno ohaii}ti‘ noifliKiblo) or AT',;; 

(onthalpy «•hall}{o no}jliKiblo) if lVJA//“‘ (?,.-Ar';.. Nninorioal valiios of ni, 
A',„, at;; and A//“ aro lis(,wl in 'rablo III. 

MMio valiios of A//“‘ jjlvi'n in M'ablo III an* ooinparahlo wilili ostinndos Kivoii 
in tho litonduro [K, lo| for hyilrowoii-bond onorjjios tind (.his is h strong 
indication dad tho proooss is not isothormal. 

M’ho assooiution of a olustor of wator inoloonlos (/(,«) with otm soluto 
nioloonh' (.'!) in a sin}(lo slop as assuniod in Modol II is an uiilikoly oc‘.o.uitoiio.6 


0.6 06 1.0 
mole fraction, x 
I'M};. K. - Rohd.ivo vidiios f»f w. <'(Mi«ontra.(.i«n. 
'I’ho ourviw arc oaloulid.od on tlai basis of mo¬ 
dol ir. .1 I /^,„^ “ .(/(„„ with A'„, ■ 10 ami 00. 
'I'lio oixporiiiKMilal poitdis aro llttwl (.o tho iiln'ory 
b.V' s(doo(.iM}{ (ho v'uiiio of w for ou.oh soludon: 
aiM'toMo, (d’d. 1.5 (triaiiKlos); diothylamiiio, 

(l"(l, m (» (squaros); mothybUothylainiuo O'tJ, 
HI 11.5 (solid oirolos); H-amylainino 5 "d, hi. 10 
(orossos). 
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even thougli it appears to explain the relatively low P.S.A.C. found with most 
of the systems. More likely, the water molecules will associate with a solute 


Tablx III. - Bvmmary of edloulations for aqueous sohiUons based on the model. 


T (“O 

Acetone 

0®C 

Diethyl¬ 

amine 

0 

Methyl- 

diethylamine 

0°C 

7i-amylamine 

6 T. 

P.S.A.C. mole fraction 

0.4 

0.1 

0.08 

0.06 

2/fmi.r VETJtiqo^ 

0.301 

1.64 

2.02 

0.648 

Op/Vd (koal/cm*) 

0.7 

0.3 

0.3 

0.16 

m= (1-P8A0)/PSA0 

1.6 

9 

11.6 

19 

S/inuttFmBT/yteO® 

3.77 

7.72 

12.7 

6.48 

AV^ (om’/mole) ■ 

9.2 

14.3 

13.6 

9.6 

AH^ (koal/mole) 

6.4 

4.3 

4 

1.4 

AF|^ Is the Tolume ohajifire of reaotion caloulatod on the assumption of noffligihlo enthalpy 
of reaotion (Isothorznal) i l> dVMZlCpAV, 

Is the enthalpy ohanso of reaction oalcolatod on the assumption of nogUglblo volume 
change of reaotion (thermal) ; Z < eVAJIJOpAV. 


molecule one by one to build up a complex containing several water molecules 
and Andkeiab and his colleagues [7] have made further calculations based 

on the following models 

— Model III 

A+P^AB; 

AB+B ^ ABg... AB„_i+B AB„. 

They assume a forward rate constant 
kf independent of m and an oquili- 


Fig. 9. - Theoretical curves for Model III: 
A+B^AB; 

AB+B ^ AS,... AS„_i+S AB„ , 

with experimental points for aqueous 
solutions: M-amylamine, 99 = 0 . 7 , 

Ki — S 000; diethylamine, 0 ®C, 99 = 0.23, 
JCi = 10*; methyldiethylamine, 0 ®C, 
99 = 0 . 13 , Bi=640; acetone, 0 °C, 99 = 0 . 6 , 

Zi=80. 
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brium cottstant jC,»=exp [—AGJBT] where the free energy A(?„ is taken to be 
equal to AOi exp [— (m — l)g9]. A(?i is the free energy change in the first reac¬ 
tion and 9 is an adjustable parameter which determines the penetration of 
the influence of the primary bond between the solute and the first water 
molecule through tbe complex to tbo more distant water molecules. <p and 
the equilibrium constant alone determine the shape of the curye. 

Experimental values of for solutions of acetone and three amines in 
water are compared in Pig. 9 with theoretical predictions based on this model. 

Although some success has been achieved with tbe above models in 
explaining the peak in the absorption vs. concentration curves for the aqueous 
solutions of nonelectrolytes, none of these has any direct connection with 
the sharp peak in sound velocity which is observed at very low concentrations. 
A single model which would explain both the absorption and the velocity of 
sound peaks is the ultimate objective of theoretical derivations. Since the 
absorption peak for acetone-water solutions is dose to 0.5 mole fraction, this 
is the simplest system to consider. The peak actually occurs at 0.4 mole fraction 
and, to this extent, the following model is expected to be in error. Consider 
therefore. 

Model IV 


(69) 

Since the addition of a small amount of solute increases the velocity of sound, 
it is necessary to suppose that the solute molecule causes some of the water 
molecules to change to a less compressible form. In the above model it is 
postulated that water molecules can exist in two forms, boimd B*, and free B, 
and that ordinary water is composed of a mixture of the two forms. 

Since the system acetone-water has a P.S.A.O. approaching 0.6, the for¬ 
mation of complexes is roughly described by a simple A-|-B #AB equilibrium. 
The water structure is idealized by an equilibrium B ^B*, where B is free 
water and B* is bound water. It is assumed that the characteristic frequency 
associated with the water equilibrium is much higher than that which is 
observed experimentally and attributed to the formation of AB complexes. 
It is also postulated that the equilibrium constant for the water equi¬ 
librium at concentration x varies with concentration according to 

The value of « determines the rate of rise of sound velocity with concentration 
at low concentrations. 

Details of the working of this model are involved and, for present purpose, 
it suffices to show in Fig. 10 a comparison between measured values of 
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absorptioa and Telocity and theoretical calculations based on the above model 
for acetone-Trater, It shonld be emphasized that a P-8.A.C. of 0.6 mole fraction 
is assumed in the model, whilst the value found for this solution is 0.4. Clearly, 





0.2 0.4 0.6 0.6 

mole fraction, x 

Fig. 10. - Experimental points for sound absorption and velocity for acetone-water 
solutions compared with theoretical curves based on Model IV: . 


a combination of Models III and IV would be expected to give better agree¬ 
ment 'vtith experimental results. 

The peak in sound velocity at low concentrations is attributed to the 
breakdown of the water structure whilst the peak in the absorption at higher 
concentrations is attributed to the formation of complexes. 


6. - Vibrational specifle-heat relaxation In liquids. 

Extensive studies have been made of the ultrasonic relaxation and its 
associated dispersion in gases and vapours which arise from the time-delay 
in the redistribution of energy between the vibrational and translational or 
rotational degrees of freedom of the .molecules. 
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Physically, the time-delay in establishing the equilibrium is due to the 
fact that many collisions ai‘e required for a molecule to lose one quantum of 
vibrational energy. The energy is coupled into the molecule via the mode of 
lowest vibrational frequency and then spreads rapidly to the other vibrational 
modes. 

Only a few examples of vibrational specific heat reltixation have been 
observed in liquids, due to the fact that the expected region of relaxation 
generally falls at frequencies higher than it has yet been possible to reach 
experimentally. 

The redistribution of energy between vibrational and translational degrees 
of freedom of the molecules is initiated by temperature changes and does 
not involve a change in volume at constant pressure and temperature. Hence, 
putting A7=0 in eq. (14), we have 


(70) 


S/5, (y-l)SO,_(y-l)SO 

iff* “ '(0,- SO) ’ 


where SO is the appropriate amount of vibrational specific heat which is 
involved in the ultrasonic relaxation. 

In the majority of cases, this will be the total vibrational specific heat, 
0„i, the relaxation of which will be associated with a single relaxation time, t, 
or characteristic frequency, 

Certain notable examples exhibit double dispersion in which different 
vibrational modes have associated with them different relaxation times. In 
sulphur dioxide, for example, the pronounced relaxation centred about a fre¬ 
quency of 23 MHz at temperatures between 0 °0 and 60 “0 is associated with 
the time-delay in deactivation of only two out of the three vibrational modes. 
The mode which does not participate is that of lowest wave number (lowest 
quantum energy) which is presumed to be responsible for a relaxation at higher 
frequencies of the order of 1500 MHz. 

The observed relaxation in this liquid [16] is shown in Fig. 11, each curve 
being plotted according to eq. (25). 


(26) 


a 


/* 1+(///.)* 


+ B. 


Davebs and Lamb [3] have shown that provided r = 
within an accuracy of 1% we can write 

2/iaax _ r 

71 ~ (1 — r)* ■ ' 


(71) 
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rig. 11. - Vibrational speoiflo heat relaxation in sulphur dioxide. The euryes are 
calculated according to eq.. (25) and the points are experimental. 


However, in eases where the velocity dispersion cannot be neglected, is 
not given simply by iAcfc as was assumed in Sections 2'2 and 2'4, since 
the velocity of sound at the frequency for which /i attains its maximum 
valufe is not equal to the value o at low frequencies. In such cases, Bass and 
Tjatmu [16, 17] have shown that the relaxation strength, r, is calculated from 
the experimentally derived quantities. A, B and fe, by the relationship 

<72) r = Acf^ln - i[1 - 2BM] (AoUIn)^ + ... 

Having obtained a value for r from experiment in this way, substitution 
in eq. (70) gives the experimentally derived value of the relaxing specific 
heat SOi (expt.) and this is compared with the sum of the vibrational specific 
heats for the two modest of highest wave number for throe tomperatures in 
Table lY. 


Tablb IV. - Eoeperimmtal and theoretieal vahtea for the relaxing epeoifie heat for mlplmr 

dioxide. 


T (°C) 

SOj (expt.) 

(tlieor.) 

% difference 

(oal-mole/®C) 

(oalTQole/®C) 


0 

0.291 

0.269 

+ 12 

26 

0.383 

0.373 

+ 3 

50 

0.461 

0.602 

— 8 

(thoor.) iH tUo sum of the vibration spooifio lioatR for tbo 2 modon of hlghoHt wave nnmbor. 
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II; is concluded that the observed relaxation (Fig. 11) for sulphur dioxide 
can be attributed to the relaxation of the two vibrational modes of highest 
wave number. The third mode of lowest wave number contributes a specific 
heat of 1.289 cal-mole/°0 at 60 ®C and is presumed to rdax at much higher 
frequencies. The derived value for the quantity B in eq. (26) is consistent 
with this hypothesis and 
the second relaxation is cal¬ 
culated to have a charac¬ 
teristic frequency of about 
1600 MHz, which is outside 
the range experimentally ob¬ 
tainable. 

In carbon disulphide [18] 
the observed relaxation cen¬ 
tred about 78 MHz at 26 °0 
and 31 MHz at — 63 “0 is 
due to the total specific heat 
of the three vibrational mo¬ 
des. The curves of Fig. 12 
are calculated in accordance 
with eq. (26). Values of 
(expt.) obtained from exper¬ 
iment are compared with values calculated from the relaxation of the total 
vibrational specific heat in Table V and agreement is very good indeed. 



Pig. 12. - Vibrational spebiflo heat relaxation in 
carbon disulphide. The ourres are theoretical and 
the points experimental. 


Tasus V. - ExpeHmeTOal and theoretical vatuee for ft for carbon diaulphidei 


T (“C) 

■ /, (MHz) 

Itmx (OXpt.) 

. 

3(7^15 

(oal-mole/®C) 

thua. (calc.) 

25 

78 

0.262 

3.9S3 

0.260 

-63 

31 

0.134 

2.688 

0.188 


Similarly, in liquid carbon dioxide tli© observed relaxation strength is 
adequately described in terms of a relaxation of tli^ total vibrational specifio 
heat associated with a single relaxation time [17]. A comparison of calculated 
and experimental values for the relaxation strength of carbon dioxide is givep 
in Table VI. 

The principle uncertainty in comparing the above figures is in the reliabfiii^ 
of tlie additional thermal data required in the calculations and. agreemeht 
with experiment is considered to bo satisfactory. 


0 - BenMumU SJJP. - XXVH. 
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Tablb VI. - Oahulated and experimental vdhiee for the relaxation strength of earbon 

dioxide. 


T (®C) 

0 

0 

25 

25 

30 

35 

p (atm.) 

70 

37.5 

97 

69 

86 

103 

Cvib' (oal-mole/°C) 

1.440 

1.640 

1.921 

1.921 

1.977 

2.029 

r (theor.) 

0.1026 

0.1100 

0.1308 

0.1363 

0.1376 

0.1397 

r (expt.) 

0.1088 

0.1163 

0.1379 

0.1454 

0.1428 

..., 

Ar/r (% difference) 

+ 6.0 

+ 5.8 

+ 

+ 6.6 

-h3.8 

— 


Heasurements of ultrasonio absorption in sulphur hexafluoride, nitrous 
oxide, cyclopropane and methyl chloride are all consistent with the assumption 
that, the observed nonolassieal absorption is entirely due to the vibrational 
speoifle heat relaxation and that the total vibrational specifle heat relaxes 
with a single relaxation time- 

The other notable case of a double relaxation is in methylene cliloride [19]. 
Measurements of ultrasonio absorption in this liquid at frequencies between 7.5 
and 210 MHz confirm previous results obtained in the vapour by Sbtte 
Bttsala and Hubbabd [20], from which it was concluded that the relaxation 
of the vibrational specific heat takes place in two parts. In the frequency 
range over which measurements were made in the liquid there is a single relax¬ 
ation of specifle heat equal in magnitude to the vibrational specific heat less 
the contribution of the lowest frequency mode of vibration. The characteristic 
frequency at 26 '’0 is 170 MHz. 

In condusion, it can be said that the relaxation of vibrational specifle 
heat in liquids follows the pattern established for gases and vapours and that, 
in general, the total vibrational specific heat relaxes with a single relaxation 
time. In certain cases, particularly where relatively large differences occur 
between the energy quanta of the individual vibrational modes, double relax¬ 
ation and dispersion is observed but, for all liquids investigated, it has been 
found possible to specify exactly which vibrational modes are operative over 
the relaxation region. 

Detailed comparisons of the dependence of relaxation time on density from 
gas to liquid have beeh made by Madiqosky and Litovitz [21], using their 
own measurements over a range of density from 400 to 600 anoagat at 26 °0 
and 60.2 “0 for carbon dioxide and the data of Hbndeeson and his collabo¬ 
rators [22,23] and of BASS and Lahb [17] at densities up to about 400 amagat. 
Bor densities up to about 400 amagat the relaxation time is inversely propor¬ 
tional to the density, indicating that, in this range, the number of binary 
collisions required to excite the internal vibrations does not vary with density. 
However, above about 460 amagat in density, deviations from the simple 
law are observed. On the basis that only binary collisions are important, 
Madigosky and Litovitz find that the Eyfing-Hirsohfelder cell model of a liquid 
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accounts well for the dependence on density of the characteristic frequency 
hut gives values of mean free path which are too large. These authors propose 
that, for mean free path calculations, a cell model must not incorporate fixed 
walls, as in the Eyring-Hirschfelder model, hut rather moving or free walls. 
The mowing wall cell model gives a value of mean free path between colli¬ 
sions, which is exactly one-half the value obtained from the fixed wall cell 
model and, with this modification, good agreement was found for both carbon 
dioxide and sulphur dioxide. 

« Id « 

During the years whilst I have worked on problems of ultrasonic relax¬ 
ation effects in liquids my thinking on these topics has been greatly influenced 
by the numerous discussions which I have had with Dr. J. H. Andreab and, 
in former years, with Dr. B. 0. Davies. To both of these friends, I wish to 
express my sincere appreciation of the beneflt which I have received from 
their most stimulating collaboration: each in turn has been responsible for 
many of the ideas which I have discussed here. 

The material described in Section 5 is entirely the work of Drs. Andrbae, 
Edmonds and MoKbllar, and I wish 1 ;o thank them for their kindness in 
making their results available t.o me in advance of publication. I believe 
this work to be an outstanding contribution to the use of ultrasonic relax¬ 
ation methods in the study of fast chemical reactions and it is for this reason 
that I have sought to give a brief description of it at the expense of other 
material which might otherwise have been included. I am also grateful to the 
Director of Besearch, Dyestuffs Division, Messrs. Imperial Chemical Indus¬ 
tries Ltd., for permission to describe this work carried out by the above Authors 
in the I.O.I. Laboratories. 

Finally, I should like to record the valuable contribution which Dr. M. S. de 
Groot made to the study of rotational isomers by ultrasonic relaxation methods. 
The work outlined in Section 4 was the result of a fruitful collaboration with 
Dr. DE Groot over a period of some three years and the success of this was 
largely due to his untiring effort and boundless- enthusiasm. 
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Ultrasonic Relaxation in Liquids. 


T. A. LrroviTZ 

OathoUf Undversity - WoBhingtmi, B, 0. 


I. - Vibrational Relaxation. 


1. - Introduction. 

Lamb and co-workers [IJ have shown that if one usos the moasui'ed values 
of relaxation time the magnitude of the relaxation loss in OSi, for example, 
can be very well accounted for by assuming that just as in the gas all the 
vibrational modes relax with one relaxation time. This work firmly established 
the existence of vibrational relaxation in liquids. However, the rather inter¬ 
esting problem arises as to what is in liquids the mechanism of energy transfer 
from internal or vibrational to translational degrees of freedom. 

The basic question is whether or not the mechanism is the same as in a gas. 

The theory of vibrational relaxation in gases has been successfully devel¬ 
oped by SohwabpTz and Hcrzeiiilu [2 *, 2J]. They assume that the transfer 
of energy between vibrational and translational degrees of freedom is due to 
binary collisions and derive an expression for the probability of energy transfer 
per collision (P). Litovitz [3] suggested that this concept of binary collisions 
ctm account for the vibrational relaxation times in dense gases and liquids if 
proper attention is given to the finite size of the molecule. One assumes that 
the collision efficiency P* is the same in the liquid as in the gas except for a 
factor which is related to the effect of attractive forces on P*. In addition, 
a cell model is used to calculate the mean free path in the liquid. 


2. - Comparison of data to gas klnetie theory predictions. 

The time it takes the internal degrees of freedom (the vibrational model 
in the case of CO,) to return from an excited state to equilibrium with the 
external degrees of freedom is called the «relaxation time»,..r. This ;tlxennal 
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relaxation time in the case of binaiy collisions may be expressed by 
(1) T = , 

■where r = (2nfr)-\ if is the number of collisions per second, and P* the total 
probability that a collision is effective in producing a vibrational energy trans¬ 
fer to translational energy (or transition probability). 

Por the number of collisions per second we may use 


( 2 ) 

where Lf is the mean free path and v is the average velocity of the molecules. 

When considering the gas kinetic theory one can use the results of the 
Sutherland model which gives 



where a is the hard-sphere molecular diameter, q the molecular density, and 
0 is the Sutherland constant. 1C one assumes that the collision efficiency P* 
is independent of density (this is reasonable since for low density it should 
only depend on the mechanics of the collision involved and not on surround¬ 
ings), then by eqs. (l)-(4) we see that gas Idnetic theory predicts that 


( 6 ) 


— = constant. 
Q 


Hendbeson and Peselniok [4] have measured the relaxation frequency 
in gaseous CO, at 60.2 ®0 up to 440 amagat, from which they conclude that 
frjg is constant at a value of 30.9 kHz/a.u. over the entire range of densities. 
The amagat unit (a.u.) is deffned as the ratio of the density to the density at 
standard conditions. Madigosky and Litovitz [6] have made measurements 
up to much higher densities. 

Figure 1 shows the relaxation frequencies at 60.2°0 plotted svgainst the 
density expressed in amagat. At this temperatm’e the CO, remains a gas 
over the entire density range covered. Included in the graph are the values 
reported by Hbndeebon and Peselniok [4]. The critical density occurs at 
237 a.u. The straig'ht line is that of PtENDERSON and Peselniok = 
= 39.9 kHz/a.u. 

The data of Madigoskt and Litovitz [6] indicate that there is a large do- 
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Fig. 1. - Kelaxatiou frequency ve. density in gaseous dOg at 50.2 “0. (Taken from 
ref. [6]). • Madigosky and Litovitz; ▲ Hendekson and Peselnick. 

parture from the gas kinetic*, theory (/^/g == const) in the high-density region 
above 400 a.u. Furthermore, this departure is in the same direction and of 
the same general shape as that obtained by Litovitz, OAttNBVAiiB, and Ken¬ 
dall [6] for liquid OOj. 

In Fig. 2 we see the same type of deviation from the gas kinetic theory 



Fig. 2. - JRiiaxation frequency vs density in liquid CO^ at 25 ®C. (Taken from ref. [6]). 
• Madigosky and Litovitz; ▲ Bass and Lamb. 
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in the liquid state. The discontinuity in the density that occui’S when liquidfying 
the gas is from 120 to 380 a.u. The straight line /,/g = 26.36 kHz/a.u. is the 
gas value reported by Shields [7] for CO* at 26 "O. 


3* - Evaluation of collision times in the liquid and dense gas. 


If one assumes that only binary collisions and not the co-operative action 
of molecules are important, then eq. (1) holds for the liquid and dense gas as 
well as for the normal gas state. It is in the evaluation of M for the liquid or 
dense gas that we encounter diffictilty. One approach is to use a modified 
cell model for the liquid state which allows a direct calculation of the mean 
free path. 


31. Use of the eetl model to eaioulate Lf. - A rigid-sphere model of the liquid 
state has been proposed by Bteong and HiiisaHFBLDBR [8]. For short inter¬ 
vals of time the thermal motions of a molecule of diameter a are assumed to 
be confined mthin a sheU-hke ai-rangement of nearest neighbors. Assuming 
that all molecules occupy the lattice points of a cubic cell the center molecule or 

« wanderer»is free to move 
a distance of 2{VjN'^ — 2a, 
where V is the volume, N 
the number of molecules in 
that volume, a the diame¬ 
ter of the rigid-sphere mol¬ 
ecule, and (r/fV)*= (1/c)* 
the mean distance between 
molecular centers. The mean 
free path for the fixed-wall 
cell model is given by 



(6) L, = 2 


£?, 


Fig. 3. - Plot of relaxation time in CO* vs. mean di¬ 
stance between molecular centers; t= ((1/e)* — a)lW*. 
(Taken from ref. (<)). • Madigoskt and Litovixz; 
A Bass and Lamb; ■ Hebdebsok and Fbselnick. 


(lonibiniiig cq. (6) with cqs. 
(1) and (2), wo have 


(7) 



If the collision probability P* is independent of pressure, a plot of r vs. (l/g)* 
should result in a straight line. 

Figure 3 shows the experimental data for carbon dioxide plotted in the 
above manner. Two important observations can be made. 
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1) The data fit tlie straiglit lines extremely avoII; hence, oq. (7) does 
predict the correct pressui*c-dopendeiice in C>Oa for botli hi^^di-deusity and 
in the liquid state just as it did for CSa. 

2) Tlie abscissa intercept is a dire(*t iiieasuroineiit of tlie molecular diam¬ 
eter a. furthermore, since both lines have the same inter(*.opt, this value 
is identical for the liquid and highly compressed gas at the two temperatui'es 
measured. 


Table I. - Qomparinon of oollmon effwieimm of the Uquid and gas with the dilute gas. 



T 

(»0 

a cell model 

(A) 

Suther¬ 

land 

(A) 

p* 

* ffaa 

(^] 



ll(i)oalo 


COa 

26 

3.66±0,02 (*) 

3.64 (<*) 

1.76 M 

1.1 

1.67 

1.89 

1.66 (») 

1.84 (*) 

COj 

60.2 

3.66±0.02 {*) 

3.64 

2.08 (^) 

1.1 

1.62 

1.80 

1.87 

1.88 

CSj 

26 

4.32 (•) 

cc 

10.9 (^) 

2.6 

2.63 

5.14 

6.4 

4.4 (») 


(a) Caloulatod by oq. (8). 

(&) AU yaluos should bo multiplied by lO"* 

(0) Rof. [7J. 

Qi) Hof. [4]. 

(e) Bef. rsj. 

</) Caloulatod by oq. (8) and viscosity data of Uandbook of dumiabry and Physics (Clove- 
land, Ohio, 1949), p. 1763. 

(ff) F. A. Anoona: Joum. AcouaL Soc, Am,, 25, 1116 (1954). 

(b) Application of tho modified cell mbdol usiner 4.32 [see Kof. [2J] to the liquid data 
of J. n. Andbrae, E. L. Heasrll and J. Lamb: Proc, Phfus. &oo. tooicn, 11 69, 625 (1956). 

(f) W. Mabigosky and T. LrroviTz: Joum, Ohtm, Phya., 84, 489 (lOCl). 


i^ot only does tlie molecular diameter agree in the liquid and gas but it 
also agrees -with that predicted by the kinetic theory hard-sphere Sutherland 
equation for viscosity (see Table I). From kinetic theory one has that 

= 0.499 m0Lf 


_ 0.499 ’2 (nmhT)^ 

where rj is the viscosity, m the mass per molecule, v the average velocity, and 
0 Sutherland’s constant. Both Sutherland’s constant and the molecular diam¬ 
eter may be calculated by use of oq. ( 8 ) and a knowledge of the viscosity at 
two different temperatures. 


( 8 ) 

or 

( 9 ) 
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Fig. 4. - Comparison of the mean free path 
divided hy the molecular diameter as a i^otion 
of density predicted by kinetic theory, fixed- 
wall cell model, and modified cell model. In¬ 
cluded are data assuming and the 

same data corrected for (Taken 

from ref. [6]): • experimental points uaing 
P5,=PJ„; X experimental points corrected for 
Pua/Pj«>l-0. 


In Fig. 4 are plotted several 
curves of the mean fi*ee path L/ 
divided by the molecuhvr diam¬ 
eter a as a function of the 
amagat density. The upper is 
determined from the cell model 
eq. (6), and the middle is deter¬ 
mined from gas kinetic theory 
(Sutherland model). The two sets 
of points are experimental values 
of L,I(t obtained from acoustic 
data by assuming PS, = i^ and 
correcting for the fact that at¬ 
tractive forces play no role in the 
liquid and thus > 1.0 (see 

Section 4). 

One finds that even tliough 
the cell model predicts a densi¬ 
ty-dependence in sigreement with 
experimental values, the nuig- 
nitude of (i//of)«ii is larger than 
The Sutherland 
model though giving bettor jigr*'*'* 
ment in magnitude does not give 
the proper density-dependenco of 


L,lff. The fact that the fixed-wall coll model predicts so accurately the 


pressure-dependence of the relaxation time causes one to look for a modifica¬ 


tion of the cell model rather than propose an entirely new model. 


8‘2. Modification of the ceU model for movable walk. - Maoujosky ami 
Lixovitz [6] suggest that a description of the liquid state in terms of fixed- 
wall cells is somewhat unrealistic. A better approximation would be thaf. of 
a wandering molecule trapped in not fixed, but moving, walls. Kacli miarest 
molecule that makes up the cubic cell is itself a « wsuideror» wlii<*h is in tiuru 
trapped within a mowing-waU cage made up of its nearest neighbors. 

These ideas are clarified by Madigosky and Lixovitz by considering tlui 
one-dimensional array of molecules shown in Fig. 6. If we fix our attention 
on any one molecule, then the average length the molecule will travel before 
suffering a collision (the mean free path) is given by 

/-I 


(10) 
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whei’e Ij is the j-th distance a 

^0 


/>2 

'*3 





particle moves and P) is the 
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If, A few of the different pos¬ 
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sibilities arc shown in Fig. 6. 
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sibilities cq. (9) becomes 
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o- 
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-o 

26 

1/16 
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( 11 ) 

■where <5 is the averaffe dis¬ 
tance between moleculivr cen¬ 
ters. This may be extended to a 
three-dimensional model by re¬ 
placing by (F/iT)* the average 


I’ig. 6. - First four possible motions of a linear 
array of free molecules. In each case the dis¬ 
tance moved is given by Ij and the probability of 
moving that distance 1; is given by p/. (Taken 
from ref. [6]). 

distance between molecular centers in a cubic 


lattice. Hence the mean free path in three dimensions is given by 



TIlus 


(13) 



where (l/o) == (F/JT). Thus the moving-wall model gives a value of L/ which 
is one-lialf the value obtained from the fixed-wall cell model. It does, how¬ 
ever, yield the same molecular diameter, a, and pressure-dependence of re¬ 
laxation frequency as the fixed-wall cell model discussed above. 

The lowest curve in Fig. 4 is that of Lfja, calculated from eq. (12). The 
10 % agreement between eq. ( 12 ) and the «circled » experimental points is 
satisfactory considering the assumption made (P*„==jPrui) calculating the 
experimental values of Zfla. Actually, it is shown below that should not 
be equiil to Pj„ because attractive forces have much loss effect in the liquid 
thiin in the dilute gas. Taking the results below into consideration gives the 
excellent agreement sho'wn by the « corrected » values of {L,(a)t„. 

One interesting result is that the Sutherland model mean free path is close 
to the cell model value over a surprisingly large range of moderate densities. 
For CO* these two theories predict values of Lf wliich agree within 6 % over 
a range of densities from 160 to 360 amagat. This accounts for the results, 
of Hbnbbeson and Pbsblniok [4] who found that the kinetic theory mean; 
free path gave good results up to approximately t-wice the critical density. I 
As one continues to go up in pressure, the gas kinetic-theory value based on! 
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the Sutherland model is no longer appropriate and one must go over to the 
cell-model theory. The cell model, of course, breaks down at low densities 
when a given molecule is no longer effectively trapped in a cage. 


4. - Comparison of transition probabilities in the liquid and dense gas versus the 
dilute gas. 

The modihed cell model correctly predicts the pressure-dependentie of the 
relaxation time and gives an acceptable value of the mean free path in the 
liquid. It also enables us to make a calcolation of the transition probability 
in the liquid or dense gas. Using eq. (13) the transition probability, P*, may 
be calculated from the average velocity and the slope of the lines in Fig. 3. 
Values obtained in this maimer are compared with the appropriate gas tran¬ 
sition probabilities in Table 1. The gas transition probabilities were calculated 
from ultrasonic data, the viscosity relation 


(14) 1.271 

and 

(16) P* = *./t, 

where <j=l/JV is the tune between collisions, rj the viscosity in poise and p 
the pressure in dyne per cm*. A similar comparison is listed for OS*. For 
CO, the transition probabilities JF^ and agree within 10%; however, in 
CS, the agreement is not good. In both C8, and 00, the transition probabil¬ 
ities Pji^, are larger than K- 

Litovitz [3] has suggested that the attractive forces probably do not play 
a role in determining P*,^, and therefore tbis could account for the difference 
between and Pj^. Schwabtz and Herzhexo) [2a] have calculated the fol¬ 
lowing expression for P* in the gas state: 


(16) 


P*= (1.294) 





oxp[8/A;2'J 

1 + aiT ’ 


with the abbreviations 


jif^3f„(jif^ + .af., + .afa) (i\ m 



2 \2J/ [2tJ ’ 


and 
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where 0 is Sutherland’s constant, r, is the distance of closest approach, ro is 
the zero of the Lennard-Jones potential well, e is depth of the Lennard-Jones 
potential well, 0 = fl'=O.91531f0*Z“, the Jf’s are molecular weights of 

the triatomio molecule, I is the characteristic length of the vibrator which is 
around 0.2 A, and is a geometrical factor approximately equal to three. 

If the thermal relaxation mechanism is the same in the liquid as in 
the gas, then eq. (16) is applicable in the liquid state except that the 
factors (1+0/2’)-^ and exp[e/ftr] are not needed. The Sutherland correction 
factor {l+GjT)-^ accounts for the long-range attractive forces which cause 
collisions between slow-moving molecules that otherwise would not have col¬ 
lided. The factor exp[e/(fcT)] accounts for the increased effective collision 
velocity arising from the presence of attractive forces. These factors arc not 
effective in the liquid state since molecules are too close for these attractive 
forces to play a'role. Thus one should write 


(.17) 




l + OjT 
exp [(e/AT)] 


1 


where should be the same as the value of P* for dense gas. If this assump¬ 
tion is correct, one can calculate the expected Pji, or P^^ntu value of 

is shown. The calculated liquid values are listed in Table I. Excellent 
agreement is found between (Pj^)^, and (Pj,)^ for both 00, and OS,. The 
effect of the attractive forces in OO, is only 10 % while in OS, it is over 100 %. 
Application of this correction to the data for GO, resulted in the excellent 
agreement between experimental and modified-ceU-model mean free paths 
shown in Pig. 4. 


5. - Effect of imparity on vibrational relaxation in liquids. 

In Section 4 we saw that the density-dependence of the vibrational re¬ 
laxation time gave strong evidence that the mechanism of energy transfer 
in liquids is a binary collision quite similar to that wliich occurs in dilute gases. 
A further comparison of tliis mechanism in gases and liquids can be made 
if one studies the effect of impurities. In this way energy transfer by colli¬ 
sion between unlike molecules can be compared in the liquid and gas state. 

If one considers a mixture of two substances, one of molecules type A and 
the other of molecules type B, the number of deactivations per second of this 
mixture is 
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•wh-ej^e Xm is the relaxation time of the mixture related to the relaxation fre¬ 
quency by Tm = (2n:/m)~S is the relaxation time of the pure A substance, 
and Tjk.B is the relaxation time of an excited A molecTile m pureB, x and (1—») 
are the molar fractions of B and A, respectively. This equation, rewritten 
as a fimction of the relaxation frequency, becomes 



where f, is the measured relaxation freqriency of the mixture for a con¬ 
centration Xi is i'ii® relaxation fre¬ 
quency of the pui'e A substance, and 
is the relaxation frequency of an excited A 
in a pure B. The ratio /aW/ab is a measure 
of the effectiveness of an AB-type collision 
compared to an AA-type collision in transfer¬ 
ring energy. This equation shows that f, is 
linear with concentration and has been veri¬ 
fied for gases by Feioke and Knudsen [9]. 
The data of Sue and Litovetz [10] in Fig. 6 
for the liquid CSg-alcohol mixtures show that 
''''0 0.2 0.4 0.6 0.8 1.0 the deactivation equation (19) also holds for 

‘A impurity (mole fraction) liquids. It should be emphasized that eqs. (18) 

Fig. 6.-Relaxation frequency w. (19) are applicable only if binary 

impurity oonoentration in carbon collisions are responsible for the relaxation 
disulfide. (Taken from ref. [10]). process. The fact that f, in the liquid state 

varies linearly with the impurity concen¬ 
tration is further eyidence that the vibrational relaxation process in liquids 
is a binary collision process. 


6. - Comparison of /a.a//ab for liquid and gas state. 

Whenever vibrational energy is exchanged between molecules by binary 
collisions the ultrasonic relaxation frequency is related to the probability of 
de-exciting a vibrational state P by the following equation: 

( 20 ) 

where y is the number of collisions per second. For like and unlike collisions 
this equation becomes /aa = -Paa^aa Sind /ab = "Pab'^ab) respectively. The dis¬ 
cussions in Sections 1 to 4 indicate that the relaxation process for the AA col- 
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lisions is the same in liquid and gas. If the AB mechanism is similar in liquid 
and gas, then the relative effectiveness of an AB to an AA collision should 
be the same in the liquid and gas. That is to say, 



= 1 . 


The parameters obtained from the sonic data are and . We have 


( 21 ) 


( /Ap//AA)gfta ^ _ (PjiS^ ah/Paa^aa^bm 

(/ab/Zaa)!!. (PaB JrAB/-PAA.A^AA)ll(l 


The quantity is difficult to calculate for the liquid so yre shall assume 
that ^ab/'^aa is same for liquid and gas. Thus 


( 22 ) 



If this assumption is valid, then 


(/An//AA)Bu(/AA//AB)lla ^ 

if the energy transfer process is the same in liquid and gas. 

Table II gives a comparison of relaxation frequencies for liquid and gaseous 
mixturer fomid by SniB and Litovitss [10]. 


Tablb II. - OolUsion effeotwmesB oj unlike molecules at 26 "C in liquid and gaseous CSj.' 


Impurities 

(/ab//aa)h(i 

(/AB//AA)aa* 

(/AB//AA)ua/(/ ab//AA) ffW 

CHsOH 

137 

131 

1.05 

CaHjOH 

255 

230 

1.11 

CaHoOH 

319 

287 

1.11 

(a) Data taken from rof. [10]. 

(&) Data taken from rof. [9]. 




The values of the collision efficiency at 26 °0 for both the liquid and gas 
axe given in Table II. The ratio (/AB//AA)ua/(/AB//AA)«M varies from 1.06 to 1.11. 
The error in the liquid measurement at this temperature is about 6%, but 
the combined error for both the liquid and gas data is certainly greater than 
6%. Therefore, it is concluded that {fji.slf\A.)n<i is equal to (/ab//aa)»m within 
experimental error. This result indicates that the ratio of collision efficiencies 
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-PabZ-Paa for liquid and gas is the same in both states. Therefore the same type 
of binary collision must occur for tbe AB collision in both liquid and gas states. 


7. - Xsomerlo relaxation. 

The discussion by Lamb in earlier lectures shoved that the process of thor- 
mai relaxation is not limited to the transfer of energy between translation and 
vibrational degrees of freedom. Whenever a molecule has two or more iso¬ 
meric states differing in energy iso¬ 
meric relaxation wiU occur. 

Ultrasonic studies have been very 
useful in yielding such information 
as the energy difference between the 
isomeric states and energy barrier 
impeding the transition between the 
states. Actually, the ultrasonic ab¬ 
sorption is sensitive to the presence 
of less than 1% of one of the iso¬ 
meric forms. 

The problem arises as to what 
determines the relaxation time for 
isomeric transitions. As shown in 
routes by which energy can be transferred PiS* ®®‘U. conceive of at least 

into isomeric degrees of freedom. two possible routes for the transfer 

of energy. 

1) The energy cnn be transfeited ‘directly from the translational energy 
of the system by a collision process. 

In this case the relaxation time 
would be sensitive to the type and 
number of collisions. Thus, for exam¬ 
ple, raising the pressure and squeez¬ 
ing molecules closer together should 
shorten the relaxation time as in 
OS*. 

2) A second possible source of 
energy is through coupling with other 
internal degrees of freedom of the 
molecule—such as vibrational modes. 

Of course, collisions excite the vi¬ 
brational modes, but these times are usually quite short compared to rota¬ 
tional isomeric relaxation times. This second mechanism of energy transfer 


0.6 

0.4, 


rof^ffonal Isom^rie 
f/axa fion (fr/afhylamina ) 


r vibrational rataxation 
[carbon disul/ida) 


1000 3000 

pressure (kg/cm^) 


Fig. 8. - Vibrational and isomeric relaxa¬ 
tion times V8. pressure. (Data taken from 
T. Litovitz and E. Carnbvalis: Journ, 
Acoust See, Ain.f 30, 134 (1958)). 



Fig. 7. - Box diagram showing possible 






ULTEASONIC BEI-AXATION IN irQTJIDS 


146 


should be independent, of the number of colli sions per second and thus of the 
pressure also. 

In Fig. 8, we see the experimental answer to the question as to which route 
the energy talces. The liquid exliibiting vibrational relaxation has had its 
relaxation time shortened by 40% at .1000 atoms, while the liquid exhibiting 
isomeric relaxation has a relaxation time independent of pressure or density 
or number of collisions. It thus appears that the energy for isomeric transition 
comes from within the molecule and is independent of environment. 


II. - Structural and Shear Relaxation. 


1. - Introduction. 

The liquid structure lacks long-range order; in addition the short-range 
order which does exist is imperfect. When the temperature is changed both 
the extent of the short-range order and tlie amoimt of imperfection, that is 
to say the presence of holes, will change. For example, as the temperature 
of a liquid is raised the range of the order decreases and the completeness of 
the short-range order decreases. At every pressure and temperature a degree 
of order, which describes the geometric state, is associated with a liquid. Any 
variation of this degree of order requires energy to be added to or taken from 
the substance because of the change in potential energy associated with the 
change of structure. This leads to a speciftc heat of a liquid, 0.^, which is 
greater than that of an amorphus solid. The difference is caused by the struc¬ 
tural contribution to the specific heat. 

An increase in temperature causes more holes to appear in the liquid. This 
effect contributes to the thermal expansion coefficient, j?. An increase in pres¬ 
sure causes a decrease in the number of holes in the liquid and increases the 
short-range order which leads to a structural contribution to the compressi¬ 
bility, K. 

If one wishes to measure the structural contributions to the properties of 
a liquid one must perform an experiment in which the time scale of the experi¬ 
ment is small compared with the time necessary for the structural rearrange¬ 
ment described above. As a liquid is cooled the rate of any molecular diffusion 
process necessary to accomplish structural change will be much larger than 
the time scale of a normal experiment, say the order of thirty minutes. In 
this region the liquid is said to become a glass. Below this temperature the 
degree of order will appear fixed and will not vary with either temperature or 
pressure during any reasonable length of time. Because of this inability of 


10 - Bend«con« B.I^. ■ XXVTC. 
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the structure to change with either pressure or temperature at temperatures 
below the glass transition, the structural degrees of fireedom are said to be 
frozen out, thus the structural contributions to the specific heat, thermal ex¬ 
pansion coefficient and compressibility, C,,,, and Kf respectively, are absent 
in the glassy state. Instead these quantities have magnitudes characteristic 
of crystal. 

The differences in the values of 0,, and K found in the liquid and glass 
are those parts of the respective parameters which have been frozen o\it. These 
relationships may be expressed as 


(23) 


(24) 


(26) 



These equations show that by measuring quantities in both the liquid and 
glass states the structural contributions to the thermodynamic properties of 
a liquid can be obtained. Comparisons of measurements above and below the 
glass transition temperature show that as much as one-half of jSun, and 
are due to structural rearrangements. 

One does not need to study the substances in the glassy state to investi¬ 
gate the structural relaxation properties. By drastically reducing the time 
scale of an experiment one can measure certain glasslike proprties of a liquid 
at temperatures higher than the normal glass transition temperature. It is 
very difficult to decrease the time scale of an experiment measuring either 
specific heat or volume expansion to less than several minutes. However, 
by using sonic and Ultrasonic waves one can measure sound velocity and thus 
compressibility or elasticity from very long times for static measurements 
down to times as short as a hundredth of a microsecond or less. Using these 
short times one can make a pseudo glass transition occm‘ at temperatmes 
above the normal glass transition. This pseudo glass transition oc<turs when 
the period of the ultrasonic wave is shorter than the relaxation time associated 
with structural changes. Using these high-frequency ultrasonic waves one 
can measure the shear rigidity and compressibility of the noncrystalline liqmd 
lattice and compare these properties with the values found in normal solids. 
The low- and high-frequency parameters are related by the expressions 


(26) 

^s> 0 = ^9.r + > 

(27) 

^0 = +^a. ) 

(28) 

■®r.o “ -^avr “I" ^r,<o > 


corresponding to eqs. (23) through (26). 
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Many liquids c-rystallize before forming a glass and therefore in most liquids 
the structural properties cannot be obtained by using the glass transition. 
For this type of liquid the ultrasonic measurements are of unusual interest for 
they allow us to obtain information about structural relaxation which could 
not otherwise be obtained. In fact information about structural relaxation 
processes is obtained in liquids in which the time scale of the measurement 
of the period of the wave is still long compared with structmal rearrangement 
time. For example, in many liquids the volume or structural viscosity can be 
quite easily measured even though the structural relaxation time is of the 
order of 10~‘^ s or less. 


2. - Dynamle elastic moduli of liquids. 

In the following section we consider thos visoo-elastio equations which 
relate the measured quantities, absorption and velocity, with the physically 
interesting parameters such as compressibility, moduli and relaxation times. 

In a viscoelastic medium, one can relate the oompressional part of stress, 
P, and strains by the oompressional modulus E and the shear part of stress P,, 
and strain 8^f by the shear modulus G. For the former one has 

(29) P = — Ks 
and for the latter 

(30) p:,=«4’- 

If the applied stress varies with the time these equations are incomplete, 
one must turn to the general thermodynamic theory of relaxation where a 
more general stress-strain relationship for fluids has been derived by OoIiKMAN 
and HoLL. This theory gives, as a generalization of eq. (29) for pure com- 
pressonal deformation, 

(31) p-l-T,^ = - 

where E^ is the static oompressional modulus; and t, the structural relax¬ 
ation time at constant volume. This is related to the constant pressure re¬ 
laxation time, Tj,, by r, = (X„/Z’»)T,. It is often useful to use compressibility 
instead of moduli. The compressibility of a liquid is-made up of two terms 

Ei — E„ +E,, 

where E^ is the compressibility at high frequency and Ef is the increase re- 
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suiting from tlxe presence of structural rearrangement. The moduli are related 
to the compressihilities hy the following equations: 


(32) 




— Xq 
^00 ^0 


If one applies a sinusoidal pressure to the liquid, one obtains a complex 
modulus of compression. 


(33) 



. KrCDTt 


where Kt = K„ —JTo, and Kr is the relaxational modulus. A similar expres¬ 
sion can be written for the compressibility 


(34) 


IK = Ko — Kr 


1 + 


-iKr 


COT, 

1 + ct>*xl' 


Rewriting eq. (33) one gets 


(36) P = K(- S) = [Re JT + io) r],(co)]{- S ). 

ReX is the real part of the modulus X, and ??,(co) = X,T,/(l-(-fo*Tj). At low 
frequencies the volume viscosity, from eq. (35), is 

(36) J7. = X,T,. 


Similar to (31)', one has, for the shear stress, assuming a zero static shefir 
modulus. 


(37) 


JP' 4- r _ O 

^ ’ dt ~ 


0« 


« 

dt ’ 


where r, is the shear relaxation time and is the high-frequency shear 
rigidity. When considering a sinusoidal applied stress 

The last term is in phase with the deformation s', so that the liquid has a 
rigidity which in the limit cor„>l is equal to G„, 
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The complex shear modulus can be ■written 


(39) 


Sii ~ 1 + co'tJ 1 + «)*t^ 

= (?' + iG" 

= (?' + icorj,, 


where G' and G“ axe the real and imaginaxy part of shear modulus respectively, 
and <?„t,/(1+|cd1*t 5) is the frequency-dependent shear ■viscosity which at low 
frequencies reduces to rj, = G„r,. 


2'1. Longitudinal waves. - Ifhe velocity of propagation, v, of an acoustic 
wave in a viscoelastic medium where both K and G axe different from zero 
is given by 


(40) 


F» = 


E + jO 
Q 


Thus, an acoustic wave travelling in an elastic medium has a velocity which 
is determined by a linear combination of the compressional and shear moduli. 
It is convenient here to define a complex «longitudinal» modulus, M 


(41) 


M=M'+i]l£", 
= E + iG. 


Solving for M' and Jlf' in terms of a the absorption coefficient and V one finds 
when (as is usual) («F/w)* is small compared with 1 these equations can be 
simplified to 


(42) 

(43) 


M' = QV* , 




2gF*a 

0 ) 


Combining eqs. (33), (39), (43) yields an expression for the absorption per 
wave length 


(44) 


EfWX^ zGcoWXg 

1 -| - ft)* tS 1 -|- 


Inserting eqs. (33), (38), and (40), the velocity squared of a liquid may be 
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written as 
(45) 


7‘ = 



KrOi^T^ . 
1 -f" CD* t5 — 


|g»(0*T^ \ 

1 4- CD* TV ■ 


At low frequencies tliis expression becomes 


(46) 



and at Mgh frequencies it takes the form 

(47) 7l=i(jro + Jrr + |<?«j. 


At low frequondes ock has the form 


(48) + + 

which is equivalent to the result derived from the classif^il liydrodyiuunii' 
equations when generalized to include a volume viscosity. 

2 2. Shear waves. — Due to high attenuation^ the abRorx)tion a, and veloc¬ 
ity Y, of shear waves cannot be directly measured in a liquid. However, 
the real and imaginary parts of the complex shear impedance can be ('.alculated 
from measurement of the reflection coefiident of a shear wave when reflected 
from a solid-liquid boundary. 

The complex shear itnpendance, Z„ of a liquid is given by 


(49) Z, = §7, = = = + = Vgtf' -[- iG" , 

where B, is the real part and Z, the imaginary part of the impedances aiul (f, 
IS the complex shear modulus. 

By equatmg real and imaginary parts on both sides iuid solving, one finds 
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Solving for O' and 0" one finds 


( 62 ) 


O' 




and 


(63) 


(2E.KX,) 

Q 


ABSiuning single relaxation time theory, the measurable quantities, X, and 
can be related to the parameters of the liquid by substituting the relaxation 
expression for O' and O’, as obtained from eq. (39) into eqs. (60) and (61). 
Thus 


(64) 

( 66 ) 




* 1 

1 +1 

e 2(i-f-co>T;)| 

ZJ _ tJ { 


k 

_ 1 

Q 2(l-f<U»T5)[ 



We see that for cor, »1, JJj/g = 0 „; thus, measurements of B, in this fre¬ 
quency region aUovr a direct calculation of the limiting shear modulus of the 
liquid. At lower frequencies both B, and X, must be known to calculate O' 
and O’. 

2’3. Distribution of relacoation times. - If a distribution of relaxation times 
exists for either the compressional or shear relaxation processes or for both, 
then eq. (33) can be written 


( 66 ) 

0 

where 


OD 



0 


whore Krk{r„) d(T/T,) is the contribution to the high-frequency compressional 
modulus, K, of those molecules having individual relaxation times in a range 
dr near f, t' represents some fixed value of r,-. K((o) is the value of X at 
any frequency co. 
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Sepai'ating into real and imaginary parts one lias 


(58) 

and 


00 




'/ 


k{rlr[,)co°r^ 
'i + co‘ts 


0 



) 


(69) 


jl + w'T^ yrlj 


For a distribution of relaxation times tbe volume viscosity, tj,, is given by 
the following expression 


(60) 


00 

r], = IC, tie (-^) d . 

J v«/ \^»/ 

0 


The real and inoaginary parts of the shear modulus can be ■written in a like 
manner when a distribution of times exists, by substituting G', 0, G„, t^, 
and Tj, for K', K^, K,, t[ and tj, in eqs. (68), (69), (60). 


3. - Volume viscosity. 

8‘1. Use of ultrasonie dMa to caloulate volume viscosity. - The observed ab¬ 
sorption coefficient (in frequency regions where no dispersion exists) can 
te written in terms of both the shear viscosity rj, and the volume viscosity 
This relation may be obtained from eq. (48) in the form 



Or, if »7, = 0, one gets the shear viscous loss predicted by Stokes: 

(^■‘) V" > 

where / is the frequency of the ultrasonic wave. One sees that the total ab¬ 
sorption is simply a smn of the two ■viscous effects. 

The difference between the calculated ■value of oe,., .„, and the observed ab¬ 
sorption coefficient is usually referred to as the «excess » absort)tion, that 
is to say, all absorption in excess of that due to shear viscosity. The values 
of are easily calculated. Then, using experimental values for a,b„ rj, can 
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bo calculiited from 


(63) 



( OCoht O^BheaA 
0C»lx«r / 


TIio 1 ‘csultH of ultraHoilic studies indicate that most liquids exhibit a volume 
viscosity. Unlike the shear viscosity, there are many diJtereut mechanisms 
of voliune viscosity, such iWi vibrational relaxation discussed above. However, 
below we shall consider only that contribution to caused by structural re¬ 
laxation. 

The concept here is that the molecules of the liquid, when mider an acoustic 
pressure, will «flow » into lattice positions of closer packing. Ailing up holes 
in the liquid. Tlie « flow » or structui’al I'eari'angement process takes a finite 
time, Jind thus the volume changes are out of phase, the result is absorption, 
and a volume viscosity which appears closely related to the shear. 

The word «flow » is perhaps tlie clue to why the shear and compressional 
viscosities appear so closely related. Byring’s theory of shear viscous flow 
involved a translational «jump » of a molecule from one latti(ie site to another 
in a direction of shear flow. The structural or compressional rearrangement 
process also appears to involve a «jump » of one or more molecules from one 
site to another. This time, however the «jump » is in the direction of closer 
packing. In both the shear and compressional pToc.esseB molecules change 
their lattice positions, and it is therefore not surprising the same bonds must 
be broken in both processes and thus the ac-tivation energies are closely re¬ 
lated. 

It is apparent from Table II that a structural volume viscosity exists in 
many different types of liquids, was first studied in most detail in the 
hydrogen-bonded liquids and it was at first tliought that the relatively strong 
intermolecular bonding was significant in ((ausing 97 #. However it can be seen 
that in both monatomic liquids such as mercury and the nonassociated organic 
liquid GSg, persists with a magnitude still roughly equal to r],. OS, is rather 
interesting because here the structural rj, could bo discovered only at liigh 
frequencies where the overwhelming vibrational contribution (at low frequen¬ 
cies) to is over .1000 times larger than the structural contribution given in 
Table II. 

Until recently there has not been sufficient data to judge whether in mon¬ 
atomic liquids a structural viscosity exists. The data by ZABavNSKi and 
Stephens on the molten metals has changed this picture considerably dem¬ 
onstrating that a structursil viscosity does indeed exist in these hydrogen- 
bonded alcohols. Another striking fact is tliat in botli the long chain polymer 
polyisobutylene (M.W. 3 000 or more) and in the monatomic molten metal 
gallium if]v = r),. One can only conclude that no matter what the type of liquid 
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there remains a close relationship between the shear and structural viscous 
medianisms. 

8 ‘2. Tem^peratwre and pressure-dependence of volume viseosity. — In all liquids 
9 j, decreases with increasing temperature. The temperature-dependence of tj, 
is usually very close to that found for r},. In Table III is given the ratio 


TABiiB III. - Comparison of ratio of rjjrj, in for several types of liquids. 



vh. 

Ref. 

Hydrogel 

1 -bonded liquids 


Butanediol 1, 3 

1.01 

f*) 

G^lyoerol 

1.03 

{‘) 

ti-propanol 

1.02 

(‘) 

Water 

2.52 

(») 

Weakly and 

onassociated liquids 

Zinc chloride 

0.78 

—1 

_1 

t-hutyl bronude 

('.44 

[13] 

Carbon disulfide 

1.60 

[10] 

Molten metals 


Meromy 

1.2 

(■*) 

Bismuth 

4.2 

(“) 

Polymeric liquids 


Polyisobutylene 

0.96 

[12] 

Hydrocarbon oil 

1.33 

(•) 

Molten salts 


Lithium nitrate 

2.03 

[14] 

Silver nitrate 

5.3 

[14] 

Sodium nitrate 

20.8 

[14] 

Lithium chloride 

26.6 

[16] 

(a) R. Mbistbb ei Joum, Appi, Phys., 81, 864 (1960). 

(&) J. R. PbHaAM and J. R. Gai/t; Jowm. Cfhem, Phys., 14, 608 (1046). 

(o) F. E. Fox and G. 0. Boos 

: Phys, Pev., 70, 68 (1946). 

(d> J. Zabzssbi and R. Stibfbsns: to be published. 


1 (e) See rel. [19]. 




Vvh* several types of liquids. In the hydrogen-bonded liquids such as water 
and ethanediol the ratio jje/jj, is 3 or less and the ratio changes by only about 
10 % over a temperature range of 60 ®C. In the molten nitrates those liquids 
such as LilfOs .in which rjvlr), is less than 3 also exhibit changes in tliis ratio 
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Table IV. - Temperaiure-tJependenee of riJt],. 



T (°C) 

%h. 



!r(®C) 

v,/v. 

Water («) 

0 

20 

00 

3.11 

2.9 

2.72 


Lithium 
nitrate [16] 

262 

324 

379 

1,80 

2.10 

1.97 

Lithium 

641 

19.6 


Mercury (**) 

26 

1.2 

chloride [16] 

680 

20.6 


128 

1.4 

705 

26.6 



204 

1.3 

(a) Soe ref. <c) Table m. 

(b) See ref. id) Table ni. 






Table V''. -- PreHHure-depmuUme (") of t/Jti,- 



■P*tm 

Vo 




V 

■nvh. 


1 

2.16 

2.68 

Ethyl 

alcohol 

1 

1.42 

1.4 

Water 

1000 

2.02 

2.33 

1000 

1.88 

1.2 


2000 

2.03 

2.33 

2000 

2.18 

0.95 

Methyl 

alcohol 

1 

1000 

0,84 

1.0 

1.62 

1.31 





2000 

1.2 

1.19 





(a) T. A. LiroviTZ and B. H. Oabneyalb: Joum. AppX. Phya,, 26, 810 (1066). 



of loss than 10% over temperature ranges of 1000® 0 and greater ri,Jr), for 
KNOa, AgUO, and UaSTOj varies more with temperature. It appears that 
the liigher the ratio the greater is the difference in the temperature-de¬ 
pendence of rjt and »?,. This is borne out when one considers the molten 
cWorides. Lithium cliloride has one of the highest ratios of »?«/»/, and ex¬ 
hibits a considerably greater temperature variation than in lithium nitrate. 
In all the molten chlorides ??, is less temperature-dependent than vj,. The 
rjv of the molten metals behaves just sis that for water in that the ratio 
is remarkably constant over the measm’od temperature range. 

These results indicate that the activation enthalpy for shear and struc- 
tursil flow are close in value for many types of liquids. 

The volume viscosity has been measured as a function of pressure for water 
and several alcohols. Some typical data are listed in Table V. With the 
exception of water rj, increases with increasing pressure, as does fj,. This in- 
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crease is to be expected due to the diminished mobility of the molecules as 
they become closer packed at higher densities. In general is slightly less 
pressure-dependent than 97 ,, the values of dropping with increased pres¬ 
sure, 

8*3. Ooeooistence of structural and nonstructural processes. - The mechanism 
of ultrasonic absorption characteristic of the nonassociated liquids is the ther¬ 
mal type due to either vibrational or rotational isomeric relaxation. This 
absorption has not been detected in the associated liquids. It is probable 
that the reason for this is that the efficiency of collisions transferring energy 
from the external to internal degrees of freedom depends upon the intermole- 



Fig. 9. - Absorption « spectrogram t for liquid isobutyl bromide. (Data from ref. [13]). 


cular bonding; i,e. the low degree of intermolecular bonding in the nonasso- 
ciated liquids may result in a comparatively longer relaxation time and larg(ir 
vibrational loss. If this bonding of the associated liquids does acc^ount for the 
apparently good coupling between external and internal degrees of freedom 
and the consequent short thermal relaxation time of tliese liquids, then by 
investigating a weakly associated liquid, the ultrasonic properties typic,{il of 
associated and nonassociated liquids should be found to coexist. (Ilark and 
Litovitz [13] have considered this problem in their study of isol)utyl bromi<lc. 

Isobutyl bromide is also interesting from the standpoint of its molecmlar 
configuration. In a rotation about a C—C bond, the portion of the 





urjaASONic relaxation in liquids 


167 


molecule may have any of three equilibrium positions, two positions having 
identical energy and the third differing from this. Hence in addition to the 
mechanisms discussed above, one would expect the total absorption to contain 
a contribution due to this rotational isomerism. Clark and Litovitz show 
that four different mechanisms, shear, structural, -vibrational and rotational 
isomeric relaxations are present. The relative importance of the different 
meclianisms is demonstrated in Fig. 9 where a spectrogram of the loss is 
plotted. The solid bars represent the maximum value of the loss per wave 
length aA« for the four losses; the dotted lines give the absorption per wave 
length, aA as a function of frequency. BTote that although the magnitude of 
the absorption due to the vibrational mechanism is the largest above 1 GHz, 
its contribution to the absorption at frequencies below 60 MHz is quite, small. 
At 0 “0 and 100 MHz, this contribution is about equal to that of the rotational 
mechanism, and at —140°0 and 100 MHz, although its magnitude has not 
changed significantly, its contribution is much less than that of the shear and 
structural mechanism. At this temperature, the losses due to the structural 
and shear mechanisms are by far the most important for the frequencies used. 

3'4. Bdation of volume viscosity to erdsropy and volume changes upon fusion. 
- Experimental work on the alcohols and molten salts [14], [16], has yielded 
a second interesting relationship. It was found that this family of molten 
salts (LihTO, excepted) satisfied a simple relationship between the entropies 
of fusions and the corresponding ratio of viscosities. The general equation 
expressing this is 

(64) = 

Vt 

The corresponding equations are plotted in Fig. 10. Higgs and Litovitz 
have also shown that the linear relationship expressed by eq. (64) like-wise 
holds for the primary alcohols. 

It was found that the value of A is common to aU three families of molten 
salts. Thus the ratio of bulk to shear -viscosities for all three families would 
be identical in the limit as the entropy-changes upon fusion would go to zero. 
It can be surmised at present that the intercept is likely to be indicative of 
the common type of bonding (predominantly ionic) for these fused salts. A 
more satisfactory answer awaits further investigation. 

The de-viation of LilSTOj is very interesting and can be empirically ac¬ 
counted for as follows: NalTOs, AgNO,, and KNO, are known to undergo 
phase transitions in the solid state prior to melting. X-ray [16] studies of 
these transitions show that they involve extensive randomization of the orien¬ 
tation and even the onset of rotation of the STOj ions, so much so, that no 
further large increase of orientational randomization of this ion would be ex- 
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Fig. 10 .-Logaritliiii ofplotted as a futtotion of the entropy of fusion. (After ref. [16]). 

pected at the melting point. However, LiNO, awaits the melting process be¬ 
fore this IfOg ion randomization takes place and its entropy of fusion is, thei'e- 
fore, greater than for the other nitrates. The entropy of fusion of these salts 
oan have contributions both from randomization of the internal structure of 
the polyatomic molecule, as well as from randomization of the crystalline 
lattice structure. Ohe would expect that in a liquid the structural relaxation 
process associated with bulk flow would involve only randomization of the 
liquid lattice and therefore if the difEerence between shear and volume relax¬ 
ation is at all related to the entropy of fusion it should be concerned only with 
that part of 8, owing to lattice randomization. 

One can subtract from 8, for LiNOj that part, 8,,, which is due to orien¬ 
tational randomization which appears in KFO# in a solid state transition 
(8f = 3.2 a.u.). When the In (??,/»;,) for LilTO* is plotted using this empirically 
corrected^then the departure of the LiFO, point from a straight lino is 
within experimental error. As can be seen in Fig. 5 ZnCl^ also departs from 
the family of curves. An explanation of this departure similar to the Li25rO» 
has been given by Getoee [17]. 

The relation of to the entropy of fusion indicates that the structural 
relaxation flow occurring in liquids is not simply a process where a hole might 
exist but rather it is a co-operative phenomenon. In this latter case for flow 
to occur a group of molecules (say 6 -1-60) in some quasi-orystaUine lattice order, 
must « melt» or become randomized- in their structure. During this time of 
randomization molecules can change their positions and then revert to a new 
crystalline order which would have different numbers of holes. 

Since it has been argued above that ijt of the ioiiio liquids has the same 
origin as the of the hydrogen-bonded liquids such as the alcohols it is re¬ 
assuring to find that is related to 8^, in the alcohols as well as in the 
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ionic liquids. It is, however, interesting to note that in the alcohols it appears 
that only about 0.24 S, is involved, whereas in the ionic liquids this was as 
high as 0.78,. This difference could be related to the complexity of the struc¬ 
ture of the alcohol molecules when compared with that of the ionic salts. For 
example, the entropy of fusion of the alcohols no doubt involves randomi¬ 
zation of the internal structure such as the freeing of rotation about the 
0—C bonds. This would lead to entropy contribution to fusion which would 
not be connected with the liquid lattice structure. Thus, for the same reason 
as in the case of LilTOg above, only a fraction of the total entropy of fusion 
is involved in the lattice structural relaxation process. 


4. - Velocity dispersion and absorption due to shear and struetnral relaxation. 


2400 - 

| 2200 - 

|‘2000 

o 

11800 
1 600 


1 400 



2439 m/s 

- 


: 

X 

- 1678 m/s 


1 1 

37,5.. 524^67.5 

. 1 1 .l.l.lT-1- 


0.1 


1.0 


3.0 7.5 22.58 82.6 
frequency WHz) 


500 


We now turn attention to data in the dispersion region, considering first 
the sound velocity. 

The longitudinal velocity 2600 
data plotted vs. frequency are 
shown in Fig. 11, for two typi¬ 
cal associated liquids. It can 
be seen that considerable dis¬ 
persion is present. The data 
indicate relaxational behavior, 
but unfortunately the experi¬ 
mentally available frequency 
range does not generally allow 
a measurement of both the 
limiting low and high frequen¬ 
cies at any given temperature. 

The values of V and 7o shown 

in Fig. 11 were obtained by calculation from the extrapolated values of M 

and Mo from the higher and 
lower temperatures, tespective- 
ly. Since the measured prop¬ 
erties of the liquids depend 


Fig. 12. - Longitudinal velocity 
vs. temperature at various frequen¬ 
cies: butanediol 1, 3. (Taken from 
ref.[22]). + 0.1 Hz; □ 1 Sz-.m 8Hz; 
O 7.6 Hz; • 22.68 Hz; x 34.6 Hz; 
A 62.6 Hz; V 67.6 Hz; A 82.8 Hz. 


Fig. 11. - Longitudinal velocity as a function of 
frequency; butanediol 1,3; temperature —32.4 “C. 
(Taken from ref. [22]). 
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on the product cot one can change either co or t to study the dispersion 
properties. Changing the temperature, changes r. The ultrasonic longitudinal 
relocities measured as a function of temperature at various frequencies are 
found in Fig. 12. They sho-w a similar behavior in that low- and high-frequency 
limitirvg velocities To and T;^, respectively, are reached. This' is shown by the 
absence of dispersion at low and high temperatures. The magnitude of the 
dispersion (V„ —To)/To varies between 16 and 60%, for most liquids measured. 
Tliis can be seen in Table 'VI-(a). 



Fig. 13. - Absorptions, temperature at two frequencies: hexanetuol 1,2, 6: o .3 Hz; 

□ 22 Hz. (Taken from ref. [22]). 


The measurement of absorption associated with the longitudinal wave is 
plotted in Pig. 13, as a function of temperature and at various frequencies. 
All the curves show a similar behavior exhibiting a bell shape typical of a 
relaxation process. As the temperature is lowered, the absorption coefficient 
exhibits a maximum, the magnitude s>nd position of which depends upon the 
ultrasonic frequency used. The higher frequencies have a correspondingly 
higher maximum value. The peaks of the curves shift toward lower temper¬ 
atures at lower frequencies. This, of course, indicates that the relaxation 
time increases as the temperature is lowered (or as the viscosity is increased) 
In Table Yl-a the values of the ratio a.v./og H..v., in the nondispersion region are 
tabulated. The values are independent of temperature (in the nondispersion 
region) and lie between 1.6 and 3.6. These results are typical of associated 
liquids and indicate the presence of the structural relaxation in addition to 
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Table Vl-a). - Velocity dispersion data in associated Ugttids. 



T 


% 

7?oo 

1 

8 


(“C) 

(m/s) 

(m/B) 

% 

Butanecliol 1, 3 

— 32.2 

1.76 . 

160,5 

2831 

0.375 

2-methyl-p8ntanediol 2,4 

— 26.0 

3.38 

1460 

1866 

0.280 

Hexanetriol 1, 2, 6 

— 10.5 

1.66 

1820 

2740 

0.616 

Grlycerol (*’) 

— 14.0 

1.78 

1990 

3150 

0.69 

Propanediol 1,2(0 

— 37.8 

2.08 

1650 

2360 

0.43 

n-propanol ('*) 

— 130.0 

1.77 

1860 

2160 

0.15 

Diphenyl pentachloride (0 

34.5 

3.28 

1310 

1690 

0.29 

(a) The values ot ^/•’«stokM Usted ace those measured in the nondispersion region. 

(Jb) B. PicoiNELLi and T. Lrrovrrz: Jcum* Acouat Soc. Am,, 29, 1009 (1967). 

(c) B. Mbibter: private oommunloation. 

id) T. Lyon and T. Litovitz: Joum. Appl, Phya., 27, 179 (1956). 

(f) T. Litovitz, T. Lyon and L. PBSELKnoK: Joum, AeouaL Soc, Am,, 4, 666 (1954). 


the shear viscosity effects. Thus, one can condude that the dispersion meaS' 
ui‘ed is due to both shear and structural relaxation effects. 


5. - High-ffrequeney limiting moduli of liquids. 

5M. Magnitudes. - At high frequencies or long relaxation times (cot>1) 
the complex shear and compressional moduli of a liquid become frequency- 
independent. Under these conditions one measures the solidlike behavior of 
a liquid. These so-called. «limiting » moduli are of. considerable interest since 
they are a direct measure of the elasticity of the amorphous liquid lattice with 
flow properties removed. 

In Table Vl-t) these high-frequency moduli are listed for comparison with 
the low-frcquency values (cot< .1 ). 

It can be seen that Jfa, varies from about 1.3 to 3.0 times Jf# (or X,). 
The measured values of KrlK„ vary between 0.26 and 0.43. 

The ratio X,I.K„ is equal to the ratio where »r is the relaxational 
part of the normal liquid compressibility, The data indicate that about 
80 % of the total normal compressibility of these liquids is due to structural 
relaxation effects. 

It is of interest to compare these values with the values of x,/«o found by 
measuring the isothermal compressibility above and below the glass transition 
temperature. The results in Table VII obtained by assuming = 
indicate that lies between 20 and 75 %. This is in reasonable agreement 
with the ultrasonic values found using velocity-dispersion data. This agtee- 


11 - BendieonK sr./.f. . XXVn. 
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Table VI-6). - Oomparison of the magnitude of elastic moduli in liquids with various soUd-s 

(Units are dyn/ cm®-10-^**). 



!r(®C) 


M 

K 

Zr 

K,IK 

G 

G/K 


a) 

Hydro 

carbon 

liquids 





Polyisobutylene (®) 

+26 

— 

— 

2.68 

— 

— 

0.58 

0.1 

MVI 

— 10 

2.2 

4.3 

3.2 

1.06 

.33 

0.78 

— 

b) Weakly or nonassooiated liquids 




Molten zinc ohlorideC®) 

325 

2.60 

4.68 

3.3 

.85 

.26 

1.0 

.3 

Isobutyl bromide (^) 

— 100 

3.03 

6.42 

3.46 

.42 

.12 

2.24 

.6 


c) Associated liquids 





Butanediol 1, 3 (•) 

— 32.2 

2.93 

6.17 

4.63 

1.69 

0.35 

1.23 

0.2 

Hexanetriol 1, 2, 6 

— 10.6 

3.71 

9.63 

6.46 

2.76 

0.43 

2.31 

0.3 

Glycerol (®) | 

— 14.0 

6.40 

12.79 

8.79 

3.76 

0.37 

3.00 

0.3 

Propanediol (*) 1, 2^ 

— 37.8 

3.14 

6.16 

4.66 

1.61 

0.32 

1.13 

0.2 



d) Solids 






Fused quartz (*) 

+26 

— 

— 

27.3 

— 

— 

31.2 

0.84 

Nickel (*) 

+26 

— 

— 

371 

— 

— 

73.6 

0.20 

Sodium chloride (^) 

+ 26 

— 

— 

48.6 

— 

— 

12.5 

0.25 

Organic glasses (*) 

— 

— 

— 

— 

— 

— 

1.60 

— 

(a) R. PiooiNBUii and T. Lrrovriz: Joum, Acoust. 8oc, Am., 29, 

1009 (1957). 


(&) See footnote (c), Table H. 

B. Mbistbb: unpublished data. 




(c) BeC. [17]. 









id) Bef. [13]. 









(«) Bet. rszi- 









(/) Bef. [22]. 









(ff) W. P. 3MASON, W. 0. Baker, H. 

J. MoSkimacin and J. H. 

Heiss: 

Phya. Pev., 76, 

936 (19^6). 









(h) H. J. MoSkemmin: Jovrn. Ar>pl. Phys., 24, 988 (1953). 





(0 0. D. Hodoman: 

Bimdbook of Cfhemiatry and Physics (Cleveland, Ohio, 1956), 36th od. 

(A:) See reference [18]. 









1 (Z) S. Obawobd: Proc. Phya> 8oc. London, B 69, 1312 (1956). 





Table VII. — Oomparison of glass and liquid values of isothermal compressibility (*). 



4 

(“K) 

^glavi 

(•10^* cmVdyn) 

5tfua 

(• 10^® cm*/dyn) 

^oi/ ^iia 

Glucose 

300 

9.3 

15,4 

0.40 

Selenium 

300 

24.4 

30.2 

0.19 

Rubber 

200-r320 

27 

64 

0.68 

Polystyrene 

350 

23 

98 

0.76 

(•) Data taken from R. Davis and G. 0. Jones: Proa. Roy. 

8foc., A217, 26 (1953). 
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ment is in accord with the concept that hif?h-fi‘equoncy ultrasonic waves mcas- 
ni‘e the glasslike properties of the liquid. 

In Table VI-J) values of G„ found in the hydrogen-hondod liquids are com¬ 
pared with a polymeric liquid (polyisobutylene) and an organic, glass (sucrose 
octa-acetato), and some hydrocai’bon oils. It can be seen that no ordor-of- 
magnitude difference exists in the values of G „. 

However, as shown by Barlow and Lamb [18] the magnitude of G„ is 
definitely lower in the hydrocarbon and polymeric liquids than in the higldy 
associated liquids. They suggest that the difference is due to the weaker van 
der Waals forces present in the hydrocarbons compared with the relatively 
stronger hydrogen bonding present in most of the associated liquids listed. 

Hbezkbld and Litovitz [26] have pointed out that in many of the hydro¬ 
gen-bonded liquids Kr — iG^. Barlow and Lamb have shown this to hold 
also for the hydrocarbon oils. 

Because and G^ are often called the « solidlike» moduli of the liquids 
it is of interest to compare values found in the organic liquids with those for 
amorphous and crystalline solids. The organic liquid values run about 1/lOth 
the values found for fused quartz and sodium chloride and less than l/20th 
the values of G„ found in nickel. 

The values of jP* foimd in the organic liquids are roughly the same as the 
JBC„ found for the polymer polyisobutylene. However, for the organic 
liquids runs about 1/lOth of that of fused quartz and sodium chloride and 
1/100th the value found for nickel. After comparing the ratio Q„jK„ for the 
organic liquids and the solids, it can be seen that even though the values of 
G„ and vary by factors of 10 or 100 from organic liquid to crystalline 
solid, the ratio G„IK„ remains constant to within a'factor of about three. 

5'2. Temperature-dependence of Ivmtvng elastic moduli. - The limiting shear, 
compressional, and longitudinal moduli are tabulated in Table VIH as a func- 


Tablx VIII. - Tempercdme-dependenae of limiting elast\o moduti. 
(Moduli in dyn/om* • lO-i®; T in “C). 



Mo 

o„ 



Associated liquids 


Butanediol 1, 3 
Hexanetriol 1, 2, 6 
Grlyoerol 

2.61— 0.010 T 

3.61— o.oooir 
48.91—0.0122 T 

0.962—0.008472’ 

2.23 —0.00762’ 

2.76 —0.01832’ 

3.86—0.020982’ 
6.28— 0.0182’ 
8.30—0.0362’ 


Nonassociated liquids 


(Molten) zinc chloride 
Isobutyl chloride 

1.11 — 0.01922’ 

692’exp [14 790/282'] 
1.76-10'2’exp [746/2’] 

492'exp[16280/282[] 
0.32-10*2’exp [746/2’] 
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tion of temperature. In most liquids the moduli decrease with increasing tem¬ 
perature. However, rather marked differences in temperature-dependence can 
be noted when one compares the behavior of the associated, weakly associated, 
and hydrocarbon liquids. 

The hydrocarbon-oils exhibited no measurable change in the relaxational 
moduli G„, and JT,, with temperature. This is in marked contrast to both 
the hydrogen-bonded liquids and the nonassociated chlorides listed in Table VIII. 
TaskopetjIiTJ, Baelow, and Lamb [19] suggest that this is related to the type 
of lattice bonding. They propose that the van der Waals bonding existing in 
these h‘quids not only slightly lowers the magnitude of S', and G but makes 
them far less temperature-dependent. 

Over the temperature range measured the moduli of all the associated 
liquids listed decrease linearly with increasing temperature. This decrease 
emphasizes the difference between the rubber or «entropy » modulus (which 
is proportional to temperature) found in polymers and the « energy» modulus 
found here in associated liquids. It also indicates that the Tobolsky-Leaderman- 
Ferry [20] reduction formula can not hold for the associated liquids. 

In the two nonassociated liquids listed the temperature-dependence of Ko 
is similar to that found in the- associated liquids decreasing linearly with in¬ 
creasing temperatures. However consideration of the temperature-variations 
of Ef and G„ show a striking departure. They both decrease exponentially 
with increasing temperature. 

Comparison of the magnitude of JE, and G„ showed that they were usually 
close in value to Er often equal to about iG„. Also in all the liquids listed 
in Tables 'Vll and VlII the temperature-variation of G„ was found to be tlie 
same as that for Z,. This is true for such diverse substances as the hydro¬ 
carbon oils, hydrogen-bonded organic liquids and the molten zinc chloride. 
This is one of the contributing factors in making the ratio so temper¬ 
ature-independent in most liquids. 

The theories of Hirai and Eyring [21] predict the temperature-dependence 
of G„ and Ef. Mbister et al. [22] applied these theories to the data on 
glycerol. Plotted in Pig. 14 are their results found using expressions as di¬ 
rectly obtained from this theory, which are 

( 66 ) ^ = 

/ggv E=:E* _ e^c p [ -e,/A!ir] 

' ’ '‘(l-E)(v,^kT^e^V^-e^lm’ 

where is equal to the energy necessary to create a hole in the liquid, 
is the volume of a hole, fc is the Boltzman’s constant, Vo is the volume the 
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liquid would have without holes. In Fig. 14-a the values predicted by eqs. (66) 
and (66) are plotted and compared with the experimental values obtained for 
glycerol. On considering the data for it can be seen that the Eyring and 
Hiray tlieoiy gives reasonably close agi‘eement with the experimental values 
at temperatoe above 0 However, at the lower temperatures there is con¬ 
siderable disagi*eement between the theoretical and experimental data. It can 
he seen that at —70° the theoreti(*al value exceeds the experimental one by 
a factor of three. 

When considering data for Kr in Pig. 14-6 it can be seen that the theory 
gives the right order of magnitude but the wrong temperature-dependence. 




Fig. 14. - Comparison of Kyring and Hirai theory with the data for and 

(Taken from ref. [22]). 


It is apparent that tlie Hirai and Eyring theory for shear and structuriil re¬ 
laxation in associated liquids is inadequate to account for the data on the 
relaxational part of tlie elastic moduli which have been found here. This con¬ 
clusion extends to all the associated liquids and even hydrocarbon oils which 
have been measured be(‘.ause in every <*.ase 0^ has varied with temperature 
in a linear manner (or not at all) and Kr has decreased with temperature 
whereas the Hirai and Eyring theory predicts an increase. 

Isobutyl bromide however represents a striking success for Hirai and Eyring’s 
(‘alculation of (?„. In this liquid 0^ is found by Clark and Litovitz to 
be gi\*en by 

(67) Go. = l.TeiT-lO* exp [746/r] ’‘K. 

Comparing this with. eq. (66) one finds e* = 1490 cal/mol. It has been shown 
that the energy to create a mol of holes is about i to i of the molaap heat of 
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vaporization of the liquid, for the organic liquids. For isobutyl bromide, the 
heat of vaporization can be determined using Trouton’s rule, determining 
the constant -with the help of the measured of isobutyl chloride. The ratio 
of Ei (found above) to the experimentally found value of E^^ is 

en _ 1.49 1 

Eyn 8.04 6.4 * 

The agreement of this ratio to the predicted value is excellent. The same good 
agreement is foimd for zinc chloride. 

5'3. Oomparism of liquid and solid moduli. - Changing the temperature of 
a solid changes only the interatomic spacings; however, when one changes the 

temperature of a liquid both 
the interatomic spacing and the 
degree of short-range order of 
the liquid change. It is reason¬ 
able to expect that the elastic 
constants of a lattice whose or¬ 
der is changing with tempera¬ 
ture would be more tempera¬ 
ture-dependent than that lattice 
where only interatomic spacings 
change. This point is convinc¬ 
ingly demonstrated by consid¬ 
eration of the temperature- 
dependence of the compressi- 
temperai-ure (°c) bility over a large temperature 

Fig. 16. - Adiabatic compressibility va. tempera- 

ture in ArocMor. ((After T. Litovitz, T. Lton ^ plotted as a 

and L. Pxsblnick: Jovam. Acouat. Soo. Am., 26, function of temperature for 
666 (1964)). Arochlor (byphenil pentaclilo- 

ride)., At high temperatures, 
K is frequency-independent and decreases with decreasing temperature. As the 
temperature of the liquid is lowered the relaxation time increases until it is of 
the order of the time duration of a normal experiment, perhaps 30 minutes, and 
the liquid exhibits a glass transition. For the ultrasonic measurement this tran¬ 
sition occurs in the teomperatm’e region w'here the 8tructm*al relaxation time is of 
the order of the period of the ultrasonic wave. For the frequencies used i n Fig. 3 5, 
the temperature of this transition is about 60 “C above the nomoal glass transi¬ 
tion temperature. As the temperature of the liquid is lowered, the adiabatic 
compressibility at a given frequency drops rather sharply and levels off at a 





ri.TKASOMl' KKI.AXATntN IS 1,1^1 IIIS • 

Homowliat l(i\v«*r vsiliu*. which is iijrain iitdcix'iKiciit <if lVc(|ucncy. This lower 
value is the hitrli-fre(|Ueuey eoiitpressiliilily of lla* li<iui<l, Tin* vJilu«* ot h 
is (leleniiiiied purely ity lla* elastic liehavhir of the liifuid laHice. VVlieii iiieus- 
uriuK Xg ,, tio li<iui(l flow lakes plaee duriut; a sonic conipression. Tlie stniet ural 
(•oiitrllmtions to tiie eompressihility liav'e Iieeu removed. 

It is of interest to compare tlie temperature*dependen(*e of aiMl «o 
Aroeldor. It eau la* seen tliut tin* temperaltire-deiiendeuce of Xa, tht' jflass- 
like coiupressiiiility, is alxiut the same as tliat for tlie liquid eomprosMihility. 
One uormully expe<-ts jflass <»r solidlike eompn'ssildlities to be less terniKtrufaire- 
deiieudenl. than tlie liipiid values. 

Tlie explanation of tfiis lies in tin* fact that w(' liave not «<>»<' throujfli a 
{Tlass transition in the usual sense at Tlie liipiid liehaves liko a KhisH 

to tlie sound wave for a Kiviui nieasur«*ment la'cause of tlie short tline-diiration 
of the wave. Howi'ver, wiien one eiiaiiKes tiie ('xternal tiemperatiiro this is a 
UmK-thne experiment, in ehaiiKinff the liquid structure. howeritiK tlu* litiuUl 
temperature in tlie normal times neeessary t.o lower a liatli temporaturw allows 
inereases in tlie am<aint of order, de<*reases in the numli<*r of lioles, and iiiereases 
in tlie nuinlHW of nearest neighbors. The ultrasonic wave «sees » th€i order 
present at tlie ext<'rnal temperature. When one ehanffes the temperature of 
a i^rystal or ttlass, tla*se effects do not oc<*ur. Tho deftree of order iti a solid 
is very mucli less temperature-dependent than in a liquid. 

Thus we must <*onelude that the I’liunj^es in lattice strueturo wlii<*-h tieeur 
in our pseudo-jiflaKs (<auses the relatively larjce temperature effects Mcitsul in 
tlie hiffli-frequency (xiinpri'SHiiiility measurement. To prove this, ono simply 
lowi'i's the temperature until tlu' time for sl.ni<dural rearrangement of the 
latti<*e is longer than the time mwessary to I’lianKi' the temperature, /.r., Imiow 
tiie normal 7',. iielow tids temperature tiie elastic cimstants should take on a 
solidlike temperature-dependeiiee, typical of tiic fflass state. Thia should 
<»ccur at till' ordinary jflass-traiisitloii temp<*rature, wliere tlio time for strue- 
tural rcarraiiffement lieconuw lotiKer than normal (xiotinK times. In Fiff. 15 
<iiK* H(>eH that th(* only I'hatiKi^ in f;<diiK tlirouKli the fflass transition is that the 
slept* (l(‘('reas<‘s and lM*ct)mes more tyjacal of the ^lass state. The vi»lue of 
(1 /x)(?x/f^7\ ,... is l(‘ss tiiaii oiie-lialf the liquid value. 


d. - Relaxatlonal behaviour of moduli. 

Wlitni tHinsiderinff tlm siiear and compressional relaxation tiehavior of llqukls 
it is found in almost evt^ry liquid that a distribution of relaxation timea exists. 
Satisfatdory results were obtained on the associated liquids with two t 3 rp<w 
of distribution functions: 
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a) A symmetrical Gaussian distribution of relaxation times ^fiven by 


( 68 ) 





0 < T< oo. 


This function is logarithmically symmetric and exhibits a maximum at t=t'. 
The width of the distribution is determined by 6. 

b) An asymmetrical distribution of relaxation times due to Oole-David- 
son, where 



/S and r, are parameters which determine the width and position of the max¬ 
imum, respectively. This function has maximum value at t = t|. is the 
longest relaxation present, and /8 determines the width of the curve. 

The theoretical functions which best represent the shear data are given 
in Table IX. In the case of glycerol, butanediol and 2-motyl pentanediol, the 
symmetrical Gaussian distribution of relaxation times is foimd. In using this 


Table IX. - Distribution of mechanioal relaxation times. 


Liquid 

Shear distribution 

Volume distribution 

Tr/Tji 

Ref. 

Butanediol 1, 3 

Gaussian t = 0.79 

Cole-Davidson =0.49 

0.79 

(“) 

2-metliyl pentanediol 

Gaussian 6 = 0.60 

Cole-Davidson =0.60 

2.38 

(") 

Glycerol 

Gaussian 6 = 0.42 

Cole-Davidson =0.60 

0.81 

(“) 

Hexanetriol 1, 2, 6 

Cole-Davidson =0.32 
(and a single time) 

Cole-Davidson =0.24 

4.60 

(") 

i-butyl chloride 

Cole-Davidson =0.45 

— 


(‘) 

Zinc chloride 

Single time 

Single time 

1.05 

(') 

(a) Seo ref. [22]. 

(b) See ref. [13]. 

(c) See ref. [17] (G. Gi 

1 1 

lUBBJR and T. Litottiz). 




symmetrical distribution, the constant b which determines the broadness of 
the reduced curve is calculated using the constants in Table IX. It can be seen 
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in 16 (solid line) tliat the assumption of this distribution of relaxa-tion 
timej^i ^iven and excellent fit to tlie data. 



Fig. 16. - Plot of {Q0[^l9a:y)v8-(i)r]JGto* for butaiiediol 1, 3, solid line is that*obtained 
using the distribution function listed in Table IX. Short dashed line is predictions of 
single relaxation time, o 55 Hz, • 25 Hz. (Taken from ref. [22]). 

The shear data on isobutyl bromide demonstrate that eyen though the 
temperature-dependence of the modulus is unusual, a distribution of relaxation 
times exists just as in the strongly associated liquids. This distribution is 
asymmetric and is fitted by the Dayidson-Cole function. 



Fig. 17. - Plot of reduced real part of shear modulus V8» or for zinc chloride: o 43 Hz; 
□ 63 Hz; A 86 Hz; v 118 Hz. (Taken from ref. [17]). 

The only truly nonassociated liquid in which shear relaxation has been 
detected is molten zinc chloride by Gruber. The data are shown in Fig. 17 
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where the reduced real part of the shear modulus is plotted. The rather re¬ 
markable result here is that the data can be accounted for using a single re¬ 
laxation time. This is the only liquid measured (including polymers) wliich 
exhibits a single shear relaxation time. 

The reduced relaxational part of the compressional modulus has been cal¬ 
culated and the results are plotted in Fig. 18 as a function of for 

typical associated liquids. The 
aTerage relaxation time is obtain¬ 
ed using the relation (t,)„ 
where the value t, is evaluated 
by usiQg eq. (67) and data on the 
ratio of a/oatotoi in the classical 
region. It can be seen that the 
single relaxation theory is inade¬ 
quate to describe the results. 

It is found that by (thoosing 
a distribution function this com¬ 
pressional reduction is adequately .represented. In each liquid the reduced 
compressional modulus is logarithmically asymmetric about its inflection point. 
Because of this a Cole-DavLdson distribution function was chosen to represent 
the distribution of times. The parameter ^ is tabulated in Table IX. 

In each case there is reasonably good agreement between the shape of the 
experimental and theoretical curves when the ^S’s listed are used. 

The ratio of rjr, is also tabulated in Table IX. Because a distribution 
of times exists the only meaningfid condparison is between the average value 
of shear and compressional relaxation times. 

In three of the liquids listed the type of distribution for shear and com¬ 
pressional relaxation differs considerably. However the magnitude of t, is 
still close to T,. In two of the liquids they differ by less than 25%. In no 
case does t» differ from r, by more than a factor of 6. 

In all the liquids the temperature-dependence of t„ was found to be the 
same as for r,. Combining this with the fact (1/Xg) {dKijdT) = (1 /(7„) (dO^jdT) 
one sees why the ratio has been found relatively independent of tem¬ 
perature. 

A question still unanswered is why there is a difference in the distribution 
function even when the two processes are so obviously intimately related. 

The data in the nonassociated liquid on molten zinc chloride [17 | show 
that the compressional relaxation process is decribed by a single relaxation 
time just as the case for shear process. In addition the value of r, was fotind 
to equal r, within experimental error. 

The data of Taskopexilu, Barlow, and Lamb [19] on a hydrocarbon oil 
show that a double distribution of times exists. Their results indicate that for 
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one process at least r, is over 10 times t,. Here sif^ain despite the marked 
differences in relaxation spectnun tlie compressional and shear relaxations show 
a close relationsliip as indicated ffy the same temperatiu'e-dependence of t, 
and T, and the fact that 

7. Cooperative effects in shear and structural processes. 

71. Shear viscous processes. - EYBiNa [26] has proposed a rate theory of 
shear viscosity which has been very successful in explaining the data in many 
liquids. The rate process for the flow of liquids consists of the exchange of the 
position between a hole and its adjacent molecule, and the fluidity is propor¬ 
tional to the probability for a molecule to be adjacent to a hole and to the 
rate with which it jumps into the hole. This is a nonco-operative theory in 
the sense that one calculates the probability that an individual molecule attains 
sufficient energy to jump and that the neighbors do not take part in the process. 
A major success of this theory is that it leads to a viscosity proportional to 
exp[J?/J?T] where E is the activation energy for shear flow. This is the Ar¬ 
rhenius form which has long been observed to hold in many liquids. However 
some liquids do exhibit a shear viscosity which does not change exponentially 
with temperature, particularly at low temperatures. For example the Byring 
theory fails completely for supercooled liquids within 100 ®0 of the glass tran¬ 
sition temperature. To fit the data in these liquids one must assume an un¬ 
reasonably large and highly temperature-dependent activation energy. 

To overcome this problem, Pox and FfLouv [26] emphasize the concept 
that the mobility at those temperatures depends on a free volume, Vf. In 
this approach the probability of a jump is determined not by the rate at which 
a molecule can overcome an energy bairier but rather by the probability that 
sufficient free volume exists in the region of the molecule so that it has space 
to move. This concept is embodied in the expression of Williams, Landel, and 
Peny [27] which fits very well the shear viscosity and shear relaxation time 
data at the low temperature where the Byring theory fails. 

Bubohb [28] has theoretically derived this same relation by considering 
fluctuations of the local free volume. He assumes that a certain minimum local 
free volume must be exceeded before a jump can occur. The jump rate Is then 
related to the probability that this critical free volume will be attained. 
Bueche’s theoiy emphasizes that molecules cannot move as individuals when 
the mobility is limited by the free volume. When one molecule moves or jumps 
many others must co-operate to allow such a movement. Thus co-operative 
effects become a significant factor in determining the low-temperature mobility 
of molecules. Therefore, the non-Arrenhius behavior of shear viscosity and 
shear relaxation time is evidence that co-operative effects play a role in the 
shear flow process in many liquids. 
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The W.L.F. equation breaks down at temperatures about. 100 ”0 above 
the glass transition temperature. This is in accord with the concept that co¬ 
operative effects are far less significant at high temperatures and that the 
mobility is no longer simply volume-limited. 

7'2. Volvme maeous procesaea. - Experimental results on measiu*emeuts of 
the volume or structural viscosity, i;*, of many liquids has yielded additional 
evidence .that the structural relaxation process has co-operative aspects similm* 
to that found in the shear flow process. For example, the fact that the volume 
and shear viscosities and relaxation times have been found to have similar 
temperature-dependences, indicates that any co-operative argument applied 
to the shear process is equally applicable to the structural or volume process. 

Furthermore the result that the ratio is simply related to the entropy 
of fusion is consistent with a co-operative model. 

The explanation which has been offered for this relationship assumes that 
a quasi-crystalline lattice exists which must « mdt» or become randomized for 
structural flow to occur. While the structure is randomized molecules can change 
their positions and then revert to a new « quasi-crystalline » order. Because 
of the co-operative nature of the melting process, the above results imply 
co-operative behavior is involved in the viscous flow processes. 

Therefore the non-Arrhenius behavior of shear viscosity and sheai' relax¬ 
ation time is evidence that co-operative effects play a role in the sheai’ flow 
process in many liquids. 

MoDotpxe and Litovitz [29] have proposed the following reasoning to 
explain the distribution of relaxation times in shear’ and structural relaxation. 

1) Eegions of short-range order exist in the liquid which are continually 
breaking up and reforming. 

2) The break-up of this structure is co-operative and does not follow 
a simple rate process; that is the degree of order of a given structure decreases 
nonexponentiaUy in time. 

3) This co-operative nonexponential behavior is the origin of th<( ob¬ 
served distribution of shear and stnictural relaxation times in the liquid. 

Fundamental to any simple relaxation theory is the assumption that the 
degree of order decays exponentially. If however the ability of one molecule 
to jump or re-align itself depends on the condition of its neighbours, then 
nonexponential decay would occur. Foi’ example if a molecule was part of 
a «group » whose break-up is co-operative, it should be easier for a part of 
the group to break up after the first part has randomized. 
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7’3. ViscouH relaxation in the Arrenhius region. - In almost every liquid 
the mechanical relaxation effects have been measm'ed in the non-Arrhenius 
region where, the W.L.F. expression holds. In every one of these liquids a 
distribution of mechani(*.al relaxation times has been observed. If the expla¬ 
nation for the non-Ai‘rhenius behavior of the viscous processes is correctly 
given by tlie assumption of co-operative motion of gi'oups of molecules, 
and if the origin of the distribution of stru(*tural relaxation times is related 
to the co-operative nature of the process measured in the Arrenhius region 
this should exhibit a single relaxation time. This is just what has been 
found. The ultrasonic relaxation measurements on molten zinc chloride have 
been made in the region where In varies as 1/37 and a single relaxation time 
has been observed both for shear and structural relaxation processes. 

Tliis is again in accord with the concept that because of the large free vol¬ 
ume at high temperature the molecular mobility is determined by a simple 
non-co-operative, thermally activated, rate process. 
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Acoustic Relaxation in Electrolyte Solutions. 

K. Tamm 

Institut fur Angewandte Physik - Heidelberg 


1. - Introduction. 

The soimd absorption in aqueous solutlonn of some elootrolytes, includinif 
sea ■water, exceeds that of the solvent considerably. The froquency-depondenco 
of the absorption (Fig. 1) shows that the absorption is given by the super- 



Fig. 1. - Frequency-dependence of total sound absorption per frequency squared (2a/v*) 
in sea water compared with 0.014 m !M!gS 04 -solution. 

position of that of the solvent plus a relaxation absorption which is caused 
by the electrolyte. 

Systematic investigations have shown that tbe number of observed relax- 
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Fig. 2. - Freq^uency-dependenoe of sbimd absorption .volume (QX)m of in acqueous 

KgS 04 -solution. 

ation processes—^whiob correspond to maxima of aA vs, frequency v (see 
Fig. 2)—depends on the type and the valency of both ion partners. While 
nearly all the «weak» electrolytes show one relaxation niLaximum, the number 
of relaxation maxima varies for strong electrolytes. Strong 1-1 valent electro¬ 
lytes show either no electrolyte absorption or a small negative one (Fig. 3). 



Fig. 3. - Concentration-dependence of total absorption coefficient in NaBr-solutioim. 

This may be explained by the influence of the ions on the structm*e of the 
solvent. Apparently the ions partially destroy the icelike configuration of 
the water molecules. In contrast, strong 1-2 electrolytes show a relaxation 
maximum at high frequencies (approximately at 100 MHz), and for strong 2-2 
electrolytes there exists an additional one at lower frequencies (Fig. 4). For 
example MgS 04 has a maximum at 140 kHz which exists neither in !NaaSC )4 
nor in MgClj. From these facts it may be concluded that the absorption is not 







ACOUSTIC RELAXATION IN ELECTROLYTE SOLUTIONS 1/ / 

caused by the interaction between the ions and the solvent but that there 
is a specific interaction between different ion partners. This was first supposed 
by Libberi^ann [1], who discussed a simple dissociation reaction. Investi- 






6 ^// / 




Fig. 4. - Survey on sound-absorption volume (§A) vs, frequency of different electrolytes 

in aqueous solutions (20 °C, small concentrations);-1-2; 1-3; -^2-2; 

-2-1;-3-1;-3-2. 


gations of Kxtrtzb, Eigen and Taiicm [2] have shown that the assumption of 
a simple dissociation can be shown to hold only for weak electrolytes. For 
strong eleotcolytes, especially for 2-2 and higher-valent ones, apparently a 
step-wise dissociation with at least two steps exists. This may be concluded 
from the existence of at least two relaxation maxima which have a similar 
dependence on the electrolyte concentration. 

The step-wise dissociation may be interpreted as a step-wise separation 
of the ions from each other by inserting one, two or more water mdecules 


12 - RenrliconH /ST.I.F. - XXVXC. 
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betweea liliem. The first steps are distinctly different from each other and from 
the following ones with respect to configuration, activation energy and othei* 
data. . They therefore cause discrete relaxation processes with different tinie- 
constants which in 2-2 electrolytes are apparently identical with the two 
relaxation maxima observed (Fig. 4). It is easy to understand that the specific 
qualities of the ions may only affect the binding (and the absorption) if the 
ions are very near together or in direct contact. The lower of the two maxima 
observed (the relaxation frequency of which varies strongly with the type of 
the cation) may be ascribed to the first step of dissociation, in wliich ions in 
direct contact go over to a complex with one water molecule inserted between 
them. The fact that the relaxation frequency depends only slightly on the 
anion is probably caused by the fact that the anions of the electrolytes investi¬ 
gated have similar qualities—^they all are salts of the oxygen acids. The 
insertiCn of a second water molecule (and further ones) is not affected by the 
specific qualities of the ion partners, only the dectrostatic charge is 
important: 


8 O 4 #MeO( SO« ?iMeSO«. 

Therefore, within a group of electrolytes of the same valence there should 
be no essential differences in the frequency of the corresponding relaxation 
maximum. Indeed, all 2-2 electrolytes show the t higher » relaxation maximum 
at about 100 MHz, which may be ascribed, therefore, to the second step of 
dissociation (Fig. 4). 

The following steps of dissociation caused by insertion of further water 
molecules do not differ very much from each other. They are included in the 
ionic atmosphere (ion doud) interaction which, therefore, has a broad frequency 
spectrum and is connected with a flat noaximum of the absorption per wave 
len^h vs. frequency curve which differs considerably from that of a discrete 
rdaxation process. In agreement with this an absorption is found for all 
eleefirolytes for very high frequencies (> 100 MHz) which, of course, depends 
on the valency of the electrolyte. Unfortunately, the dependence on frequency 
cannot be tested experimentally since the experimental limit of the frequency 
range of the measurements is about 300 MHz. 

This interpretation of the relaxation phenomena in electrolytes is very 
plausible since a great number of the existing experimental results can be 
explained under certain reasonable assumptions by means of a corresponding 
theory of multi-step dissociation. The theory which gives numerical results 
being in good agreement with the experiments will be represented in the 
following sections. 


/H H 

Meo: o: 


\h \ 


■H 
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It can be shown that other relaxation processes which might also be con¬ 
sidered to be the cause of &e measured relaxation maxinifl, do not have the 
proper behaviour with respect to relaxation frequency and strength. For 
example the relaxation corresponding to tb.e transfer of energy between the 
different (translation, rotation and oscillation) degrees of freedom (which is 
well-known from the investigations in gases by Knesbr, [3], Hbbzfeld [4] 
and others) may be excluded since the relaxation frequency should not, as 
observed, shift with concentration. 


2. - Theory of acoustic relaxation In electrolyte solutions. 

It is very wdl known that when a chemical equilibrium between reactants 
and reaction products is disturbed by the pressure and temperature variations 
of a sound wave, the return to equilibrium is retarded because of the finite 
reaction rate and that this retardation is the cause of an acoustic relaxation. 
It is the aim of the theory given here to derive relations between the kinetic 
and thermodynamic parameters of the reactions existing in electrolyte solu¬ 
tions and the measured acoustical relaxation data, i.e. frequency-dependence 
and absolute value of absorption and dispersion. Since such a theory is very 
similar to the well-known tlioory of-excited states, only the essential differ¬ 
ences in the suppositions will be given here and followed through the calcula¬ 
tions. The usual statements of chemical kinetics will he used. 

2 '1. Cal&aloition of tho relaxation times. 

2’1.1. One-step systems. At first the specific interaction of two ions 
A+ and B~ in the form of a simple binary dissociation equilibrium will be 
handled, i.e. 

(1 ) a+-i-b-Sab. 

( 1 ) *,1 (» 

The numbers of associates breaking up or recombining per unit thiae (of 
momentary concentration o^) are given by the rate-constants of decompo¬ 
sition kn and recombination k^: 

The time variation is, therefore, a nonlinear function of the concentra- 
ilons, given by 

( 2 ) • 
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For 6^10111)1111111 the time vaxiation (2) -will be zero, resulting in the veil known 
mass-action equilibrium equation 


(3) 


CaSb _ ^ ^ 

Oab 


where 5* are the equilibrium eoneenfarations. By subtracting (3) from (2) 
we get: 

^AB ~ ^A ®b) ^i{®AB ®An) • 


If the deTiations of the concentrations from equilibrium are small (3o< = 
= Ot—dt < 5), this relation can be linearized provided the rate constants *i, 
and kfi are independent of concentration: 

(’4) ^ SOb^B^ ai 

so that ^th So^= — — 

(6) Scab = - ^ . 


We thus obtain a dLderential equation for the return to equilibrium with time, 
the solution of which is an esqionentiaJ function with time constant r. The 
time constant (and, therefore, also the relaxation frequency co„ = 1/t) de¬ 
pends on the equilibrium concentrations since 

(6) “ = ^Sai 4" ^a(OA 4“ 5 b) • 

Equation (6) can be applied only to reactions in solutions with very low ion 
concentrations, that iS; to processes for which only the interaction between 
two reacting ion partners has to be considered. 

The behaviour of in aqueous solution i.e. of a weak electrolyte 

may be considered as an example. The experiments (Pig. 6) indicate a strietly 
linear dependence of the relaxation frequency on ion concentration if one 
supposes this ion concentration to be proportional to the square root of the 
electrolyte concentration c, as may be expected from the mass-action law (3). 

In order to extend the consideration to higher ion concentrations, the 
interaction of the ions with other ions in the ionic atmosphere has to be taken 
into account. In equilibrium this can be done by inserting the activity coeffi¬ 
cients ft or their product n*. The mass-action law can then be written as 
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Fig. 5. - DifEuaiou meoliauism of liydroxyl-ioua and protons. 


■whore a = c^fc is tho degree of dissoeiation and K is the equilibrium constant; 
which is independent of concentration. Thus Kj!!' replaces fcji/fci* in eq. (S)- 
It can be shown that for all reactions, for which the return to equilibrium 
of the general interionic interaction {e.g. for the ionic atmosphere in the sense 
of Debts and Huokel [6]) is fast when compared with the reaction step 
considered, the reaction may be represented further by eq. (2). Here 
remains practically constant while = may be presented as a pro¬ 

duct ■with the concentration-dependence of W (fcj, is a constant). 

In this case the concentration-dependence of the activity product has 
to be taken into account when linearizing eq. (2) by including a term 

CaC„ Ml' = gAC„ ^ So, = a*o . 


Then instead of (6) one obtains 


( 8 ) 



where 



ainjy 
81n Sb 




1 + 


81nJ7A ' 

81ncAj 


(Since AB is practicailly neutral with respect to cliarge: /^b ^ 1 and iT’’ /a’/b)- 
Unfortunately, eq. (8) which takes the activation coefficients into account 
is limited in application because of tho assumption, (which was used in its 
derivation) that the return to equilibrium in the ionic atmosphere is fast when 
compared with the reaction-rate in the chemical reaction. This assumption 
is not fuliilled for one-step reactions according to scheme (1). The reason for 
this is the fact that both the rate of the return to equilibrium of the ionic 
atmosphere as wdl as that of the chemical reaction are given by the collision 
frequency of the ion partners, which is determined by diffusion. Equation (8) 
is, therefore, valid only in cases for which the simple eq. (6) is valid too. Its 
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value lies iu the possibility of extending it to the case of multi-stei) relaxation 
processes. 

2’1.2. Two-step relaxation processes. As mentioned above, the 
recombination and the dissociation of two ions in aqueous solutions are multi- 
step processes in which, besides the two ion partners, the water molecules of 
the co-ordination spheres participate. This must be taken into account by 
extending the reaction-scheme (1) to the form (9) which includes (according 
to the experimental results) t^o equilibria of specidc ion interaction which 
depend on each other: 

(9) Ai-hB- ^ [ABJ^. 

*ti Jh* 

1 2 3 
Free ions complex of hydrated ions a(j[uo-oomplex 

The step 1-2 means the formation of an intermediate complex where both 
partners are in a hydrated state. The aquo-complex in which one or more 
HjO molecules of the inner co-ordination sphere of are replaced by the ion B" 
is formed out of this state. The kinetic equations for the process (9) may 
be written as follows 

~ ~ "I" ^ 21^2 

^2 ^ ^12^A®Ji- (^2i 4“ ^20)^2 H“ ^32^8 

ftg = ^23 Oa <?3 j 

if it can be assumed that the equilibrium of the ionio-atinosphere distribution 
will reestablish much faster than that of the reaction 1-2, so that 

^12 = ^ ^ 2 /a/b • 

Assuming that the deviations ^Ci=Xi from the equilibrium concentrations 
are small, the system of eqs. (10) can be linearized. With 

= § 0 ^ = §Ojj = ODi , S (/2 = , $03 — tZ /3 

we obtain from (10) 

( 11 ) 

^8 ~ ^23 (JO 2 Aj32*r3 ■ 


-"h ^21^2 > 

= (^21 ~h ^23)^2 ”1“ ^32^3 i 
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In tliis systoui the deviations iHt of the euncentratioiis of the diifoi'ent 8ts>te8 i 
are not independent of each othei*. Therefore, in general the relaxation times t, 
of the system are no longer eqnsil to those (t<)> which can he calculated for 
the different steps (if those are treated as «isolatied »). The t# are given rather 
by the eigenvsdues (— 1/tj) of the system of eqs. (11) which may be transferred 
by an affine transformation to a system (12) of independent equaitions, 

(12) ‘ifj— “ Vi] j —III» 


each of which refers to only one variable and its derivative with respect 
to thiio y,. The normal viiriables y# are such lineair combinations of tho oon- 
eentration deviations which are independent of each other during deviations 
from the equilibrium. 

The affine tiansformation may bo written in form of matrix-products 

(13) y = Mx\ X = Mr'^y . 

The transformation matrix M is given by 

/A!j,/(Ai, — 1/t,) 1 ^sa/(^aii ~ i/f,) \ 

(14) M= I l/r,,)' t ^3ii/(^i l/fii) I • 


Its inverse M- '- is determined by the condition M’M~'- = E, where E is the 
unit matrix. For the system (11) the eigenvalues Ay = —I/t# result as solu¬ 
tions of the characteristic equation [AE—JSl|=0 ; where K is the noatrix of 
the coefficients of eq. (11): 


I A,.„ s - 1 /T,.„ = i [ea ± - 4(/7ft) ] 

( 16 ) 

with 

Lk = " 1 “ ^ 2 » 


Ilk — kj^{kii ^ 22 ) "I" ^Viktt. 

These relatively complicated expressions (15) may be simplified considerably 
with the condition ri<r,i, which in many cases is fulfilled, since the experi- 
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mental relaxation times mostly differ by a larger factor. Tbe case 


(16) 


fcjj, kii ^ A23J Alga 


is of special interest. Physically this assumption means that the equilibrium 
of the first step A4-B5i(AB) adjusts Tery quickly, while the equilibrium 
of the next step follows only slowly. 

With the condition aji + asa + », = 0 (which means constant electrolyte con¬ 
centration and Aqi = 0), the eqs. (13) and (14) can be simpliffed. Since (12) 
shows tliat multiplication of y/ by a constant factor does not alter the system, 
the following variables may be used if (16) is valid 


(17) 


I .» 

ODi T 57 : 


y-a =— (®i-f- ®*) = -t* ®*; 

yin = 0 , 


(18) 


a>x = — yi- 

».=+y‘- 

*8 = + yii. 


kai 

sr+it;''"' 
»!. .. 


A»ig “h fcgi” 


Under the condition (16) the eigenvalues of the characteristic equation arc 
given by 


(19) 


“ — A'ai + Jia». 
Ti 





with = 


^ 1 * "h ^81 



Tj describes the relaxation of the step 1-2, which consists in the fast read¬ 
justment of the partial-equilibrium A+-t-B“ (AB). Because of its slow 
transition rate in tli.e step 2-3 the concentration of state 3 is very little 
influenced by fast variations of tl^e concentrations in the states 1 and 2. 

On the other hand, the second relaxation process (with the time constant Tj,) 
is not given simply by the equilibrium of step 2-3 but by an equalizing process 
between state 3 on one side and the equilibrium of 2 and 1 on tlie other side. 


21.3. Multi-step relaxation phenomena. If more tlian two relax¬ 
ation steps co-exist, ti can be given explicitely only for special cases. Such 
a case occurs when the different relaxation th^es form a discrete sequence 
Ti < Tji <... < T„, i.e. if each step is much faster than the following one. The 
relaxation spectrum may then be calculated successively. 

The relaxation tiroes. t, and Th are identical with those calculated for a 
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two-step process, since the coucciitration oC l.lie other states o.g. (AB)^ etc. 
is nearly unaltered hy variations in states 1,!2, and 3. For c-alculation of Tm 
the equilibrium between state 4 and the states 1, 2, 3 together has to be 
considered. 

Wo obtain: 


( 20 ) 


— — ^a*; 

Till 


where JcL 


74 


Jiaa H" Aj 


- Jc»A — 


1 + As2/A*8 


It may be meutioued that a ciilculatiou in explioit form is possible also in 
the case of nearly equal rate constants of the first two steps 

Ajj) feaij Ajjj /Cja ^ Aaaj • 

For these two steps the general solutions according to eq. (13) have to be 
used, while for the « slow » step the expression (20) remains valid. Besides fc« 
and Am oq. (20) comprises only equilibrium quantities of the steps 1-2 and 3-4. 
T,n is independent of the special reaction mechanism of these steps. 


2'1.4. Belaxation of the ion-distribution. Complicated systems 
may also be treated according to the method given above provided certain 
assumptions are fulfilled. The dissociation process of an electrolyte in fact 
consists of a series of many steps, because state «1» includes a great number 
of different configurations of the two ions with different strength of electro¬ 
static interaction between them. This means the first stop 1 v* 2 in the 
reaction-scheme cannot be doscj'ibed by one discrete relaxation time. For 
this step, therefore, a continuous spectrum of relaxation times exists which, 
as will be shown later, corresponds to the continuous distribution of the pos¬ 
sible distances (*). However, the insertion of an ion into the co-ordination 
sphere of the other ion does moan a sequence of discrete elementary steps 
(steps 2 3 4), the time constants of which differ chaiacteristioally from that 

of the preceding steps. 

The * encounter-complex» « 2 »is part of the ionic atmosphere. The estab¬ 
lishment of the equlibrium of the ionic atmosphere (represented by the dis¬ 
tribution function F) may bo treated acicerding to Debye, Falkenhaoien and 
ONSAOEiir [6] as a diffusion problem. In the case of the readjustment of a small 
disturbance F^, f^^ we obtain 


(21) 


8J'(«, t) = SJP(«, 0) • 5'erfo 



(*) This is valid smoe in liquids there is no orystallike remote order of the ions. 
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where 


0 = a time period = 

Qt = Motion ooefllcient 

Bo = radius of ionic atmosphere = 




Qa + fcT/JBo 


»9 9 


•inel 




-i 


erfo (^) = error function of Z 



Belation (21) differs considerably fi'om that of a siugie discrete step where 


So(<) = Sco - exp [— */t] . 


The single relaxation time r is replaced by a continuous sequence of time 
constants A0 between 0 and 0. 

The quantity 


(22) 

ca)=i 

cos (sX*) 
. v^A* 

where 


1— A\‘ 

A r 


T 


sin {sX*) 


8 = rjBo, 


> 


is a distribution function that determines the weight of the relaxation processes 
co-ordinated to the time constants Xj0 within the relaxation spectrum. 

The theoretical solution for the relaxation of the ion distribution given 
above is valid for very dilute solutions (under the assumption of point charges). 
The theoretical treatment of a nonstationary ionic atmosphere for high con¬ 
centration is a difficult problem which has not been solved so far. However 
for the examples which will bo treated later on, the approximation given above 
can bo used. The specific steps of ttm (('hemical) reaction are so slow that 
they may be treated separately, taking the influence of the ionic atmosphere 
into account by using the activity coefficients. 

For sufficiently week electrolytes, however, the diffusion-dotermiuod re¬ 
combination may also be treated like a discrete bimolecular reaction since the 
interaction within the ionic atmosphere remains negligibly small. 


2‘2. Calculation of the moleoiilar sound absorption (relaxation strength). - In 
a sound wave, the finite rate of chemical reaction causes (time-dependent) 
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deviations of the coiKjoiitratioiis from the oqailibrium appropriate to th« 
instantaneous pressure, i.c. a phase-shift exists between pressui’e and volume. 
This means that the part of the compressibility which corresponds to the 
chemical transition becomes complex, its imaginary portion determining the 
sound absoi'ption. 

The calculation may bo reduced if the following assumptions are futflllod: 

а) The deviations of the inner ptmunetors from equilibriimi are small 
(Sci^Oi) so that the equations can ho linearized. This is valid for 
small sound intensities. 

б) The contributions of indepoiulont relaxation pro(«588es iiii*e additive. 
This is Vidid if a) is ful'tilled. 

o) The variations in the solvent (struc.turo relaxation) are sufficiently 
fast and may be regai’ded as being in equilibrium with the external 
parameters (e.g. pressure) in the frequency range under consideration. 
This can be tested by absorption measurements in the solvent. 

d) The chemical relaxation processes may be regarded as proceeding 
under constant external conditions {T,p). Tliis is approximately 
fulfilled if the mole fra<!tion of the solved electrolyte is small when 
compared to the Holv(«it, beosuiso under this condition reaction- 
enthalpy and reaction-volume don’t induenoe temperature and pres- 
sur<» in the sound field. For the same reason the thermodynamic 
conditions under wliich the solution is (iomprossod in the sound wave 
do not influence t, i.e. fss 

2'2.1. One-step relaxation processes. With the assumption that 
the contribution of the adiabatic chemical reaction (for equilibrium) to 
the compressibility is much smaUer than the instantaneous compressibility 
Xg of the solution (*) [this assumption is fulfilled if assumption a) in Section 2'2 
is fulfilled], the corresponding absorption per wave length is given approxi¬ 
mately by eq. (23). 


(23) 


9C8 




Xg 


Thus tlie absorptioa volume QX (absorption cross-section. Q times -waivelenghtli A) 


(*) 9{g is the compressibility of the solution at frequencies higher than but 
lower than the reciprocal of other (smaller) relaxation times (e.g, structural relax¬ 
ation). 
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is, for 'a given concentration o, 


(23a) 


(or 


*"Cll 


0 l + CD>T*0-«f 


Por co = com = l/T we obtain a numraum value 

j?* ^oh 

(24) or (QX)^ , 

ycs q*hb 


where inst ead of t p>ix^= ^a. approximation (jc^* < «")> 
T <%» Tj, = • Ty,, may be written. 

The equilibrium value of t^e chemical portion of the compressibility may 
be derived from tliei^iiiodynamic relations 



where x is the degree of dissociation for equilibrium (*). The tot factor 
is given by the difference AF^ of the partial volumes of the two states 
(for adiabatic reactions); i.e. 


(26)- 


w a- =o-AFa. 
K \ oa /&,p 


The second factor, the vaiiation of equilibrium with pi'cssuro, also depends 
on AF^ as follows: 


(27) 



c, BT ' 


In eq. (27) the factor F* accounts for the number of individual reactions, and 
varies with tbc type of the reaction. For a single step dissociation it is 
given by 


(28) 


r*= 


r 

l + r(01aZP/0a)‘, 


whore 


-_ a(l-a) 
2-a ■ 


r depends only on the degree of dissociation and has a maximum for a = 0.69. 
The denominator of the expression for F* accoxmts for the variation of the 


( ) The bar is omitted further on, when confusion is not to be expected. 
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activity coefficients -witli concentration and is very small for concentrations 
between 0.1 and Im. 

Tbe factor in (27) has to be introduced because the differentiation 
should be carried out for constant entropy instead of constant temperature. 
We obtain, therefore, 


(29) 


i^=cr*^ 


(AF«)»e? 


BT c. 


where 

(30) 




AF. 


AF^ is the difference of the partial volumes (for adiabatic reactions) which 
is given by the differences of the partial molar volumes (reaction volumes) 
and enthalpies (reaction enthalpies). 6" is the coefficient of thermal 
expansion for the whole system for a constant degree of dissociation. For 
aqueous solutions (because water has a maximum density at 4 “G) the factor 
6“/go“ is very small (= 0.21 cm’/kcol at 20 °0) and the enthalpy term may 
be neglected in (30) (*). 

Since o" for dcctrolytoa in aqueous solutions, 

(31) stf or* . 


2'2.2. Multi-stop relaxation processes. If a multt-step reaction 
has discrete relaxation times we obtain for the absorptiou spectrum the sum 


(32) 


4 . OiZ] 

^ /tj 2 l + <o*iy 


each component j of which may bo calculated in a way similar to the single¬ 
reaction case. Since the relaxation times Xj are already known from Section 
2’1.2, only an outline of the calculation of will be given here. 

The variations SIV* of the concentrations (caused by the reaction) are con¬ 
nected with a variation SF of the volume F; 

(33) aF= BNi • Fa + SJV, • F, + SIV,• F* with Fx = F^ -)- F* 


(*) In non-aqueouB solutions, however, os well as-in other liquids and gases the 
enthalpy term mostly dominates. 
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where Ff is the number of moles of the component i within the volume F, 
and Yi is the partial volume of this component. 

Instead of the number of tlie moles JST* the concentration per unit volume 
0 { = NilV is often introduced. It is advantageous here, however, not to refer 
to the volume V in which the quantity N of the dissolved moles are contained 
and which depends on the degree of dissociation, but to a constant quantity, 
e..g. to the mass of the solvent within the volume V or to the volume F, 
of the solvent before the electrolyte was dissolved. With these concentrations 
oj we get (*) 

SF 

0? = NtIV, = 0, F/F„; ^ = F,. 

ro 

By transforming the deviations SoJ into the normal variables So® using oq. (17), 
we get 

(Fa-F,)+w-^(F,-F,) . • 

m* T "ai 

Introducing the difference of the partial volumes which are attached to the 
reaction step 2-1 and 3-2, i.e. 

(36)- (F.-Fi) = AF„; (F*-F.) = AF,*^ - AF« 

we get (with the approximation given above) the differential vohimes AF 
associated with the normal variables SoJ 


(34) ^ = So?(F,-F) + So?x 

^0 


(36) 


11 

< 

1 

and 

AF„ = 

i 

> 

1 

1 

i 

JCii -j- ^21 


Considering the differential volume, process I simply corresponds to step 1-2 
(with the approximations given above). However, since process II corresponds 
to a transition between state 3 and the equilibrium between 1 and 2 it does 
not consist only of step 2-3 but also contains a contribution of stop 1-2. 

Fox the additional compressibility of the solution caused by the proces¬ 
ses I and II, which here are the only ones of interest, we obtain: 


(37) 


Xi -f Xtt = 


y 9p 


1 8F\_ 
F'0p )r 




F 0p ’ 


(*) but 2 So? ^0. 
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^ „oo J 
Ks 


,= I,IL 
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The difCeronthil volumes AF, and AF„ are known from eq. (36). For tho cal¬ 
culation of tho expressions 3<!j/3p it is convenient to transfcmn the normal 
variables SoJ into the concentration deviations SoJ, since the dopondenco on 
pressure of the latter may bo reduced to the difforonces AF^ and AFg,, of 
the piJrTtial volumes. 

For this reduction wo replace the concentration cj by especially defined 
degrees of dissociation and transformation and introduce corresponding equi¬ 
librium constants. (The quantities TCja, ITij/iZ'' and K^JII/ differ from the usual 
ones by a factor. VIVo, which is unimpoiliant when compared with II'): 

— for step 1-2: degree of dissociation 


0? 


11' fc,a cj 


(39 rt.) 

— for step 2-3: degree of transformation a„ 


(39 b) 


ccoi — 






jy _ 5 


a;.(c;±_4) 

i — ocja 


.1 — a,s ■ 


— for step l-(2,3): total degree of dissociation « 

, oj _ («?)* _ 

(39 c) “-o«’ "n'~l + Ko^ cl + el 1-a* 

If wo now differentiate au, ccao, and a with respect to the corresponding equi¬ 
librium parameters given in (39), we have reduced ddllQp to derivatives of 
these equilibrium parametera with rosp<ict to pressure i.c. to well-known thermo¬ 
dynamic relations 

AF„ „31n7T/0cS 
BT ^ 3oS' Sp’ 

AF.a 
BT ’ 

AFi, _ .y 3 _1_ AF,» 

jRT ^ dot ■ 0p 1 -t- Bio'BT ’ 


(40) 


0p 

0 In Boi 

0P 

0 In JEii/72^ 

0p 


(where AFi, and 11' depend on concentration). 
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The calculation of 3cJ/0i» yields the same coiuhinatioii of A1',, and A 
as was found for AFj and AF;,; Wo, thwoforo, obtain—as was t o la* oxii«*<<t«Ml— 
their values squared in the comproHsibiliticK of pro('<«HH<>H I and 11; 




(AFi)‘ 

' BT ’ 


ffn == oiTi 


(AF„)‘ 
RT ’ 


where 


(41) 


TT* _ _ Fl 


Ft 


a,,(l - •«„) 

2 ■ «„ ’ 


r5= 


Fu 


i + r«(ainiT^/aa), 


1 * 1 * 

i i + iir„ ’ 


F,^■.^.F 


«{J -«) 


The factors F^, F„ are analogous to F of the Hingle-stop naiction; in 
however, « is replaced by a^- Some deviations occur for and Tho 

factor a/«M in F* accoTints for the fa<'t that only a part of tho total numtier 
of ions participates in the reaction 1-2. The second factor in /’,* iurcount« for 
the simultaneous variation in tlio equilibrium 1-2. 

The system of equations can easily be extiuuied to inultl-Mtep roiwtioiis, 
if the simple rule of formation for F* is uscal. 


eFi — (^ 1 + + ••• + o«- i)On 

<^ + Oi-f... + + C„ 


where 


1 2 .//ain/M 

o'." e, M ac, 


For the 3-step system [see scheme (63)] wo obtain tlie 3 contributions the 
compressibUity (according to the 3 relaxation times r„ t„, t,„) 


( 42 ) 




whore 


Fi =~ 


Fx 


«»i + ri(ainiz'vaffi„)» 


rs =— 


Fxx 


1 +to . 


«!»1 + riz(a lall'Jdoci^) 1 + Kt, 


i7n = 




1 + Fm(Q lni7//a«) 1 + ifnCl -f ir„) 


/. ... «l«(l -«.l) 

* <» sy ^ 

- «lt 


Fn - 


*i«(l -«ni) 
- dClM 


/. «(l *) 

/ in ■ ■ 
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(42) 


and 

AFi =7,-7x; 

AF„ = (F,-7,) + (F,-F0; 

^12 + »21 

AFxn = (7,- 7.) + A7„; 

^21 + «'32 


ai2 — Cil (Cx + O2) f 


OCxiS — + ^2 + C3) , 


a == ai234=Ci/(Ci+C2+03+04)=Ci/e. 


Por an example discussed later the degrees of dissociation aia, aua, and a ar 
of equal order of magnitude and 

<«' ■ 

The last factor of F*, con.ta>ining tlie rate and the equilibrium constants, does 
not alter considerably the dependence on concentration. F*, 1% and JT,*,, 
therefore, show a similar behavioui with respect to concentration. 

2'2.3. Influence of the ionic atmosphere. - The expressions (41) and (42) 
are valid only if the assumptions given above are fulfilled, i.e. in tbe case 
of relatively weak electrolytes (where the effects of the ionic atmosphere may 
be neglected) and in the case of strong electrolytes for the slow processes 11 
and III only. If the diffusion is also to be included, the interaction between 
the kinetics of tbe ionic atmosphere and chemical kinetics has to be considered. 
On the other hand, a calculation of tbe relaxation of tbe ionic atmosphere 
is possible in a relatively simple form only for the case of complete disso¬ 
ciation, i.e. without consideration of chemical reactions. 

According to Hah. [7] we obtain for the absorption per wave-length 
(somewhat different from Lbontovio [8]): 

(M) 

where 

^ kTE» (VB}iiK<‘\ [VBlnK»\ 

^-24^'\ 07 JA 07 j/ 

is the relaxing part; and 



18 - Btndieontt 8.I.F. - SXVIl. 
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the static part of the modtxlus for mliulmtic (‘oiiiproHMioii. TIh* ratio of Hio 
sound velocities is approximat<'ly unity. TIui frt‘<pi<'ij«*y UTtn lm« 

the form already mentioned (see Fijj. 6) 


(48)' 


' ' «(«+!)’ 


where 


(1 4 o)*0»)* 4- I 


For the case of chemical equilibrium, a relaxation pnxfesH with a continuonit 
spectrum has to be expected for the quickest step 1-2. The evaluation of 



Pig. 6. - Prequenoy-dependenco of absorption volume of the ionlo atmosphere relax* 
etion compared with a single-step-relaxatiou procoMi. 


formula (44) (see Table I), according to Hai.l, shows that for conwiitrnticinH 
o< 0.1 m the contribution to the absorption is very small ujid has Its iitaxiinuiti 
at very high frequencies. 


TabU! 1 . - Evahtation of dmooiiUioti thmri/ foriUfffmtl rquiUMum muatauU. 

7-lO-* mol/1 




Jr=3*10-» mol/l j 

0 

/ 




mol/l 

^"a 

5 

J 0 

SI 

iH 

H 

rH 

10-» 

0.70 

-4 

9 

1.37 

10-a 

0.38 

-4 

IZ 

2.67 

10-1 

O.IS 

-4 

10 

5.66 

1 

0.06 

-2 

2 

9.9 


.1 

II 


5 

12 

15 

4 


If 


hi:i 

1.42 

1,70 

1.69 


2-I0-« mol/l 


j a 


51 I 

fmt ” 


■7 4 

7 15 

6 16 
2 2 


;U a 

>11 


§'jV , 

j 


1.04 lA 
l.io ; 14 
1*14 ' 12 
1.12 : ft' 


ft I.OI 
1» 1.02 
1ft 1.02 
3 1.02 


23. Disousition of the theoretical remlto. - The expressions for the relaxation 
tunes and the corresponding values seem to be a little complicated. They 
will be discussed, therefore, in terms of a 2-Btep diswxdation. 
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Process I (whicli is much quicker than II according to the assumption 
Ti<Tii) includes the dissociation equilibrium of step 1-2 (^u), where con¬ 
centration Os is not influenced. It shows the behaviour of a simple binary 
dissociation process. 

Process II includes the total equilibrium. While the reaction 2-3 pro¬ 
ceeds only slowly, the equilibrium of step 1-2 follows practically instanta¬ 
neously. The relaxation time Tu reduces with increasing concentration from 
l/fcjs to l/(ftsa + *'*s) within the concenti-ation range for which fcj, «« fcji. If 
then Tn is independent of concentration. The dependence of the 
corresponding compressibility on concentration is complicated, since AFj, as 
well as A7n> depend on concentration; the first, because of the ionic inter¬ 
action, and the second, because of the term + 

Now let ns.proceed to discuss the following cases: 

— Case 1: 

(46) Cj Cj, Oij 1; fcj, ^ > 

For the limiting case «*-»• 0: og, = 1; axa = a, there exists a one-step binary 
dissociation equilibrium; }ij becomes identical to eq. (7), and »ji becomes equal 
to zero. 

If e» is small (but not zero), for k[^< hn the compressibility »,jWi]l have 
the same dependence on concentration as however, tlxe maximum will be 
somewhat smaller, is constant. This case is appropriate for many systems. 

— Case 2: 

(47) Og Cg, {Jj; .^23 1 i ^13 ^31 • 

For the limiting case «ag—0; aij = l, there also exists a one-step 

binary dissociation equilibrium (between Oiandos): Xn becomes identical to (7), 
jq becomes 0. A7,i-»-AFi», t„ depends on the concentration. This case 
corresponds to the case of a stationary intermediate state: 


(47a) 


k = 


kjtkti 

^3 ’ 




^ 33^1 
+ ^33 * 


and with (16), i.e., for 


( 476 ) 


V , Ivig ^ . 1 _ , kit - 

k = kit ^— ; k = ktt f i.s. = fcas “H ■ 

kti Tn «3i 
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For protolytic reactions often ftai*Cfc 23 

(470) = h = hi^,. i.e. ■^ = h[,+ lc^^, 

ACas *11 ^28 

wMch means another case of stationary concentration of the intermediate state. 
— Oase 3: 

(48) 0i Oj, Os j ^is ^ • 

For the limiting oase of Oi->0: ai, = 0; a = 0, there exists a one-step 
equilihrium with a qnasi-monomolecular transition. The activity coefficients 
axe omitted. and only x„ remains finite 

(48a) «n — otssCl — ass)o > 

eq.. (48a) is the relation for a monomolecnlar process. Besides 

(48t) — kii "1- %s3. 


i.e., 1/% will be independent of concentration. 

If Fas is small or Yanishes, there is a special consequence of eq. (36): two 
relaxation maxima should be expected. AFn may.-yanish if AF^, and AF,„ 
have different signs and cancel each other. 


3. - Experimental results and theorefieal Interpretation. 

In the following sections the theory given above will be tested by its 
application to different systems of electrolytic solutions. Also, with the help 
of the theory some new insights into the structure of electrolyte solutions 
can be obtained and some data, already known, can be determined more 
accurately. 

3'1. Diffusion-determined l-step reactions in weak electrolytes. - It has already 
been mentioned that for weak dectrolytes only the presumptions of the 
«1-step reaction» theory may be fulfilled, since the influence of the ionic 
atmosphere may be neglected as long as the concentrations are not too high. 
The system phenol (PH)-ammonia (NHs), for which experimental results 
(Fig. 7) were given by Bigbw and Maass [9], may be chosen as an example. 



ItKI.AKATlON IN KI,K<THOl.YT« AilMTlONA 


T1 h» nnK'tion Iium tlu* fi»rm; 
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iriiiiMitiuti. Till* i‘i|tiilibriutii: 

Iftoj fi’IINUti K 

ri*nuNi!,j (I *)• //'’ 

l» by tin* t'qttiUbriuiii i’onHtimt K O.tO, which iti a 

l|U»t(ci(t Ilf the t wo CIIIIMtlUltH, 

A‘| iittU /f|, nf the two wclU t 

known l•flnitibriu: ■ 


- .0': 


11 * |jir) 


K •• 5 


• OlmPH 
*0.1 mNH, 

> OOSmPH 
*005mNM. 


INiMin'l ... „ 


PH*NH •*P"*NH* 


The alven iinnntitieH r<*fer to p (hc) 

r n,n.''i m. The ileKrei* of ill- -j Kmiaeney-ilepeiHlenoe of (VAL for the 

HMOcbition lUnoiintM to « b..'Ul Myetmn |)hennl>Hiiimonl». 

for KtintU I'oncentmtionN. For 

hiither concentmtionN (c % 0.1 tit) //' only iliH*n«uHeii from 1 to u.H. 
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I/t (Ci., I I 
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From the ileiHanlenee of concentration (FIk. 7), by neittK tho oquilibrlum 
eoiiMtnnt, we obtain 


™ 10» m-‘ a «; *„ « !.«• UFm-»»-». 
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These values are somewhali smaller than that for pure diffusion. This 
difference corresponds to tlie retardation to be expected by the proton tran¬ 
sition. 

By means of the factor r= (1 —«)a/2 we are able to calculate from the 
experimental {QX)m values: 


A7 = — 22 cm‘/mol. . 

3'2. Ion reactions including protons and hydroxyl ions. — If one of the ion 
partners of the electrolyte is identical with one of the ion paiijners of the 
solvent, an exchange occurs. For small concentrations (because of the buf- 
ffer effect of the solvent) one obtains changed dependences on concentra¬ 
tion. If one ion is a proton or a hydroxyl ion, (i.e. in aqueous solutions of 
acids and bases) special effects arise. These effects are a consequence of the 
anomalous mobility of these ions in water, which is caused by the shift of the 
hydrogen bonds. A transition of a proton from a HjO'*' ion to a neighbour¬ 
ing water molecule (where it forms a new HgO"*" ion) means a shift of the 
proton by a distance equal to the diameter of a water molecule (see Fig. 7). A 
transition of a proton out of a water molecule to an OH~ ion (forming there 
another water molecule) is equivalent to the motion of a hydroxyl ion in the 
other direction. 

By means of this mechanism a proton or a hydroxyl ion may easily pene¬ 
trate the co-ordination sphere of the other ion partner, i.e., the ion partners 
may react with a high reaction rate if they have once formed an encounter 
complex. For small ion concentrations the diffusion will be the slowest step 
in the formation reaction and, therefore, will determine the recombination 
rate t. 

A very instructive example of this type of proc.eBS, according to Etqbn [10], 
is given by ammonium hydroxyde in aqueous solution: 

(53) 1S-H++OH- ^ NH3(+ )HgO . 


Without the buffer effect for very small concentrations the equilibrium 
of the reaction is given by 


(54) 


a»o 
1— a 


Hf 


[HHn[QH-] 

[NHgHgO] 


where jBr=1.6-10-®m for 25 ®C is relatively accurately known through meas¬ 
urements by Both [11]. It follows that the degree of dissociation is so small 
(a = 4 • 10-* for 0 = 1 m) that 77^ 1. The reaction, therefore, may be treated 

as a l-step reaction according to eqs. (6), (28) and (29): 
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Since a Vz’/o Cl, we may expect for the factor F* 

( 65 ) ^IVkio. 

Therefore, (QA)™ decreases as the inverse ot the square root of the concen¬ 
tration. The experimental results (Fig. 8) show very accurately this depend¬ 
ence on concentration. Pi-om the absolute values of the absorption we obtain 



Fig. 8. — Left: frequency-dependence of (QX) of ammonia iu aqueous solution lor va¬ 
rious concentrations; right: concentration-dependence of (QX)m and relaxation fre¬ 
quency v„ (derived from Fig. 8, left). 


a volume difference |A7| ^ (38±2) cm»/mole(*), which depends very little on 
concentration. The relaxation frequencies taken from the experiments show 
an increase •with Vo, coraesponding to the theory which predicts 

(56) cOm = - sw ktx + fcia • 3ao -f ft,,2 VKo . 

t 

From the slope of the straight lino given by vs. V^ we obtain 

fcij pw 3 • 10“ liter/mol s . 

(•) A7= 7niiJ -7oh- - 7nh.- 7h,o = 16 - 2 - 23 -18 = - 28 om*/mol. 
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TMs Talne a^ees well with those calculations arriTed at by the Debye for¬ 
mula for diffusion to a critical radius of 3, , 5 A and confirms the assumption 

that the rate of recombination ht, is determined by diffusion. The dissociation 
rate caimot be te^en from the diagram because it is too small; it may 
be calculated from by using E: 


ftji = Ekii 6 • 10* S“*. 

This value is larger than the dissociation rate in pure water, which is 3 -10-* S“* 
according to Eigbn and db Matbb [72]. The existence of ITHj-HaO complexes 
and a reaction following the path in (Fig. 9), therefore, seems to be proved. 
Without this complex the reaction would have to follow the path I/II, which 


H<+’ 

I / 




H 


H 


HI 


III 


H H 


I ^TT 

H ^ 


nhJ-i-ho- —► im, • H,o 

(ra,-hH,o) 

i\ /ii 

NH,+H+-I-OH- 

Fig. 9. - Scheme of the diflsooiation of ammonia in aqueous solution (path III is rate- 

determining). 


■would include the dissociation of water and would be slower. These conclusions 
were confirmed by Carnbvale and Litovitz [12] through measurements of 
the pressure-dependence of the absorption in 0.1 normal ammonium hydrate 
solution up to pressures of 2 000 kg/cm®. They were able to show that the 
relaxation frequency increases proportionally to the degree of dissociation a. 
The la'tter may be calculated ■with respect to its dependence on pressure by 
making use of the relation a Vfrom the thermodynamic relation 
0ZnJr/0p = —AFo/jRT. Since for small degrees of dissociation 

a<l; 

7t 

it may be concluded from this experimental result that the product %^nf = his 
is nearly independent of pressure. This holds for «*„ too, because (as known) 
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W does not vary considerably with pressure. However, tlie decay rate 
increases strongly with pressure (since kti = kl^W-x^o). 

One must expect other results when there is sulfuric acid in aqueous solu¬ 
tions. Sulphuric acid is completely dissociated in the first step (HjSO^ 

*7 H+'f HSO 7 ). The second step, 

( 68 ) HSO 7 72 = H++ 8 O 7 - , 

therefore, will take place in a H^-ion concentration equal to (l-|-a)o(*). 
The factor /"is given according to Eigen [13] by 

(59) r= ; Kim - «. 

2—(1—a)* ’ ' 1—a 

Its maximum (r«f0.2) occurs for 77^ pa 0.6 ... 1 for concentrations 0 pa 
pa 0.6 Kin^ «a 10 “* m (since E^hbo 7 «=> 10 “* m). In a range around this concen- 



Fig. 10. - Left: fiequenoy-dependenoe of [Qi.) of sulphuiio acid for different concen¬ 
trations; right: concentration-dependence of the frequency va;uogait~t'm: 

tration (where the measurements ware also made), only a small dependence 
of the {QX)m values on concentration may be expected because AFpa23 
cm*/mole, too, does not depend very much on concentration. 

Unfortunatdy the measurements (Fig. 10 ) do not include the relaxation 


(’) This is valid for electrolyte concentrations which are not too small because 
of the dissociation equilibrium of water. 
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Tna,TiTnfl.. If the (QA)m-Talues were assumed to be independent of concentration, 
the observed shift of the absorption curves can only be caused by a shift of 
the relaxation frequency [14]. The shift was found to be proportional to the 
concentration. This finding is in good agreement with the theory which 
predicts for 77^ (=« 1 

(60) 2w», ^ + ^(1 + 2a)o . 

By means of the above (Q^)„ calculations and of the results of the diagram, 
we obtain ^aaS-lO's-^ (from the intersection with the ordinate) and 
t PH 10^^ m~* s“‘ (from the slope). Their quotient, the equilibrium constant 
Z = 1.6*10-‘m, agrees weilwith conductivity measurements. From eq. (60) 
one obtains the relaxation frequency Vm 6-10* c/s. Prom the order of mag¬ 
nitude of the recombination rate t = 10^^ m~i S“‘, it may be concluded that 
here (as in ammonium hydroxyde) the « collision frequency » of encounters 
by diffusion determines the rate. It can be derived from molecular theory 
that an activation energy of 2 ... 3 kcal/mole may be ascribed to the formation 
of an encounter-complex. The fact that this value is much lower than the value 
of — 6.2 kcal/mole, which was measured by Davies, Jones and Monk [14], 
for the dissociation-enthalpy of H 8 O 7 is a confirmation of the assumption 
that anotber process participates in the reaction. The equilibrium is of the 
type given by condition (48) and % = ka/kgi • fcsi. A similar behaviour may 
be expected for the dissociation of other oxygen acids such as HSaO,, 
HCr 07 etc. 

The reaction discussed here should also exist in solutions of salts composed 
of tbe mentioned acids and strong bases (e.g. for NajSO*, Li*SO^ etc.), since a 
certain percentage of free H+-ions in water is used for forming HSO^-ions. 
Because of the low concentration of these ions, the conesponding relaxation 
may be masked completely by the relaxation of other reactions {e.g. NaSO" 
]Sra+-f 80“). 

3‘3. Stepwise dissooiation of higher-valent electrolytes. 

3'3.1. Attempt of interpretation by a one-step dissociation. 
After the first attempt of LiBBEiuttANN [1] to interpret the acoustic relaxation 
in seawater, many other authors have tried to explain the experimentiil results 
for 2-2 electrolytes by means of a one-step ion association of the Bjbrrum 
type [18]. This theory sufficiently explains a number of expeitmental results 
(such as the influences of ionic atmosphere, electrolyte surrounding, pressure etc.) 
for small concentrations. However, it is not successful for high concentrations 
and does not explain the existence of two coupled relaxation processes (Table I). 
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to‘, 

10 = 

"e 

o 

C3 

10 


1 

0.01 0.1 1 0.01 0.1 1 10 
c{Mol/l) 

Fig. 11. - Concentration-dependence of absorption cross-section Q of MgS 04 and 
and HnSO^ in aqueous solutions for different frequencies (measurements in MnS 04 
for 2.5, 5.5, 16,5 MU, at 25 '’C; all other ones at 20 °C). 

It tm*ns out that the dependence of the absorption on concentration (see 
Fig. 11) gives a particularly good criterion for the validity of a theory j here 
it excludes the one-step mechanism, as it may be seen from Table I and 
Fig. 12. Table I shows the result of the evaluation of the theory of one-step 
dissociation (eqs. (6), (23), and 
(31)) by using the activity 
coefficients given by Bobinson 
and Stokes [19] and by assum¬ 
ing different equilibrium con¬ 
stants K between 7-10-® and 
10~* m. The ^F-values were 
chosen to fit the (QX)m values 
as well as possible. From 
Fig. 12 we see that the de¬ 
pendence of the measured re¬ 
laxation frequencies on con¬ 
centration is reproduced only 
for F:>2-10-»m. The AF 
values will be of the right 
order of magnitude (AF„p = — 20...—10cm®/mole) also for K> 2’10~*, i.e. 
for equilibrium constants much larger than that value iC = 6 • 10-® m assu¬ 
med by Bies. The latter would yield AF-values much too small. 



Fig. 12. - Concentration-dependence of the relax¬ 
ation frequency of a l-step dissociation for dif¬ 
ferent equilibrium constants (-theory, x O 

experimental values). 
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The deviations from the values given, by Davies are omitted if a mtilti-Btep 
equilibrium is assumed. 

8‘3.2. Interpretation of measurements in 2-2electrolytes by 
means of multi-step mechanisms. One might first try to ascribe the 
higher absorption maximum to a relaxation of the ionic atmosphere. An 
evaluation according to Hall (Table II), however, yields (QA)„-values which 

Tablb II. - JEvaiuation of ionie atmosphere relaxation theory (aeeording to Hall). 


CalciQated for 

ionic atmosphere Measured for 100 MHz 


naol/l 

T 

10“®S 

(«A)« 

10-»om» 

(CA) 

10-»»m* 

io-» 

30 

0.07 




4.6 

0.2 

MgS 04 

MgCl* 

lO-i 

0.96 

0.7 

60 

1 


aire lower than the experimental (QA)B,-vaJue8 by some orders of magnitude. 
Neither can the differences found between MgSO* and MgCl* be explained this 
way, since in the ionic atmosphere the electric charge only should be essential. 
Therefore, a specific ion interaction seems to be responsible for the higher 

maximmn too. Only the small 
absorption in MgCl, and in other 
strong electrolytes is in approx¬ 
imate agreement with the calcula¬ 
tion by Hail and may be attri¬ 
buted to the ionic atmosphere. 

As an example, the theory of 
the multi-step dissociation may 
''lO'® iO'® 10'’ 1 be applied now to an MgSOi so- 

c (motes/i) lution. The underlying assump- 

Pig. 13. — Concentration-dependence of the tion (ifcij, ku. ^ ^ss) 1® fulfilled, 
apparent partial molar volume of MgS 04 in since the two relaxation times 
aqueous solution. differ considerably. For evalua¬ 

tion of the theory the volume 
differences AFm and AF*, were chosen in a way such that a close approx¬ 
imation, to the measured values (QA)m was obtained. Since the dependence 
of AFi, on concentration is given by the dependence of the (experimental) 
partial volume of MgS 04 on concentration (see Fig. 13), only the concentra- 
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tion-independent values ATJ, 
and AFaa may be cbosen freely. 
Adaption to the measured val¬ 
ues is only possible if A7u and 
AFi, have the same sign, i.e. 
A7i,>AF,. Because of the 
experimental result (QA)„i > 
^ we get £*23 > 5. 

The total equilibrium con¬ 
stant K, which stands for the 
equilibrium between the ions, 
on the one hand, and the sum 
of all association complexes, 
on the other hand, has been 
chosen as a parameter and has 
been altered between 3 - 10 -’ 
and 2 - 10 -*m (see Table III). 

The results of the evalua¬ 
tion of the theory are shown 
in Pig. 14. While the lower re¬ 
laxation frequency re¬ 

mains constant in agreement 
with the experiment, the high¬ 
er one (I/Tj) will increase with 
concentration; the slope de¬ 
pends on K. (The secound 
result is, so far, unconfirmed 
experimentally.) 




c (mol A) 

Fig. 14. - Conoentration-dependenoe of (<J4)m-val- 
ues and relaxation-frequencies lor'the two relaxa¬ 
tion processes of a 2 -step dissociation (• experi¬ 
mental results,-theoretical results). 



The calculated (QA)m-cur- 
ve fits, in general, the expe¬ 
rimental values if the equi¬ 
librium constants ara chosen 
correspondingly: « 10 -* m, 

Kt» fv 6 ... 10 . (New measu¬ 
rements by SxHioBni [20] in 


Fig. 16. - Conoentration-depen¬ 
denoe of (QA)m of MnSO^ and 
C 0 SO 4 in aqueous solutions fox 
high oonoeatrations. 
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Table III. - Evaluation of 2-‘8tep dissociation theory for different jpa/rarmter series. 


Parameter- 

series 

K 

(10-8 uaolA) 

^28 

X12 

(10-8 xxiolfi 

at;, 

(oia*/niol) 

AT,, 

(om®/mol) 

hi 

(10® B-i) 

^32 

(106 s-1) 

(а) 

(б) 

5 

20 

9 

9 

4.5 

18 

— 12 
-15 

-3 

-5 

2 

10 

8 

8 

0 (mol/1) 

(a) 

(&) 


CO CO 

M 1 H 

•f 

I—t 


c? 

N 

S' 

^ fl- 
<1 

1 


jf 

u 

pH 

si 

u 

w pH 

OQ 

00 

iH 0 
pH 

ci. 

10-* 

0.90 

0.98 

0.78 

0.72 

— 0.20 
— 0.34 

1.20 

1.04 

0.084 

0.019 

0.010 

0.002 

0 

0 

— 12 
— 15 

-13 
— 19 

56 

20 

8.0 

3.4 

2.4 

1.0 

8.1 

8.0 

10-* 

0.71 

0.93 

0.54 

0.41 

-0.57 
— 0.70 

1.59 

1.10 

0.183 

0.064 

0.029 

0.007 

— 1 
— 1 

— 11 
— 14 

- 9.9 

— 18 

103 

59 

13.0 

11.0 

3.2 

1.1 

8.3 

8.1 

10-1 

0.55 

0.89 

0.27 

0.17 

—0.79 

— 0.90 

1.98 

1.14 

0.224 

0.097 

0.044 

0.011 

— 3 

— 3 

— 9 

— 12 

- 7.6 

— 16 

85 

65 

11.7 

13.2 

4.0 

1.1 

8.4 

8.1 

1 

0.52 

0.88 

0.10 

0.06 

-0.97 
— 1.10 

1.96 

1.12 

0.244 

0.108 

0.048 

0.013 

— 10 
— 10 

— 2 

5 

- 4.0 
-10 

5 

13 

3.8 

6.1 

3.9 

1.1 

8.4 

8.1 


O 0 SO 4 and KeXmbe [44] in MnSO* at higher concentrations (Fig. 16) show 
a steeper decrease of {QX)^ yalues at concentrations around 1 m, where, of 
course, the assumptions of the theory are no longer valid.) 

With the above equilibrium constants we obtain for 0.1 m a concentration 
c*fw2-10-®m of the «inner co-ordination sphere complex». This value is in 
good agreement with that value 0 ^ 3 , which had been derived from the one- 
step dissociation model using K = 0.1 m. The fact that the fwo models yield 
the same value for the concentration of the closest complex is a good confir¬ 
mation for the prediction of the theory that for a description of the slowest 
process a precise knowledge of the faster processes is not necessary. Espe¬ 
cially ion doud interaction (ionic atmosphere interaction) and «loose-associ¬ 
ation steps » need not be treated separately from each other. This, of course, 
also holds for the calculation of the relaxation frequency. Therefore, from 
Pig. 14 the rate constants of the dissociation of the closest complex can be 
detemoined very accurately 


l!4,„=7.6-10's->. 
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The doTiations in (QXj„ existing at higher concentrations do not vanish 
even if the relaxation of the ionic atmosphere is included. A satisfactory 
agreement between theory and experiment can only be obtained by assuming 
a 3-step mechanism. This seems to be very realistic since, in the case 
of the interaction between two ions, discrete steps should be observed up 
to distances of 2 or 3 water molecules. However, the assumption 

fcju no longer will be valid for the transition between very loosely 
bound complexes. The calcula¬ 


tion has to be carried out 
without the use of the corre¬ 
sponding simplification. The 
result is in better agreement 
with the experimental values 
(Fig. 16). The best agreement 
is obtained with the values of 
Table IV, i.e. for jr=7... 20- 
•10~* m, K,a^ 1, 6 ... 10 

and the volume differences 
given there. 

Strictly speaking, instead 
of the activity coefficients the 
time-dependent interaction of 
the ionic atmosphere has to be 
taken into account. The ad- 

Fig. 16. - Conoeutration-depen- 
denoe of (QA)„-values and lelaz- 
ation-frequenoies for the S-step 
dissociation (-theory, •exper¬ 

imental values). 



c (moles/1) 
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'vantage of such a complicated calculation, however, is not very great since 
at the present time the result cannot be checked experimentally for high 
frequencies. 

Por O 0 SO 4 solutions Sibgbet [ 20 ] found a considerably smaller equilibrium 
constant jr, 3 = 3 ... 4. Therefore, the second term of 1/Tii=fcs3 4- 

•+ + ^ 1 ) can- no longer be neglected (as in the case of MgSO*) and 

the relaxation frequency should increase with concentration from to 
(jfcjj + ftjs), i-6. by the factor (l+Xjj). This, indeed, has been observed. 


8‘3.3. Interpretation for 1-2 electrolytes. It may be supposed 
that 1-2 electrolytes form complexes similar to those of the 2-2 valent ones, 
i.e., that water molecules in the co-ordination spheres of the cation are replaced 
hy S07~ ions. Because of the smaller electric charge of the 1-2 valent metal¬ 
ions even for ion radii of the same size (for B'a'^ 0.7 A)), smaller binding 

energies and, therefore, higher relaxation frequencies of tlis «lower » relax¬ 
ation have to be expected. This expectation is coirfirmed by a remarkably 
large absorption for higher frequency (Pig. 4); e.g. in 0.6 ... Im lla*80« solu¬ 
tions (^1) = 30-10-“ m® is reached for 300 MHz and seems to increase further. 

The increase of the rate constants ku and k^^^ causes the relaxation fre¬ 
quency T,n to come closer to r„, resulting in a nonseparable superposition 
of the steps 2-3 and 3-4. Therefore from the experimental results it cannot 
he determined whether state 4 is considerably populated. If this superposition 
is treated as a single dissociation step (the concentration of the metal-ions 
Being (1-f-a) 0 , that of the anions oo), the equilibrium is given by 


<62) 


[Me^[R-T (! + «)« 
[MeRT 1-a 


cnf=K„. 


A very rough estimate made by Bigbn and Wioke [21] using « 0.4 for 

«= 0 . 6 m, which is near to the optimal concentration, yields JC^= 0 , 2 m. 
With jT 0.2, which depends only little on concentration, and with 
A7 = 6 ... 10 cm»/mol, a constant value (Ql)»,= 26 ... 100 - 10 -*“ m» is found. 
This fits the experimental result. Por concentrations near to the optimum one 
{optimum with respect to absorption), the two terms of the reaction rate 
(%+1c‘2<xo) become nearly equal. By using this relation and the experimental 
■values of the relaxation frequency, ^ = 2-10*s-‘ is obtained. Por higher con¬ 
centrations the diffusion (l<-> 2 ) should determine the rate of the process since 
the transition 2-3 is very fast. Por smaller concentrations, however, the 
dissociation (3 -*■ 2) deternaines the rate.- The relaxation frequency, therefore, 
should increase with concentration, which agrees with the experimental results. 

It may be mentioned that a similar process should not occur in 2-1 electro¬ 
lytes, e.g. MgCl,, because a substitution of water molecules in the co-ordination 
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sphere by Cl” ions is not possible aad no complexes will be formed. The experi¬ 
mental results confirm this conclusion. MgCl* shows only a small absorption 
for high frequencies, which apparently is due to ionic-atmosphere relaxation. 


8‘3.4 Influence of the surrounding electrolyte. By means of the 
conception given here nearly all experimental results can bo interpreted quan¬ 
titatively. 


AddUion of other electrolytes causes a variation of both relaxation processes 
according to the shift of tlie equilibrium. If one of tlie ions of the added 
electrolyte (Mg01», NaSO,) is identical to one of the electrolyte (MgSO*) in 
the solution, the number of associates and therefore the absorption is increased. 
If the added ions {e.g. Cl” in KaCl) form complexes with the ions of tlio 
electrolyte solution, the number of associates and therewith the special relax¬ 
ation, which was investigated, will 
decrease. The reduction of the relax¬ 
ation of MgS 04 , when NaCl is ad¬ 
ded, shows t^at HaSO^ complexes 
are formed. Other electrolytes will 
affect tlte relaxation processes only 
by their influence on the ionic at¬ 
mosphere. 

The influence of the addition of 
adds may be explained in a similar 
way. On the other hand it is very 
probable that the rapid increase of 
absorption with the addition of ba¬ 
ses, which occurs just below the 

)t, has 



^Mgso. 


Fig. 17. - Concentration-dependence of 
[Qk)m and of SlgSO^ in water-dioxan mix¬ 
tures of different dielectric constants. 


limit of solubility of Mg(OH)i 
to be ascribed to the formation of 
higher hydroxo-complexes. 

The influence of the addition of 
other non-dissociating solvents in most 

cases can be understood as an effect of a variation of the dielectric constant. In 
water-dioxan mixtures according to Bms [16] and Wilson [16] the relaxation 
time of the lower maximum in MgS 04 depends on concentration (Pig. 17). 
This may be explained by relation (17). In aqueous solutions the equilibrium 
constant is 5 ... 10 so that the shift of the relaxation frequency 

with increasing concentration by the factor (l-j-PTit) is small and oansoaro^y 
be measured. As is known from other investigationB in analogous systems, 
kn and kn increase with decreasing dielectric constant. Therefore, l/JCt* 
increases and the variation of I/t,, with concentration increases as well. Sinee 


u - Kmauovu S.I.F. - xxvn. 
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I/th starts (for increasing concen¬ 
tration) with the value 115,2 (which 
decreases with decreasing c) the 
curves for different dielectric con¬ 
stants may intersect. The experi¬ 
mental results show that ttic 
(<?A)m-values also vary with the 
dielectric constant. For a one-step 
(Ussociation only a parallel shift 
of the curves should occur. The 
observed increase of (QA)m may 
be explained (for a multistep e- 
quilibrium) by a variation of the 
denominator (l-fFT,,) in 

Ktjutzb’s and Tamm’s meas¬ 
urements in water-alcohol mixtures yielded similar results. However, feere 
may be additional influences because the alcohols tend to associate. 



0.1 m MnSO, in HjO and D 20 -aolution. 


Replacing the solvent water by heavy water causes (according to measiire- 


ments in MnSO, (Fig. 18) by 
Smithson and Litovitz [22]) an 
increasing absorption while the 
relaxation frequency remains un¬ 
altered. This would be expec¬ 
ted since the relaxation frequency 
is determined by the rate of dis¬ 
sociation of the sulfato complex. 
The (QA)m value, on the other 
hand, should be altered because 
AF as weU as E are altered by 
the interaction of the ions and 
the solvent. 

The activation energy derived 
from the dependence of relaxation 
time on temperatwe (Fig. 19) cor¬ 
responds in size and variation to 
the dissociation rate constants. 

8'4. Kinetic behavior of diffe¬ 
rent 2-2 eUetrolytes. - The consi¬ 
derations presented here yield a 
mechanism of at least two di¬ 
screte steps for the establishment 




Fig. 19. - Temperature-dependence of relax¬ 
ation frequency in MgSO^-solution (determina¬ 
tion of activation energy). 
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of the complex equilibrium in sulphates of bi-valent metals. If the relaxation 
within the ionic atmosphere is taken into account by step 1-2 the following 
scheme may be proposed: 

1 2 3 4 

^ H y. 

(63) (Me*+)„ -h {BO\-U ^ (Mc»+ SOr)»„ (Me‘+ O SO*r)«, ^ (Mg 804 )*,, 

1-2 \ \ 2-:i \ :i-4 

H H H 

1 and 2 are states of the ionic atmosphere. The equilibrium 1-2, therefore, 
does not include any specific influenc/e of the different ions and may be de¬ 
scribed by the electrostatic Coulomb interaction by using a macroscopic 
dielectric, constant. The step 2-3 depends slightly, the step 3-4 much more 
on the individual qualities of the ions involved. As already mentioned it has 
to be assumed that in the « closest» state «4 » metal-ion and ligand are direct 
neighbom's, i.e. not separated by watei* molecules. However, there is still 
an interaction with the remaining water molecules of the co-ordination spheres. 
The state «4 », therefore, is an aquo-complex. 

This statement is substantiated by the strong dependence of the lower 
relaxation frequency—^which is determined by the dissociation rate of the last 
step (here * 4 ,)—on the character of the cation. As noay be seen from Table V 
I/ti, varies for the sulphates from Be"^ to Mn'’’^ by more than 4 orders of 
magnitude. In this table the ion radii (according to Basolo and Pbaeson [23]) 
are also listed. The relatively strong dependence of both the relaxation fre¬ 
quency and the dissociation rate on the radius of the unhydrated cation 
(0.32 A for Be+'', 0.70 A for Mg++) is evident. The dissociation for BeSO« 
proceeds a thousand times slower than for the Mg-salts; and for these another 
hundred times slower than for the Oa-salts. Another indication that step 3-4 
is a substitution of a water molecule of the inner co-ordination sphere by an 
807~-ion is given by the behaviour of the rate constant iu' Since the equi¬ 
librium constants —^which can be determined almost exactly from the 
absolute values (QX)m —^vary only slightly for different 2-2 electrolytes, t^e "kn 
values tiiow the same characteristic variation as the ku values. This is typical 
for a substitution reaction. On the other hand, (according to new investigations) 
^44 is, for a given metal-ion, nearly independent of the binding of the cation. 
The binding is weak for SO^" (as for H,0) but can be very strong as for the 
chelates (e.g. in phosphate complexes). Deviations from this behaviour were 
found only for the Be*+ and Al*+ (see below). 

In contrast to fc**, the *48 values depend strongly on the nature of the 
ligsmd, i.e. on the strength of the complex. The stability of the complex is 
manifested only in the rate of dissociation as indicated for MgSO*, MgStO* 
and Mg 0 r 04 . The strong dependence of the Tt^ and values on the radius 
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Table V. - JBate oonetcmta of Ugmd-water avAiUtwHon *n the irnier eo-ordination sphere 

of 2-mhnt metdt ions. 




MeX+HjjO 


Reaction 

^43 

*84 ( 8 -*) 

n«.>+ (A) 

Be»++80I* 

1.3-10* 

1 -10® 

0.35 

Mg*++80I* 

8 -10* 

1 -10® 

0.78 

Mg*++S,0;« 

1.6-10« 

1 -10' 

0.78 

M:g*++CrO;(® 

1.6-10* 

1 —• 

0 

01 

0.78 

Ca*+ +CrO;* 

2 -lO* 

2 -10’ 

0.09 

Mh*++SOr* 

2 -10’ 

4-10® 

0.91 

Fe«+ +SO;* 

6 -10® 

1 -io® 

0.83 

Co«+ +801* 

2.6-10® 

2 -lO® 

0.82 

Ni»+ +807* 

1 -10® 

1.6-10® 

0.78 

Cu*+ +807* 

2 -10® 

<10’ 

0.72 

Zn*+ +SO 7 * 

<10® 

<10’ 

0.83 


at the ca^on has already been discussed for the alkaline earths. Some of the 
transiliioiL metals, Oo++, Fe'*"*’, and Mn"*^ fit relatively well in the sequence 
of the ions with their dectron shells filled. Ni’*"'', 0u+'‘' and Zn"*"^, however 
do not fit in the sequence. Though ITi''^ and Ou+‘'’ have nearly the same ion 
radius as Mg"*"*", Ni+‘^ reacijs ten times slower, Ou"'"'' hy some orders of magnitude 
faster than Mg"*^. These, deviations may he caused hy a special electron 
configuration of these ions. For Fi"'"'" (d» electron system) a crystal field 
stabilization of the transition state has been predicted [23]. It retards the 
reaction when compared with that of a symmetric configuration of the electric, 
charge for the case of the filled-up electron shells of the alkaline-oarth ions. 
This sort of stabilization does not exist for the'<P, d* or d‘ electron system 
of Co++, Fe++, and Mn++. 

For Ou"*^ a planar structure of the aquo-complex esists, in which only four 
HjO molecules (in an equatorial plane) are bound strongly, while the two 
remaining ligands (arranged along the axis) are more easily exchanged. This 
explains both the high reaction rate and the very hi gh relaxation frequency, 
respectively (*). 

It was already mentioned that for some metal ions {e.g. Be'*"'') the hat values 
do depend on the nature of the ligand. It has to be assumed that for Be’*"*', 
Al*+, and especially Fe*+ the substitution of H,0 is so slow that the hydro- 


(’) The rriaxation effect in CUSO4 at about 10 kHz very probably corresponds to 
a hydrolysis (proton transition between H8O7 and CuOH+). 
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lyHis of HgO determines the decay rate. Tlie hydi’olysis depends on the basicity 
of the ligand. Since the exchange of HjO molecules in the co-ordination sphere 
of the hydroxo compound (e.g. FeOH*+) nuiy proceed relatively fast, the 
hydrolysis may become the rate-detennining process for the substitution. This 
■was observed for Fe^-^-coinpounds [26]. 

Exuen, Kuiitze, Tamm [2a] discussed also an intermediate hydrolysis 
mechanism of the form 


(64) 


[Me«■^q^ 

H 


■■ [Me-O ...H-SOJ„ 


(MoSO*)„+H.O, 


for simple dissociation. It is clear, however, that the hydrolysis determines 
the rate only for veiy small ions such as Be+‘i', Al’+, Fe* *■; it is of low influence 
for Mg^'"''. In tiiese cases the anomalous values of the rate constants are 
thus explained. 

Contrary to the very characteristic variations of the relaxation times of 
the lower msiximum, only small differences wxaro found for the higher maximum. 
This wswt to be expected for the transitions 1-2 and 2-3, because of the small 
deviations of the radii of the hydrated metals. For instance for Be'-^- the 
distance (of the (tharge center from the surface of the 80“ ion) is (2-r3)A 
for state « 3 » [6.3 A in state 4] and for Mg*' only 0.36 A more. The order of 
magnitude, lO"^ s, of the rate constant of the higher maximum indicates a 
transition 2-3. The rate constants fts, and Zf** of this transition, which are 
deteimined by the activation energy for the decay of the co-ordination sphere 
or the energy of separation against the electrostatic force, should be approxi¬ 
mately of this size. 

From the theory of dilfusion-dotermined reactions (according to Dbbth [26] 
and Biobn [10]) t^ie values 4-10“ m“* s~‘ and ft,iRrflO*S“* can be cal¬ 
culated as well as a reaction rate > 10~* S“^ for step 1-2 which is' stih higher 
than that of step 2-3. 


4. - Summary. 


Sound absorption and dispersion measurements have been made for many 
electrolytes. For some electrolytes especiaUy ammonium hydroxide, sulfuric 
acid, the acetates, the sulfates and a great number of organic compounds 
(showing protolytic reactions), a very extended series of measurements was 
made. Theoretical investigations have been concentrated on these systems. 
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The sound absorption in electrolyte solutions can be explained by relax¬ 
ation processes. Assumptions with respect to the nature of these relaxation 
processes may be tested by means of experiments upon the dependence of the 
absorption on frequency, concentration, temperatm'e, pressure, dielectric con¬ 
stant and addition of other electrolytes. This is a relatively complicated 
task because of the very complex behaviour of the electrolyte solutions, -which 
is a result of the interaction of the ions -with each othei' and -with the 
solvent. 

For some electrolytes, expeoially those mentioned above, the inteipretation 
-was very successful. It could be stated that all the relaxation effects in the 
frequency range up to some hundred MHz are due to specific interaction of 
the ions of the electrolyte solved. For weak electrolytes (as ammonium hydrox¬ 
ide) the relaxation is caused by a simple dissociation. For stronger electro¬ 
lytes, especially 2-2 valent ones, a multi-step Association of the aquo-complexes 
occurs, -which includes transitions between different sorts of intermediate 
hydrate complexes. The so-called lower relaxation maximum in 2-2 vsilent 
electrolytes is due to a very specific transition from an outer sphere ion 
complex to an inner sphere ion complex (where the ions are very close together) 
i.e. by the substitution of an inner co-ordination sphere water-molecule by 
SO”. In solutions of the sulfates of mono-valent metals (Na»S 04 ) simihu* com¬ 
plexes have to be assumed. The higher relaxation maximum is duo to a 
transition between an outer sphere complex and an encounter complex. The 
nonspecific interaction within the ionic atmosphere causes an absorption at 
very high frequencies in all electrolytic solutions. 

The results of the interpretation have partly proven the conceptions com¬ 
monly used in chemistry. Besides, they have initiated some new consider¬ 
ations. While from static measurements only equilibrium quantities can be 
obtained, from acoustic measurements the reaction rates may also be derived. 
The thermodynamic equilibrium is thus spread out along the frequency axis 
and the different sorts of ion interaction can be separated this way. In par¬ 
ticular the determination of the rate constant 1:43 of the decay of the inner 
sphere complex from the relaxation frequency of the lower maximum has 
brought additional knowledge on complex stability. On the other htmd the 
value Jfcj 4 , which can be calculated from kjj by means of the oquilibiiimi con¬ 
stant and which is characteristic for the electron configuration, determines 
the complex formation. 

It is possible to get from sound absorption and dispersion measurements 
some knowledge about time constants for equilibria with high reaction rates. 
This may often be used in the future and may be of advantage especially for 
the chemical kinetics. The acoustical methods need to be improved with respect 
to accuracy and frequency range, i.e. to frequencies above 300 MHz and 
below 200 kHz for this purpose. 
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Appendix 


5. - Experimental methods. 

The cdianictoristic panimotors of relaxation processes (*.c. relaxation, fre- 
quen<‘y and amount of absorption or total change of phase-velocity) may be 
determined in principle by dispersion as well as by absorption measurements. 
Tn consequeiu^e of the very small dispersion stop in electrolytes, dispersion 
measurements within reasonable efforts will be successful only in some special 
{•.ases. On the otlier hand the absorption coefficient is also small, especially 
at low frequencies. Hence it follows tliat extremely high accuracy is required 
for such measurements, and in an even liiglier degree for low electrolyte con¬ 
centrations. On the other liand measurements in a wide range of concentrations 
are necessary for a satisfactory inteipretation of the experimental results. 
Moreover the different locations of the rolsixation frequencies of different electro¬ 
lytes demand measurements in a wide frequency range. This is impossible 
by only one measuring method, but there exist appropriate methods for each 
section of the frequency range. 

5'1. DhHpmion meanurements. - Tn pracdico the measurement of dispersion 
in electrolyte solutions is only possible by reducing the measurement to a 



Fig. 20. - liquijunenii for disporeion inc,asuremonirS - phase comparison between 
two harmonic frequencies (0.1...1 MIIz). 


dirc(t comparison of two sound vdocitics wliich are nearly equal. Pox and 
Maui()n[27] ('.oraparc the sound velocities in a solution at two frequencies: 
one at the lower end and the other at the upper end of the rdaxation r^e.' 
For tins purpose two frequencies, exactly harmonic to each other, are emitted 
simultaneously into the media and the slowly increasing shift of the phase 
planes of the two progressive waves is detected by an electroaonstio transducer 
(Fig. 20). 
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Oabstbnsen [28] suoceded in performing comparison measurements in 
progressive waves down to about 100 kHz by dividing tbe constant distance 
between transmitter and receiver by a movable diaphragm into two variable 



distance adjustment 
transmitter-receiver 


sfiding plane 


degassed water 


tempering liquid 


test liquid 


Fig. 21. - Equipment for dispersion and absorption measurements, 
continuous substitution ^(0.1...10 MHz). 


method of 


pathlengths, one in the solution and one in the solvent (Fig. 21). When moving 
the diaphragm, the difference of the sound velocities may be derived directly 
from the phase between transmitter and receiver-voltage. 

5’2. Absorption measurements, — Whereas for absorption measurements at 
high frequencies {> 3 MHz) the standard propagation methods (stationary 
progressive waves with optical measurement of intensity by Debye-Sears- 
effeot, pulse methods with electro-acoustical receivers) may be used, the low 
absorption below this limiting frequency requires resonance and reverberation 
methods. For measuring the electrolyte absorption it is not essential to get 
the absolute value of absorption but only to get exactly the difference between 
the absorption of the electrolyte solution and that of the pure solvent. Because 
of the small differences such comparison measurements have to be done under 
exactly the same conditions for eaich, e.g. in immediate succession using the 
same apparatus. By taking the difference of the absorption the additional 
energy losses due to walls and other parts of the apparatus may be eliminated. 
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5’2.1. Resonance method. This method is especially appropriate for 
low frequencies (6 ... 60 kHz). The electrolyte absorption may be derived either 
from the half-width or the decay time of only one vibration mode of the liquid 
volume within the resonators. The energy losses due to deformation of the 
vessel and friction within the liquid-vessel boundary layer determine the accu¬ 



racy of measurements. These losses may bo reduced by use of resonating 
vessels with walls made from materials of low internal loss factors, i.e. alumi¬ 
nium, glass or quartz. Especially small losses occur at the boundary layer 
if eigenvibrations of radial symmetry are excited in spherical resonators 
(Fig. 22). 

After switching off a frequency band excitation, only these low damped 
eigenvibrations survive during reverberation (see Leonard [32], Wilson [29], 
and Mobn [30]). By using single frequencies those modes can be excited prefe¬ 
rably from the beginning (see Tamm and STaake [31]). For reduction of the 
radiation damping, the measuring vessel is placed in another vessel which is 
evacuated to some mmHg for the measurement. Excitation and detection 
of the vibrations arc mainly made through the wall of the vessel from outside 
by piezoelectric transducers. Haake and Tamm used a ring-shaped electrode 
for electrostatic excitaition of eigenvibrations of radial symmetry. Measure¬ 
ments at high pressures were 
carried out by Fisher [6] in 
thick-walled stainless steel 
tubes which are completely 
filled with the liquid under 
tost and carefully sot free 
from air films. 

5'2.2. Reverberation 
method. In the frequency 
range beyond 60 kHz, the 
eigenfrequencies in a liquid- 
filled resonator are very clo¬ 
se together, if the resonator Fig. 23. — Equipment for absorption measure- 
has the minimum dimensions ments- reverberation method (0.06... 1 MHz). 
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required by sufficiently small wall losses. In this case individual eigenvi- 
brations cannot be excited separately. 

Sktjdbzyk and Meter [33] and later also Mulders [34] and Tamm [31] 
passed therefore over to a reverberation method (Fig. 23). They simultaneously 
excite a large number of eigenvibrations in a narrow frequency band using 
r.f.-pulses or a band of white noise. To get exponential reverberation cur¬ 
ves — (that means all eigenvibrations have the same decay constant) — re¬ 
sonators of low symmetry have to be used in which each eigonvibration is 
coupled with different angles of incidence on the wall. 

5'2.3. Propagation methods. At frequencies higher than 1 MHz 
the absorption in water and electrolyte solutions becomes so large that it nuiy 
be measured by the decay of intensity in a progressive sound beam along a 
very limited path-length. If the cross-section of the beam is very large in com¬ 
parison to the wavelength the short range field (in which the sound beam is 
nearly parallel) extends over the whole measuring path. To determine the 
decay of the sound energy usually receivers are used which integrate over the 
cross-section of the beam, i.e. a receiving quartz of at least the disimeter of 
the transmitting quartz or a broad light beam (in optical methods) or a suffi¬ 
ciently extended radiation-pressure meter. 

In principle,, for measuring the absorption, the comparison of two sound 
intensities at two different distances from the transmitter is sufficient. To 
eliminate fluctuations, however, measuring methods are very often preferred 
which allow a continuous registration of intensity or better of the logarithm 
of the intensity as the distance between transmitter and receiver is varied li¬ 
nearly with time. 

The o'ptieal intensity measurement, using the Debye-Sears effect (Pig. 24),. 
involves an integration of the sound intensity, if the measurements are restricted 
to small sotmd intensities for which a ILuear relation between sound intensity 



Pig. 24. - Equipment for ahsoiption ineasiu'ementB in progressive waves-optical 

intensity measurement (20 ... 100 MHz). 


and light intensity exists. This is valid for the first order of the diffraction 
spectrum as long as the light intensity of the second order is comparatively 
small. The intensity of the diffracted light can be measured directly photo- 
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j^vapliically and anjilysed by photometric nxetli- 
ods. But it is common to use a photoelectric 
cell and to record the voltage by electro-me¬ 
chanical devices. This method is applied espe¬ 
cially in the frequency range (3 100) MHz. 

At lower frequencies the isolation of the first 
diffraction order of the light is more difficult 
than at higher frequencies. This method is li¬ 
mited by the increase of the sound intensity 
necessary to get sufficient light in the first or¬ 
der. 

Measurements by moans of the soumd radia¬ 
tion pressure have been repeatedly applied to 
determine the absorption (Fig. 25) for exam¬ 
ple by VAN iTTEiiBEOK and Veuhaegen [35], 
Hsu [36], and by Smith and Beyeii [37]. These 
measurements are connected with relatively 
great mechanical difficulties and require higli 
sound intensities. 

The use of electro- aooVfStical receivers (e.g, 
quartz plates) demands (because of the influen- 



Eig. 25. ~ Apparatus for ab¬ 
sorption measurements in pro¬ 
gressive waves-radiation 

(e.g. pressure method (3... 100 MITz). 


ce of the phases to the integration of the sound pressure) nearly plane wave¬ 
fronts and accurate adjustment of the receiver surface. 

This method is important at higher frequencies, where the optical method 



oscilloscope 


Ftg. 2(5. - Equipment for apbsorption measurements in progressive waves-delayed 

ulse method (100 300 MHz). 


fails. Electric cross-talk can be made ineffective by using pulses. Pulse methods 
have been applied by Pellam and Galt [38] and by Litovitz [39]. To get 
the pulses separated for short pathlengths in the liquid (high absorption) 
delay lines are inserted into the sound path. It is possible to use only one 
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transducer quartz as receiver and transmitter, if the sound pulse which passed 
the liquid is reflected at the end of an additional delay line. This method 
(Fig. 26, 27) is suitable for measurements up to the highest frequencies thus 

far generated iu liquids, i.e. up to 
about 600 MHz (see Bapuano [40]). 

At stiU higher frequencies the 
excitation of the required harmonics 
in quartz crystals is very difficult. 

Becently Boboiel and Dkans- 
PBLD [42] and Jacobsen [43] using 
a method proposed by Babansky 
[41] succeeded in avoiding those dif¬ 
ficulties hy exciting (up to 20000 
MHz) a cylindrical rod of crystalli¬ 
ne quartz from one end by immer¬ 
sing it in the field of an electro¬ 
magnetic resonator. 

The upper frequency limit is 
determined only by the magnitude 
of the attenuation in the quartz 
crystal which, however, is very small. Up to now measurements in aqueous 
solutions have been performed only at frequencies below 300 MHz [2]. At 
higher frequencies, the sound intensity decreases so rapidly with distance 
(because of the steep increase of the absorption with frequency), that the 
measurements will be very difficult. 

For the frequency range around 1 MHz the method of continuous substitu¬ 
tion of Gabstensen [28] is especially appropriate for measuring also the relative¬ 
ly small electrolyte absorptions. KbImeb [44] and Siegebt [20] have improved 
the accuracy by using a reference liquid (NaCl solution) with the same sound 
velocity as the liquid to be investigated and by avoiding disturbing reflections 
and increasing the stability of the electronic equipment. In this way they 
were able to extend the frequency range to lower frequencies (200 kHz). 

5‘3. Aeeteraey of measwemmts. - The accuracy of the measurements is 
relatively high at higher frequencies; in any case an error of at least 6% of 
the absolute value of the absorption of water has to be expected. At lower 
frequencies the accuracy decreases considerably and the experimental error 
will rise at 100 kHz to 100 % of the absoprtioh value of pure water. Since the 
electrolyte absorption is obtained from the difference of two experimental values 
the relative accuracy decreases with decreasing electrolyte absorption, i.e. 
with decreasing concentrations. Therefore the relative error of the absorption 
cross-section Q and of (Qk) does not depend only on its absolute value but 
also on the concentration at which it was measured. It other words: absorption 
cross-sections derived from small absolute values of the absorption mostly 
have large relative errors. This must be considered when discussing experi¬ 
mental results. 


pulse 

pulse 
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generator 
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■ thermostat 
CO Of ling coil 
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Pig. 27. - Equipment for absorption meas¬ 
urements in progressive waves ^-delayed 

echo method (10 -r 60 MHz). 
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Absorption and Dispersion of Sound 
in Polymer Solutions, Polymer Liquids, Rubbers 
and Solid Polymers. 

W. P. Mason 

BeU feiep^me Labordiorwt, I-tuiorporaM - lUnrray TliU, N. J. 


1. - Introduetton. 

The mechanical properties of polymers are of eonbsiderable iuterest in a. 
large number ol applications. In the form of solid polymers they are videly 
used in household furniture and as electrical insulation in a large number of 
applications. Less tightly bonded polymers form rubbers which are "widely 
used in automobile tires, shock iusnlators, hoses, etc., while liquid polymers 
are of interest in lubricating oils, damping fluids and for other purposes. The 
relaxations JwiHOciatedwith the motion of complete polymer cliains or segments 
'of such chains prodiioe consiclorablo attenuation for sound vaTOR transmitted, 
tlirongh such media. Besides being of lutemst for the fundamental under¬ 
standing of such transmission—^tlie primai’y sulyccb for the prewent (jourse— 
they have many applications in the damping of unwanted modes of vibration. 

The predominant (iliaractoristic of polymer molecules is tho tliread-like eha- ■ 
ractor caused by tho joining of a large number of repeating elements by tho 
carbon bonds of the central part of tho chain. Tiiis thread-like character 
allows the molecule to take up a large number of forms such as those shovi^n 
by Pig. 1. The form of tho molecule is continually changing due to the thermal 
iigitation and all ti’oatments of tho characteristics are based on the statistical 
properties of tho chain and how these sxro altered by the application of stresses 
jmd temperature changes. Purthermoro, tho properties change materially with 
the degree of cross-linking between adjacent chains, find on -whether adjacent 
segments of ueighhorlng chains can form regions of closely bonded molecules 
in tho form of crystals. Tho wide divergence in the mechanical behavior of 
the various forms of polymer matoidals depends primarily on the nature of 
such cross-linking or bonding. 
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Fig. 1. — Thread-like character of polymer chain (after J. D. Fbrrt). 


If there is no cross-linking, the polymer chain can move as a -whole or 
various parts can move separatdy -without reference to the whole motion. 
Alfrby [1] has described these relationships, -viewed over progressively larger 
ranges, as «kinks, curls, and convolutions». Figure 1, first illustrated by 
Ferry [2], shows in qualitative form these types of motions for a polyisobuty¬ 
lene chain. Such free motion is usually obtained only for molecules in dilute 
solutions as discussed in Section 5. As the concentration increases, adjacent 
molecules make contact and this limits the types of motion that can take 
place. For long chain molecules in concentrated solutions, or in polymer 
liquids, there is.a -wide range of frequencies over which the properties are very 
similar to rubbers which are polymer chains joined together at irregular inter¬ 
vals by cross-linked bonds. The type of motion possible here is a motion of 
segments of the chain in the order of 100 polymer -units. However, if one 
goes to yery low frequencies, i.e., the long time application of a stress, whole 
polymer chains can even-tually move and there is a difCerence in the mechanical 
behavior of polymer liquids and rubbers. 

On the other hand if one goes to high frequencies, i.e., a very short time 
application of a force, one finally reaches a state where the shortest complete 
segment can no longer respond in the time of a cycle and the material ap¬ 
proximates the glassy state, observed at lower temperatures and smaller fre¬ 
quencies, for which the elastic stiffness approximates that of a solid polymer. 

Even here, however, there is evi¬ 
dence from the hysteresis ty^je 
response—see Section 6—^that one 
or more monomers are still able 
to follow the motion of the applied 
stress. 

There are a large number of 
linear polymers for which this 
whole range of properties can bo 
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each other and regions exist in the structure tor which fundamental atomic 
bonds forms between adjacent atoms. These crystalline regions ai*e separated 
by amorphous regions for which the chains bear no necessary relations to each 
other. The mechanical properties are determined mostly by the amorphous 
regions. 


2. - Methods for measuring velocities, absorptions and mechanical impedances. 


The techniques used to measure the properties of polymer solutions, liquids 
rubbers and solids are rather special to the polymer field and will be described 
briefiy. Although there are many types of devices possible [3], the present 
discussion is limited to the most widely used devices and the ones which enable 
the properties of polymers to be measured at very high-frequencies. 

The transmission of plane acoustic waves, which forms the basis for most 
of the measurements described previously, can be carried out in polymer solids. 
Both shear and longitudinal waves have been employed and the data of the 
next section shows measurements on polyethylene which have been obtained 
by pulse methods. The quantities measured are the attenuation and the velo¬ 
city of wave propagation, whereas the desired quantities, for a theoretical 
interpretation, are the real and imaginary parts of the stiffness. Since the 
wave propagation equation is of the form 


( 1 ) 


_ 




the solution becomes 


(2) • tt = (7 exp [(A + jB)®] exp [ja)«], 

where 


(3) (Ei+jEt){A + jB)» = — co^Q . 

Solving for Ei, B, and their ratio, we have 

w X, 2ABoo«e ■ 

^ ^ ^ (A« + B«j« ’ * (A» + B»)»’ Ej, 


2AB 
B»- A» • 


The attenuation A is expressed in nepers/cm, (1 neper = 8.68 db), while the 
phase velocity V is determined by the ratio of ct) = 2«/ to the phase con¬ 
stant B, which is expressed in radians per cm. For plane longitudinal and 
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shear waves, the appropriate stiffness ’ values are 


(i)) jG( = (A + 2/i) (long.) ; JS = /n (shear), 

where A and ^ are the two Lam6 olsistie moduli. Tho ratio of the imaginary 
to real part of tho stiffness values determines the phase angle 6 and the in¬ 
ternal friction factor according to eq. (4). If the ratio of .8 to A is 10 or 
greater, which is usually the case for most measurements csirried out with plane 
waves, the formulae can bo simplified to 


( 6 ) 



(> = F*c; 


fiJ^ 


tf*0 = Q-^ 


2AV 

CD 


The imaginary part of the stiffness is often written in the form 


(7) B^ = oyri, 

where r] is the equivalent viscosity of the substance. 

For many polymer solutions, liquids, rubbers and even solids, the attenuation 
constant A is often so high that direct attenuation and velocity measurements' 
are not feasible. One can still obtoin measurements of the elastic moduli by 
using the impedance of the medium which is deftnod as tho ratio of stress to 
particle velocity at tho intorfiice between the transducer and tho medium. 
Tho stress is determined from tho equation 

(8) T = mi;*{A + jli) exp [(A -|- exp [jcot]. 


The particle velocity, whi((h is the time derivative of the displacomeut u is 

(9) ^ («) = jco C oxp [(A + exp [yVof]. 


Hence their ratio doterminos the characteristic impedancte 


( 10 ) 


T ^ *'*(A -f j7i) 
« j(D 


It + jJC , 


where R is the real part (resistance) of tho characteristic impedance Zo and 
X the imaginary or reactive part. Multiplying both sides of (10) by 
and employing the relations of oq. (3) 


(11) 


iR + jX)(A + jB)=jcoQ. 
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Hence a measurement of either the characteristic impedance or the propa^fation 
constant can determine the real and imaginaiy parts of the stiffness charac¬ 
teristic. In particular if -we solve for the values in terms of the impedance values 


( 12 ) 




Ei = oyri 


2BX 

§ 


For light liquids vibrating in shear, the stiffness constant jx — Ei is usually 
zero and hence the reactance equals the resistance. The viscosity jj is then 
determined by 


(13) 


2RX _ 2ig» 

(OQ axe 


There are two general methods for measuring the characteristic impedance 
of a highly damped liquid. One involves the change in amplitude and phase 
of a wave reflected from an interface between a solid such, as fused silica and 
the liquid or solid to be measured. Figure 3 shows such a device [4] for shear 
waves. This device operates by reflecting a shear wave at a small angle of 
incidence from a polished surface of a fused sUica rod. By using a particle 



cable 

Fig. 3. - Shear reflectance method for measuring shear impedance. 


displacement parallel to the polished surface, only a shear wave is reflected. 
By loading the surface with a liquid or solution whose viscosity and shear 
stiffness are to be measured, a change in amplitude and a change in phase 
occur in the reflections. To measure this change, an identical unit, labeled 
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number 2, is used in parallel but without a liquid loading. The complete unit 
is placed in a temperature-controlled cell. A phase shifter and an amplitude 
control are used to cause cancellation of the two paralM pulses and a fairly 
accurate measurement of the change of phase and amplitude is obtainable. 
This device operates in the frequency range from 1 MHz to about 100 MHz. 

Still higher frequencies as well as measurements for longitudinal waves 
can be obtained by using a rod whose end is dipped into the solution. The 
change of phase or amplitude is smaller than for the device of Pig. 3, but by 
using a number of successive reflections from the interface, a measurable change 
occurs. This type of device can be used to frequencies as high as 1000 MHz. 

The other tsrpe of a device employs the loading put on by a shear wave 
in a liquid to change the frequency and the resonant resistance of a mechanical 
resonator such as the torsional crystal [C] shown by Pig. 4. This crystal was 
attached to a vacuum tube socket as shown by Pig. 4. A purely torsional mode 
is generated in the crystal and this launches a shear wave in the cylindrical 
medium. If the distance that the wave propagates into the medium is small— 
as is usually the case—a shear wave in a cylindrical medium will have the same 
characteristic impedance as a plane shear wave shown by eq. (10). The method 
for measuring the characteristic impedance of the liquid is to first measure 
, the resonant resistance and the resonant frequency of the crystal in a vacuum. 
The liquid or solution to be measured is then introduced in the cylinder sur¬ 
rounding the crystal. The temperature of the liquid can be controlled by 
circulating water or other temperature-control liquid in the jacket surrounding 
the measuring chamber. 

One method of determining the effect of the liquid—^which is applicable 
fo light liquids—^is to measure the change in the resonant resistance AB and 
the change A/ in the resonant frequency. Prom the equivalent circuit of the 
crystal it has been shown [6] that AB and A/ are given by 



where r is the ratio of capacitances of the torsional crystal, /j, the vacuum 
frequency of resonance, O® the static capacitance of the crystal, I — jreo«*/2 
is the moment of inertia of the crystal and . a the radius and I the len^h of 
the crystal. An alternate and more exact way of determining Ki and JTt is 
to use liquids of known density and viscosity to evaluate the changes in re¬ 
sistance and frequency. By using an impedance bridge and measuring the 
impedances at a number of frequencies, the use of the torsional crystal can' be 
extended to inuch higher viscosities, and Philxppofp [6] and collaborators 
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lig. 4. Torsional crystal metliod for measuring shear impedance. 


describe the use of the crystal to measure liquids having viscosities as high 
as 50 poises. 

Torsional crystals have been used in the frequency range from 20 kHz 
to 150 kHz. A similar device for much lower frequencies is the torsional pen¬ 
dulum method of SiTTEL, Bouse and Bailey [7], shown by Fig. 5. A much 
lower frequency is obtained by using a massive bob, containing the chamber 
to be filled by the liquid, on the end of a torsional rod. Frequencies in the 
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measure dilute polymer solutions. By making measurements over wide tem¬ 
perature ranges and employing the reduction formulae discussed in Section 5, 
measurements have been obtained over the whole range from the glass phase 
to the rubber phase. However, to completely detennine the high-frequency 
range, for which the reduction formulae ai‘e not applicable, requires measure¬ 
ments at the high frequencies of interest. 


3. - Typical stiffness and resistance curves. 

Using these and other methods of measurements, the real and imaginary 
stiflnesses (or effective viscosities) have been determined for a large number 
of polymer materials. Since the greatest freedom of motion is present for 
dilute polymer solutions, the first curves are for this situation. Figure 7(a) 




Fig. 7. - Shear stiffness and viscosity of polystyrene in toluene for several concen¬ 
trations. Solid lines show calculations from Rouse’s formula (after Sittel, Rouse and 
Bailey); a) polystyrene (molecular weight = 6.2-10®) in toluene at 30.3 ®C: a con¬ 
centration 0.101 g/ml, relative viscosity 2.31; □ concentration 0.144 g/ml, relative 
viscosity 3.12; o concentration 0.222 g/ml, relative viscosity 1.48; h) polystyrene in 
toluene at 30.3 ®C; a molecular weight 253000, concentration 1.48 g/ml, relative 
viscosity 2.99; □ molecular weight 520 000, concentration 0.89 g/ml, relative viscosity 
3.00; o molecular weight 6200000 concentration 0.144 g/ml, relative viscosity 3.12, 


and 7(&) show measurements [7] of the shear modulus and the effective visco¬ 
sity of three different chain lengths of polystyrene dissolved in toluene. The 
measured points are indicated while the solid lines zhow calculations using 
the Bouse theory discussed in Section 5. The concentrations of the polymer 
chains are so low that they are essentially isolated. The frequency range co- 
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vered is from. 200 Hz to 60 kHz. The effect of introducing the polymer into 
the solution is to raise the static viscosity bv the factor (relative vise 


shown on Fig. 7(a) and 7(b). The bottom 
lecular weights and three different con¬ 
centrations adjusted to give neaiiy the 
same static viscosity. The highest mo¬ 
lecular weight solution falls off more 
rapidly with frequency and approaches 
the viscosity of the solvent at very 
high frequencies. 

Figure 8 shows the effect of diffe¬ 
rent solvents on the shear stiffness of 
essentially the same chain length of 
polyisobutylene. The highest-frequency 
shear wave measurements [10] have 
been made on two solutions of different 
molecular weight polyisobutyleno chains 
dissolved in cyclohexane. As shown 
by the solid lines of Fig. 9, the Bouse 
theory fits the measured points well 
up to 160 kHz, but appears to diverge 
from it for the 14 MHz measurements. 
These measurements are for a concen¬ 
tration of 1 g of polymer material for 
100 cm® of solvent. 

When the concentration gets larger, 
the stiffness and viscosity of the solu¬ 
tion become greater. Figure 10 shows 
measurements [11, a] of polyisobutyleno 
in a decalin solution. The concentra¬ 
tions range from 6% to 22%. The meas¬ 
urements were taken from 0.006 Hz to 
100 Hz and temperature ranges from 
6®C to 36®(1. All the measurements 


Pig. 7(b) shows throe different mo- 



frequencyin Hz 


Fig. 8. - Shear stiffness of low molec¬ 
ular weight polyisobutylene in several 
solutions as a function of frequency. Solid, 
lines show theoretical results from Eouse’s 
formula (after Sittel, Bouse and Bai¬ 
ley) ; O solvent benzene, molecular weight 
127 000, coiicenti'ution 1.20 g/100 ml, rel¬ 
ative viscosity 1.71; □ solvent toluene, 
molecular weight 105000, concentration 
1.24 g/100 ml, relative viscosity 2.06; 
A solvent cyclohexane, molecular weight' 
143000, concentration 1.19 g/100 ml, re¬ 
lative viscosity 2.60; a solvent oil 
(rj = .10 poise), molecular weight 136000, 
concentration 1.21 g/lOOml, relative vi¬ 
scosity 2.08. 


are-made to lie on single curves by employing the reduction formulae dis¬ 
cussed in Section 5. 


A number of measurements of the shear propei^ies of polymer liquids have 
been made with the results shown by Fig. 11, 12 and 13. Figure 11, circles 
and triangles, shows the measured shear stiffness and viscosity of a short poly¬ 
mer chain polyisobutylene liquid [12] measured over the complete frequency 
range from 200 Hz to 30 MHz. Two relaxation ranges, with stiffnesses around 
10’ dyn/oin* and 10® dyn/pm* are beginning to appear. This is accentuated by 
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Fig. 9. - MeaBurements of shear stifCneBS and difEerenoe between solution and solvent 
viscosity for 1% 80^ and 120Z solutions as a function of the frequency, 80Z = 
= 1.18* 10® M.W. 120Z=3.9*10® M.W. 120X solution: -theoretical value, a meas¬ 
ured viscosity □ measured shear stifEness; 80Z solution:-theoretical value, 

o measured viscosity ▲ measured shear stifiEness. 


the much longer polymer chain length measurements [13] made by a largo 
number of techniques and shown in Pig. 12. These measurements wore co- 



Pig. 10. Reduced dynamic viscosity and shear elasticity for poly isobutylene in 
decalin (after Padden and DeWitt): o rheometer; a torsion pendulum; □ Feriiy: 

[ 11 , 5 ]. 
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ordiuated by the Bureau of Standards who supplied samples to a lar^o nuiubor 
of investigators. The result shows clearly the two relaxation regions w]ii(*h 
extend over many decades of fi'equency. Figure 13 shows measurements [14] 



Pig. 11. - Measurements for 1660 molecular weight polyisobutylene liquid:-cal¬ 
culated from network;-calculated with hysteresis component in Rouse- 

Bueohe-Zimm theory. 


of a number of polyisobutylene liquids of molecular weight from 3100 to 8300 
in the high frequency range and eltorts made to fit the data by a reduction 
formula. Up to stiffnesses of about 
10’ dyn/cm®, the formulae hold 
well, but about this stiffness a 
divergence occui's. 


Fig. 12. - Real and imaginary stifU- 
nesB components of bureau of stand¬ 
ards poly-isobutylene of 1.6 • 10®M.W., 
6.16-1010 poise, 26 °C (after. 
Marvin). Triangles and circles re¬ 
present calculated real and imagina¬ 
ry stiffness from network of Fig. 28. 
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All the measurements reported so fai’ are for shear waves, and for poly¬ 
mers in solution. This is because the compressional modulus of the solvent is 
affected very little hy the introduction of a small amount of polymer chains, 
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Fig. 13. - Eeduced shear stiflness and viscosity for polyisobutylene for moleonlar. 
weights from 8100 to 8300: x 16 °C; a 26 ®C; □ 36 ®C; o 46 "C; ▲ 60 ®C; • 66^0 


and shear waves are required for any chemical interpretation. Lonji^itudinal 
waves can give additional information for polymer liquids since they can de¬ 
termine the compressional viscosity effects when their measurements are com¬ 
pared with those for shear waves for the same liquids. Figure 14 shows meas¬ 
urements [14] of the attenuation per wavelength and the velocity dispersion 
of the same set of polymer liquids given on Fig, 13, plotted as a product of 
the frequency times a viscosity. This method was an early form of a reduction 
formula. These measurements show that the attenuation is not in the form 
of a simple relaxation shown hy the dot-dash line of Fig. 14(a) and moreover 
is not symmetrical with respect to the low and high frequency ranges. For 
high frequencies the attenuation per wavelength appears to approach a con¬ 
stant value independent of the frequency. This type of loss indicates a hyste¬ 
resis type of mechanism in which a constant loss per herz occurs. A possible 
mechanism for this effect is discussed in Section 6. Eubber materials have 
been measured by a variety of techniques including the transducer technique 
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tions, this appears to be due to the fact that restricted polymer se^?ments of 
approximately the same length are operative in both the long chain liquids 
and in the rubbers. However, if the period of stress application is made long 
enough, the long chain liquid approaches the action of a very viscous liquid 

whereas the rubber always has a stiff¬ 



ness no matter how long the application 
of a stress. This is due to tlie cross-lin¬ 
king which does not occur in the liquid. 
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Fig. 16. - Contour map of real and 
imaginary components of the shear stifE- 
ness of Buna rubber (after A.W. Nolle). 


rig. 16 . - Shear velocity (a) and shear 
attemiation (h) for polyethylene as a func¬ 
tion of the frequency (after McRkimtn). 


Some of the less cross-linked polymer solids show relaxations whi(*h appear 
to be associated with the motions of the shortest segment lengths. Figures 16(a) 
and 16 (ft) show measurements [18] of the shear modulus and attenuation per 
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Fig. 17. - Longitudinal velocity (a) and longitudinal attenuation (&) for polyethylene 
as a function of the frequency and temperature (after Mo Skimin). 
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wave length of polyethylene of « equUibi'ium » ciystallinity and aveiuge mole¬ 
cular weight coiTesponding to an intrinsic viscosity in xylene [rj] of 0.89 at 
86 ®C. These measui’ements can be fitted by a single relaxation mechanism 
liaving a relaxation frequency of 8 MHz for a temperature of 30 "(i. The 
corresponding longitudinal measurements are shown by Fig. 17(a) and 17(6). 
If we compare the two sets of measurements it appears that most of the loss 
is accounted for by the shear relaxation, but that a compressional viscosity 
about i that of the shear viscosity is indicated. 


4. - Phenomenologleal interpretation. 


All the measured stiffnesses and viscosities given in Fig. 7 to 17 show an 
increase of stiffness and a decrease in the effective viscosity as the frequency 
increases. This behavior is characteristic of a scries of relaxation effects which 
are caused in polymers by an inhibition of the motion of different segments 
of the polymer chain which are not able to follow the increased rapidity of 
stress alternation. 

These changes can be reproduced in phenomenological form by means of 
models which consist of combinations of dash pots and springs or the equi¬ 
valent electrical circuits employing combinations of resistances and capacitances. 
Two different fonns are possible depending on whether these elements are aU 
in series or all in parallel. In the present section the equivalent electrical 
representation is considered the fundamental one since it is easier to interpret 
it in terms of the' networks theory discussed in Bection 5. However, the equi¬ 
valent dash pot and spring models are sdso shown. 

The simplest and most widely used model was originally due to MaxweIjIi [9] 
who devised it to consider the relaxation tim^i associated with a change in 
shape of a volume of gas or liquid. Ho conceived the idea that if a change 
of shape (shearing displacement) occurred instantaneously, this change would 
be opposed by elastic forces. In the cx»urse of a very short time the molecules 
or chains in a polymer will move so that all the elastic stresses are relieved and 
the conditions are restored to the original state before the change in shape. 
Maxwell’s model, which applies quite well for the shear stiffness properties 
of simple liquids and short chain polymers, is shown by Fig. 18. The left side 
of the figure shows the single relaxation circuit while the circuit on the right 
shows the multiple element model whidi is usually required for most materials. 
For sinusoidal vibrations, the relation between the stress Ti, and the strain 
can be written in the form 


( 16 ) 


T .V<9 -{ . 

-[l+ j{a>r]jf*)) “\l + jc^lcoo) ' 




(1 + jco/coo) ’ 
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■where fo = <Otl2n is the relaxation frequency giyen by 


(16) 


4 _L. 

“ 2?!}; 27rfo" 



Fig. 18. - Maxwell model, mnltiple Maxwell model and equivalent electrical circuits. 


to, the Maxwellian relaxation time, is equal to to = l/«>o = J?//i. If the relax¬ 
ation time is much shorter than the time of application of the stress, as it is 
in most hght liquids, the ratio between the stress and the time rate of change 
of the strain is the shear -viscosity ??. 

The multiple relaxation model will have a sum of terms of the form of (16). 
If we separate out the real and imaginary parts, the stress-strain rate equation 
can be -written in the form 


(17) + Su where = 


/HTi 






where rt—ritl/ii- Prom these equations it is e-vident that the effective value 
of -will decrease as the frequency increases, while the effective stiffness 
will increase up to a value 


(18) 




At low frequencies, since then the static viscosity -will be the sum 

of aU the viscosities associated with the relaxation mechanisms. The effective 
value decreases as the frequency increases. 

When polymer chains are immersed in a solvent of low viscosity, the re¬ 
laxation time of the solvent is so low that its shear stiffness can be neglected. 
This corresponds to an equivalent cirouit of Pig. 18(6) for which the first re¬ 
laxation element has only a -viscosity term, which is designated f],, the solvent 
viscosity. The frequency variable term then represents the difference be- 



ABSOKPTION AND DISPERSION OP SOUND IN POLYMER SOLUTIONS ETC. 


241 


tween the measured viscosity rj^ and tj^ so that 


<19) 


VA = ‘no-‘n>= 


CO 


1 

^-8 


1 + 0)2 tJ’ 


00 


^. = 2 

<-2 


fJttCO^ T? 

1 CO®T* 


This is the form of the impedanee of the network modei discfussed in the next 
section. 

When one wishes to fit measured curves in order to obtain the relaxation 
frequency distribution, there are several methods that have been employed. 
If the distribution is not too broad, usable results are sometimes obtained by 
assuming [20] a series of activation energies differing by a definite factor and 
assigning a series of constants to match the values of or ijo—■»?. at the 
resulting relaxation times t*. It is only necessary to match one or the other 
component, for by the Kronig-Kramers equations [21] there is a relation be¬ 
tween the matched one and the unmatched one. This is obvious from the 
form of eq. (19), for if we determine a series of relaxation times Ti and shear 
stiffnesses /it to fit the curve, then the same set of constants determine 
the ijo—function. In fact, Zxsm [22] has suggested that a measurement 
of the real component—^whieh is more easily measured then the reactive com¬ 
ponent—^is all that is necessary since the reactive component is thereby de¬ 
termined. 

There are a number of methods [23] for determining the distributions of 
relaxation times from the form of the measured shear stiffness or viscosity, 
but since the relaxation spectra for all cases considered here are obtainable 
from the network method discussed in Section 5, the reader is referred to other 
references [23] for the details of the calculations. 

The alternate representation due to VoiOT considers a series of elements 
in parallel as shown in electrical equivalent form in Fig. 19(a) and as a series 
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Pig. 19. - Multiple Voigt model and equivalent eleetiioal oirooit. 
16 - SendieotUi SJ.F. - XXVII. 
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of dash pots and springs by Fig. 19(6). The Voigt representation is particu¬ 
larly useful when we are dealing with the eomplex compliance, i.e., the ratio 
df the strain rate to the applied stress. Since all the measurements given 
previously are expressed in terms of the complex stiffness, this model will not 
be discussed further. 

Finally, it. should be mentioned that a large number of viscoelastic meas¬ 
urements are made by suddenly applying a fixed value of stress, and observing 
the time.rate of deformation of the material. This function is known as the 
creep function. An alternate method is to apply a constant fixed deforma¬ 
tion and measure how the stress relaxes as a function of time. These me¬ 
thods are particularly useful when the response time of the polymer mate¬ 
rial involves very long tinies. As discussed in a number of references [23] 
there are integral relations between the moduli determined by these methods, 
and the ones determined by sinusoidal stress variations. Since these methods 
are not discussed here, the reader is referred to the above references for a 
discussion of the relations. 


5. - Atomic intetpretation of motion of polymer chains. 

5‘1. Chain lengths and meem, square separation of chain ends. - The elasti¬ 
city exhibited by long chain polymers in the form of single molecules depends 
principally on the configurations that such molecules can take when acted 
upon by both stresses and thermal agitation. The statistical treatment of a 
single molecule is a problem that has -not been completely solved. The solu¬ 
tions that have been given involve the representation of a molecule by an 
idealized mathematical abstraction. Furthermore, the solutions obtained can 
be carried to various stages of approximation only the first oi which is con¬ 
sidered here. Hence, the strains considered have to be kept small. Higher 
approximations have been discussed in a number of references [24] and are 
required if large strains are to be considered. 

The problem of the calculation of the statistical properties is essentially 
the same for linear polymers irrespective of the details of the structure. One 
of the simplest chains to consider is the paraffin or polyethylene molecule 
(OH,)«. It is usually assumed that each carbon-carbon bond permits free 
rotation about a carbon atom as shown by Fig. 20 (o). Hence, the bond 0,—0» 
can he considered to rotate about the 0,—0, axis, while C,—C 4 can rotate 
about tile C,—0* axis, etc. Under the effect of thermal agitation, which causes 
the bonds to move around at an increasing rate as the temperature increases, 
the chain will in general assume the kinked form shown by Fig. 20(t). The 
actual configuration will be subject to continued fluctuation due to the effects 
of thermal agitation. We cannot define the precise form of the molecule but 



A»W*HI*TIHN AM* ii| Siil Mi IS l•ll|.VMKK Snl.l riiiS'.s KTf. LMH 

wii run Koitti* <if iliK Ktatisljral |iri>|Hi|'ti<>s siirli as lla* roal. na‘aii sqiiai'i* 

liiKtaiii't* iH'lwrrn any two imiiits of llir nioI«>i-iili> (wliidi is usually taloai as 
thr distanro (la* rads of Ua> <-liaiit) and wo can ddiiio Uio proitaldlily 

of any jiivos dislanro r lad worn I lie «‘nds. 



«) b) 

Kif(. so. - o) RoUtiona about bonda in paraffin mulwule; h) randomly kink«d chain 

(aftor TKKI.OAK). 

K<»r thu {Kilyothylcna tnnioculo, KvittNO [20] ItHM cnkailatod the mean square 
lidiKtii on tho aHMiiinption that all conllfnirationK ran o<u>ur with equal prob> 
ability. For the iKiiyotiiylcno idiain, tiio valence attKle hetwmni ivdjaotdit l)ondR 
iM 100,5'. KyriiiK'ii n>Huit Ik 

(20) r* ■« f*[»i I U(h i) COM# t 2(h - 2) oos*a i- ... I 2 <'oh* -'«] , 

wlicre I is the ienuth of a Meynicnt « iu the Hemi<anKio of the rone of 

rotation and n iu tiie nnntlM>r (»f IrnutliH. if » is lut'Kis exprewtion n*dur«H 
bi tin* Miinpler form 



wlirrr (T is t he riad. moan sfiuarr value of r. Ilenre, the diutanoe tietweeu ends 
is profMirtionnI to tlie Mi|iianf MM>t of tlie nntniwr of Hrifments. For polyethyl* 
me, and lirnre 

(22) a* 2f‘« . 


Thrw* rimsiderations aasutne friw rotation alMxtt the 0—0 bonda. Very 
often, liowever, there are attnuitionu lietween adjaeont moleoules aod aterlo 



244 


■W. P. MASON 


hindrance to free rotation. These considerations result in energy barriers which 
have to he surmounted by thermal agitation. These effects result in values 
which are still proportional to the square root of n but with factors multiplying 
I whidi are somewhat temperature-sensitive. 

Polyisobutylene, for which measurements are given in Section 3, follows 
an equation 

(23) , 

where M is the molecular weight. Since the molecular weight of the repeating 
element shown by Table I is 56, the effective length of a chain segment is 7.8 A 
compared to the measured values of 3.4 A, a factor of 2.3. 


5'2. iihe probability function of long chain molecules. — For a more com¬ 
plete discussion of the elastic properties of long chain molecules, it is neces¬ 
sary to specify more completely the distribution of r values about the mean. 
This requires the determination of a distribution function which expresses the 

probabU|ty of a chain having an end-to-end sep¬ 
aration having' a value r. Thus, if one end of the 
chain is fixed at the origin of co-ordinates as 
shown by Fig. .21, the other end B will move 
■in a random manner through space. Choosing a 
small element of volume d7 in the neighborhood 
of the point P, the probability that the end B 
will be found at any instant within this volume 
will be some fimotion W((b, y, n) times the volume 
element dF. The problem of finding this func¬ 
tion has only been solved in the case of the 
idealized chain of equal lengths joined entirely at 
random. The conception of the completely random 
jointing is in the sense that the direction in space 
of any given length is entirely independent of the 
direction of neighboring lengths. When valence- 
angle corrections or partially hindered rotations are taken account of, this is 
done by increasing the fimdamental length 1 by the appropriate factor. 

The problem of evaluating the function W consists essentially in evaluating 
the relative number of configuratipns of the chains for given values of ai, y 
and z. The solution was first given in approximate form by EtT&N [26] and 
by Qtjth and Mask [26]. The required probability is proportional to the number 
of configurations, and for a chain of n lengths, each having a length I, the 
solution was obtained in the form 



Fig. 21. - Statistically kin¬ 
ked chain and specification 
of probability that the end 
shall fall in the elementary 
volume dF (after TnaxoAB). 


(24) 


}F{x, y, ») d® dy d« = 0 exp [— j8(®® + y* -I- «•)] d® dy dz , 
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where 0 and /3 are constants. Since and da!d 3 /d 2 ! = 4jir*dr, 

the integral of the probability function is 

(26) 4:noj exp [— dr = inO |/||. 

the probability of finding the chain somewhere in the volume is unity, 
(26) C = (|8/jr)* . 


The constant /? can be evaluated in terms of the root mean square value 
of r = (T. This value can be obtained by evaluating the integral 


00 



0 


Hence, 



The formula (24) is of fundamental importance in the theory of rubber 
elasticity and in the properties of polymer solutions, liquids and solids. Its 
form is that of a Gaussian eiTor function, which appears often in statistical 
problems involving the superposition of random effec.ts. It has interesting 
properties which will now be discussed. 

The form of eq. (24) with x*+y^+z’‘ being replacted by r* shows tlvat the 
function is spherically symmetrical. Furthermore, the function ^ will be a 
maximum when r — 0, which shows that if a chain is fixed at one point, the 
most probable position for the other end is at the same point. Secondly, the 
distribution y, *) can bo regarded as the product of three separate pro¬ 
babilities 

(28) W(a!, y, e) = ()5/?r)» exp [— /S®*] d» exp [— dy exp [— jS**] de 

so that integrating over all the values of y and », we are left with the distri¬ 
bution function for the components of length in the direction of w in the form 


( 29 ) 


y(») d® = (jS/jt)* exp [— /S®*] d® • 
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A plot is equation is shown by Pig. 22(a). The most probable value of x is 
zero, while the probability of any other value of x is independent of the values 
of y and z. Although the most probable value of x is zero, this does not imply 

that the most probable length of 



the chain is zero. This follows 
because we have to multiply the 
probability density by the magni¬ 
tude of the appropriate volume 
element d7. For the case of spher¬ 
ical symmetry, this volume ele¬ 
ment will be 4:7tr^dr. Hence, the 
required probability is 


value of X 



0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.1 


value of r 

Pig. 22. - Distribution functions 
(a) W(x) = constant exp [— 

(6) }P(r) =s constant r® exp [— /?r*] (after 

LOAK), 


(30) !?(r)d7= 

= exp [-— /?y®](4jrr®) dr. 

This function is a maximum, as 
shown by Pig. 22(&), when 

(31) = 

where is the effective length 
of the chain segment and n the 
number of segments. Hence, the 
most probable length is propor¬ 
tional to the square root of the 
numbei’ of segments times their 
effective length. 


5*3. The elasticity of long chain molecules. - When the motion of the mole¬ 
cule is unrestricted by internal energy barriers, the internal energy will be tlie 
same for all configurations. With this assumption the Helmholtz free energy A, 
which is defined as 

(32) A = U—T8 


will be determined solely by the last term which is the product of the absolute 
temperature T by the entropy 8. If the chain is considered to be isolated 
and free, as can be realized by dissolving molecules in a large excess of a neutral 
liquid, i.e., a solvent such that there is no heat of mixing, all configurations are 
possible. The reaction of such dissolved molecules is discussed in the next 
section. 
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If -we fix one end of the molecules at the point of Fig. 21, and restrict the 
other end to the small volume dF, the number of oonfigai’ations available to 
the chain is proportional to the probability function W times the elementaiy 
volume dT’’. If we let the point P take different positions keeping dF constant, 
the relative number of positions will depend only on r and will be given by 
exp[—jSr®]. The entropy bemg pi-oportional to the logaritlun of the number 
of available configm-ations will be 

(33) 8=0 —k^r*, 


where 0 is an arbitrary constant and k is Boltzmann’s constant. The con¬ 
stant 0 includes the size of the volume element dl’’ and shows that we are 
concerned only with difi'erences in entropy and not in absolute values. 

Equation (33) shows that the entropy is a maximum when r = 0 and de¬ 
creases as r increases. If now we move one end from r to r-fdr, work is done. 
This requires a force 


(34) 


dw _ dA 
dr ~ dr 


2 - ^ = 2fcT/?r = 


SkTr 
a* ■ 


Thus, a molecule with its ends fixed at specified points is acted on by a ten¬ 
sile force in the direction of the line joining its ends and proportional to the 
length of the line. Since the tension, is proportional to the length, the mole¬ 
cule can be considered to have an elasticity governed by Hooke’s law, with 
a constant w'hich is proportional to the absolute temperature. This stress is 
of course a fluctuating quantity and eq. (34) represents the average value. 


6'4. Theory of colled moleculim in HolMlom. - Although the phenomenological 
description given in Section 4 is of grctit value in interrelating various types 
of meiiHuroments, it provides no insight into the molecular origin of visco¬ 
elastic behavior. Qualitatively, it has been emphasized that the effects are 
associated with the possibility of motion for various parts of the thread-like 
molecules. 

The most complete theories of polymer motions deal only with deforma¬ 
tion l)y shear stresses or the related extension with negligible change in volume. 
The subject of bulk behavior ha.s not yet been theoretically treated. The most 
comprehensive treatments have dealt with tlie behavior of polymer molecules 
in dilute solutions of solvents. When a dilute solution of polymer molecules 
is subject to a shearing stress, the flowing solvent distorts the molecule from 
its Gaussian distribution. Thermal agitation tends to restore the equilibrium 
and the viscoelastic behavior is determined by the interaction of the two effects. 

The first complete theory of this effect was due to RotrsB [27], who as- 
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sumes that the polymer molecule can be divided into N segments of such a 
length that at equilibrium the separation of its ends obeys the Gaussian pro¬ 
bability function (24). The model considered by Eouse lumps all the thermo- 
dsmamio spring action in one element and all the viscous effect in a weight¬ 
less bead which is dragged through the solution. Figure 23(a) shows a slight 






V\Ar-t"AW 



Fig. 23. - Eepresentation of the action of a polymer segment hy springs and beads. 
Dashed lines show distortion of chain by shearing strain in liquid. 


modification of the Bouse model for which the chain ends up in a spring cor¬ 
responding to half a segment, since it is assumed that the location of the bead 
is at the center of the segment. This arrangement fits better with the deri¬ 
vation to be ^ven below. It should be emphasized that each spring repre¬ 
sents the action of a kinked chain of the form shown by Fig. 20(b) while the 
bead represents the viscous drag of the whole segment as it is pulled through 
the solvent. A similar model was later discussed by Buecjhb [28] without spe¬ 
cifically taking account of the Brownian motion effect, but with quite similar 
results. Bouse’s model can be considered a free draining model since no ac¬ 
count was taken of the hydrodynamic interaction between chain segments. 
This interaction was later taken account of by Zimm [29]. The present dis¬ 
cussion is limited to the free draining model. 

The measurements of Fig. 7, 8 and 9, at high frequencies show that the 
viscosity of the polymer solution is only about 10 % higher than the viscosity 
of the solvent alone. This result strongly supports the hypothesis that the 
primary effect of the velocity gradient is to carry each segment along with 
the liquid. The motion, however, will disturb the equilibrium distribution of 
the molecular segments, and thermal agitation will cause a redistribution of 
positions with a subsequent motion of the polymer segments through the 
liquid. At low frequencies, this effect manifests itself as an increased viscosity 
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of the solution over that of the solvent. As the frequency becomes higher, 
there is no time for all redistributions to become complete and the polymer 
motion lags behind the applied stress, giving a complex viscosity, i.e., a shear 
stiffness effect. At the highest frequencies, no complete motions can occur, 
and the polymer reaction is a stiffness reaction for which a displacement of 
the polymer segments can take place in synchronism with the shearing motion 
of the liquid, but no motion of the segment through the liquid occurs. Under 
these conditions, the viscosity is the viscosity of the solvent, whOTeas the stiff¬ 
ness is the sum of the stiffness of all the segments. 

House’s method of solution is to evaluate tbe normal modes of the net¬ 
work under the condition that the probability function y) satisfies the equation 
of continuity. This method does not take full advantage of network theory 
and in the interest of simplicity and in order to apply the network theory for 
a higher frequency approximation, a somewhat diffei*ent method is adopted 
here. The method of deriving the equations can be illustrated by means of 
the single segment of Fig. 23(ffl). Suppose that the ends of the segment 1,2 
lie in the m-z plane at an angle 6 with the x axis. If the liquid is sheared by a 
plane wave propagating along the z axis with its displacement direction along ®, 
the liquid will be disturbed as shown by the dashed line. As mentioned above 
experiment indicates that the effect of the shearing displacement is to carry 
the ends of the segment along with the liquid so that point 1 goes to 1' and 
2 to 2'. All the motion occurs in the oo direction. 

The form of the probability functio'n yj of eq. (24), when both ends can 
move is 


(36) v(®, y, z) = C exp [— /?((% — i»i)“ + (y* — yi)» + (», — «i)»)] . 

Hence the force exeiiied by the medium on the segment is 


(36) 


- kT ^ ^ = 2pkT(x,- X,) = (®.- ®i), 


J?’..- kT - 2pkT(x^- X,) 


ikT 

"<r* 


(®*-®i). 


when use is made of eq. (27) to evaluate /9. If the shearing strain in the liquid 
is 8-a = 9m/ 9«, where u is the displacement in the x direction, then the distance 
can bo written in the form 

(37) ®, — — ®io + cos 0, 

where a is the chain end separation and 9 is the angle between the direction 
of the chain ends and the z axis. Hence the force on tbe chain exerted by 
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the fluid motion is 


== 812 cos d; — -- 812 cos 0 . 

(X c 

The displacement of each end of the segment is 

m X, = ^oos 6 -, X, - ^cobB. 

Hence the rate of doing -work is for sinusoidal vibrations 

(40) + F,^x, = j(o(3hTSl) = - ^ {SkTSl^ cos* 6 ), 

"where ^ig is the time rate of change of the shearing stress. Since segments 
can occur in all directions, we have to average the values of cos* 6 . This is 
given by 

n 

f cos* 0 sin 0 d 0 

(41) cos* 0 = ‘— 5 J-= i.. 

Jsin 0 d 0 ^ 

Hence the effect of a single segment is to introduce a shear stiffness equal 
to leT. If there are N segments per unit volume, the stiffness introduced is 
NJcT. The shearing strain will also introduce a dissipation in the solvent 
which becomes equal to 

8Uri,. , 

Hence the effect of introducing a number of single segments into the liquid 
is the cause a stiffness proportional to FkT. It turns out that at very high 
frequency for which the long chain segments cannot move through the liquid, 
the same expression holds. ’ 

On examining Fig. 23(a), it is seen that the reason why the single segments 
do not contribute to the viscosity, is that with the symmetrical application of 
the shearing motion only the ends move out and there is no motion of the 
viscous bead "with respect to the liquid. For structures having N elements, as 
shown by Fig. 23(6), and two adjacent segments at angles of 0i and 0^ respec¬ 
tively with the « axis, the force on the point 2 is the sum of the force exerted 
by the medium and the reaction between the two chains. Hence F^ does not 
necessarily equal F^ and motions of beads 1 and 2 now occxir through the liquid. 
These produce an extra drag due to the polymer molecules. At the common 
point 2 all the displacements of chain 1 equal those of chain 2 and the force 
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exerted by chain 1 on chain 2 is the negative of that exerted by chain 2 on 
chain 1. 

An equivalent electiical circuit which represents tlie action of a single 
segment is shown by Fig. 23(a). Here 2g is twice the stiffness constant, i.e., 
OJcTja^. The resistance q' showm represents the viscous di'ag introduced by 
the bead as it is pulled tlirough the liquid in the x direction. It is evident 
from Fig. 23(6) that all the motion is not necessarily along the x direction and 
in general the total drag will be larger than q'. The relation requires a solu¬ 
tion of the diffusion equations for the probability functions y} which is not 
attempted here. As might be expected the result indicates that g'= g/3, 
where q is the total drag on the bead as it moves through the liquid. From 
the equivalent circuit of Fig. 23(a), with the forces and velocities directed as 
shown we have the mesh equations 


(42) 




®»n — -f" *^1! 





In terms of the output and input forces and velocities, these equations can be 
assembled in the form 


(43) 


Xi = — x. 


.F, - F, 




1 + 


jmQ 

^9 




^ 12 g| ’ 


At this point it becomes convenient to introduce the propagation constant F 
and the characteristic, impedance Zo of a network, which in terms of the forces 
and velocities shown in Fig. 23(rt) will be w'ritten [30] in the form 


(44) 




iCa = — Xi cosh jf’-l- sinh F-, 


Ft = — Fi <‘OSh F + XiZo sinh F. 


(■omparing this equation to (39), wo liave 


cosh F=1 


p>e _ , , 

W 2roo ’ 


W l/_.. _Q l/_ .. jcoo .. 

® 3 f fo(.i + j(i>Qll'2g) 3 y . co(i + jcojicot) ’ 


( 45 ) 
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where 

(46) 


3ff ^IcT 

tt>o = — = —J • 
Q Qa^ 


Since the two sections are joined together and the forces at their junctions 
are equal and opposite, we have the relation between two adjacent sections 


(47) 


(K, = — ; Jfa = — JPg . 


If we apply these conditions between two adjacent sections, having equations 
of the type shown hy (44), we find that in terms of the input velocity and 
input force Fj and the output velocity and force ®o ^nd F^, the relations 

' Fo=-F, [cosh* r + sinh* T] + x,Z, [2 sinh F cosh P] 

= — Fi cosh 2P+ XjZ^ sinh 2r , 


(48) 


F 

Xa= — Xj [cosh* r + sinh* sinh F cosh F} 

"0 

JP * 

= — ®, cosh 2F ~ sinh 2F. 


Hence with these parameters the propagation constants are additive and si¬ 
milar equations hold for Jf adjacent segments with JT replacing the 2 of eqs. (48). 

To calculate the effect of such a molecule introduced in the solvent we 
note that the effect of a shearing wave is to move the various segments without 
moving the center of gravity of the polymer. Since the forces on the two ends 
are equal and opposite, this requires that the force at the center be zero. 
Hence Fg is zero if the number of sections in (44) is jr/2 and the ratio of the 
input force to the input velocity is 


(49) 


Fj = s0jZgtgh.NFI2. 


The energy into the network can be calculated with reference to the arran¬ 
gement of Fig. 23(c). The end-to-end chain length of the total molecule is 
by eq. (23) 

(60) P = , 


where Ig is the effective length of a single monomer and OTj is the total number 
of monomer lengths. If there are n, of these lengths in the fundamental seg¬ 
ment xmder consideration then 


( 61 ) 


ff* = Zjw,. 
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The total number of segments N mil be 

(62) N = n,ln, 
and hence 

(63) P = Na^. 

The velocities imparted to the ends of the chain vdll be 

(64) 


/Ji — - 

'8i»l cos & 


Sia'S/Wff OOS 0 

• /y« Pi... 

'SvtVWo cos 6' 

a?jr — — 

2 


2 

5 fUjr — 

2 


The force exerted by this'displacement velocity is jSiZg tghJWP/2 and hence 
the rate of doing work is 


(65) 


Fia>j+ I'aX„ = 2 


j* Zo tgh Jfr/2 , 


Averaging over the square of bos d, adding the dissipation due to the solvent 
and assuming n molecules per cm", the effective complex stiffness of the so¬ 
lution is 


( 66 ) 


^ tgh2rr/2 . 


Several limiting values are evident from this equation. For very low fre¬ 
quencies 

and the viscosity of the solution is 

( 68 ) 


,. n2St*o*Q 

=»?. - 3 ^ . 


in agreement with the results of Boubb. At very high frequencies, tgh jyj'/2 ->-1 
and 


(69) 




6 


3 


Hence at very high frequencies, tbe liquid acts like a material with the vis¬ 
cosity of the solvent and a shear stiffness proportional to the total number 
of segments. 
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For the intermediate range determined by 0 )'<4a)t — N^(nkT)l(i]t — rj,) the 
viscosity and stiffness can he put in the form 


(60) 



= V> + 




- fi,)co f l + j \ 
nhT \ v2 / 


As long as V(tjo—7 ?,)a)/wft2’ is equal to or greater than 2\/2 —for the solu¬ 
tion of Fig. 9 this requires a frequency of 300 Hz — 


(61) 


tgh (2 + 2j) 


0.966 + j 2.04 
1 + j 1.96 


= 1.026-j 0.03, 


and hence vithin less than three per cent the value of the hyperbolic tangent 
is equ^d to unity and approaches it more closely as the argument gets larger. 
For frequencies above this point 


(62) 


VA = r]>+\ - ^ - 2 -• 


Bdow this point, the value of the hyperbolic tangent function enters according 
to the equation 


(63) 


tgh 


y (r]t-r),)oi(l + j \ __ 
nTcT \^/^ )~ 


tgh 




{'n o—v.)(o 

~2nhT 


jtg 




lo— 17,)«) 

2 nTcT" 


' ^ F 2nkT ^ y 2nkT 


1 + i 


Hence when one knows the number of molecules per cm’, n, and the difference 
between the static solution and solvent viscosities, the complete stiffness and 
viscosity of the solution is obtained. 

Figures 7, 8 and 9 show how well the measurements agree with the theory 
up to frequencies as high as a megaherz. Divergences are indicated at the 
highest frequency measurement which will be. discussed in the Section 6. The 
formulation of the Bouse theory is useful when the same polymer is dissol¬ 
ved in different solvents. Figure 8 shows measiirements of low molecular weight 
polyisobutylene in various solvents and the difference in the shear stiffness 
is very marked. The cause of the reduction in stiffness is the lower relative 
viscosity due to the smaller separation cr* of the segments ends. The Bouse 
theory does not allow a separation of the separate quantities o’, q and JT but 
simply determines the product according to the equation 


(64) 


= ^6{rjo — T],)ln. 



ABSORPTION AND DISPERSION OP SOUND IN POLYMER SOLUTIONS ETC. 


255 


5*6. Beduction formulas. - Tliere are only two types of elements in the 
generalized network of Fig. 23 (<j), a stiffness proportional to the absolute tem¬ 
perature and a yiscous element which should have the same temperatoe va¬ 
riation for each element— i.e.^ the same activation energy. Hence for a given 
liquid at a given frequency the effective stiffness should be proportional to 
the absolute temperature and also to the concentration due to the factor n of 
eq. (66). Hence with respect to the stiffness at some temperature and con¬ 
centration Oq 

(65) fi,^fi,ToGolTC, 

where T and 0 are thq actual temperatures and concentrations. It is also 
assumed that all relaxation times ti depend identically on the temperature 
and concentration and that there are proportionality constants aj, and 
such that 

(66) T, = . 

We caa evaluate the factor by noting that the static viscosity i?. is by 
eq. (19) 

^ TO ^ TO 

(67) = 2 2 o-TO'oria ,, 


where rig is the static viscosity in. the reference state. Hence 


( 68 ) 


a^pao : 


_J7o_2^o 

TO TO ’ 


if we choose Oo and r)g^ equal to unity in the reference state. Hence we can 
define reduced stiffnesses, viscosities and angular frequencies 


(69) 


ri _ayijtTo 


such that data taken under a variety of temperature and concentration con¬ 
ditions should form a single curve which gives parameters of interest for the 
reference state. Figure 10 shows measurements of polyisobutylene in a decalin 
solution with concentrations ranging from 6 to 22 %, temperatures from 6 “0 
to 36 “C and frequencies from 0.006 Hz to 100 Hz which can be fitted on single 
reduced variable curves. 

Becent work by Baklow and Lamb [31] has shown that the effect! of pres- 
. sure can be incorporated into the reduction formulas. The viscosity tjo is the 
viscosity measured at the hydrostatic pressure used. This finding has impor- 
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taat consequences for lubrication theory since oils are used under high hydro¬ 
static pressure and hence viscoelastic effects may be expected at the frequencies 
for which gear teeth mesh. 

However,- violations of the reduction formulas begin to appear if measure¬ 
ments are made for stiffnesses above 10® dyn/cm» or for very high frequencies. 
The measurements of Mg. 9 at 14 MHz appear to be definitely removed from 
the theoretical curve. The data of Mg. 13 for pure polymer liquids fit the 
reduction formulas well up to stiffnesses of 10’ dyn/cm* but diverge for higher 
stiffnesses measured at higher frequencies. This matter is discussed further 
in Section 6. 

S'6. IrvtffrpreMMn in terms of a free volume modd. - .An interesting relation 
between the temperature transformation factor and the free volume state 
has been pointed out by Williams, Landbl and Mgeut [32]. If we plot the 
total volume per gram of material as a function of the temperature, a relation 
results of the form shown by Mg. 24. At temperatures high enough so that 

thermally produced segment motion is rapid 
an extra volume is occupied due to this mo¬ 
tion. As the temperature is lowered, a col¬ 
lapse of this free volume occurs until a fur¬ 
ther collapse does not occur in the time of 
the measurement. A further lowering of tfim- 
perature is accompanied by normal thermal 
compression coefficients existing in other type 
solids. The extra volume due to the seg¬ 
ment nature of the polymer does not chan¬ 
ge. The temperature for which a change 
occurs in the temperature expansion coeffi¬ 
cient is known as the glass temperature T,. 
The dependence of the free volume on 
temperature is teken by several authors 
to be the difference between the thermal 
expansion coefficients above and below the glass transition temperature or 

<70) / = /,-t-{a,-ax)(2'-T,). 

In the intermediate region, which extends from the glass temperatme T, 
to about 100 °0 above the glass temperature, a universal equation of the form 

<71) logx, at=A{T- T,)I{B + T-T,) 

has been shown to hold experimentally. At fiarst the constants A and B were 
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thought to he universal constants with values of 

(72) A = 17.44 5 B = 61.6 . 

More recent data taken [33] over a wide range of materials give values of 

(73) A = 16.6 to 22.2 ; 2? = 32 to 114 . 

Above 2',+100° the viscosity depends on details of the molecular structure 
while as the glass temperature is approached, the reduction formula becomes 
invalid. 

An interpretation in terms of the free volume of the polymer has been 
given. In terms of the ratio of the free volume to the total volume, the vis¬ 
cosity of a liquid can be expressed by the equation 

(74) In}? = In A -f i, 


where A is a diferent constant for each liquid. 

For a pure liquid the factor of eqs. ( 68 ) can be expressed in the form 


(76) 


rt. 


ri,TQ ’ 


where g, and g are the densities at the glass temperature Tg and at any tem¬ 
perature T. neglecting the variations of T and g compared to 17 

Substituting? (70) in (76) we find 

This is identical in form with (71) and if oct —«i = 4.8-10“*°O and /,»= 0.026 
the original constants are obtained. The differences in the tenaperature expan¬ 
sion coefficients for most polymers are in this range. 

A consequence of this type of relationship is that tbe activation energy 
for viscous flow, given by 

(78) ?7 = oxp [— ABf/JJT] 


IT - Itendieonii S.I.F. - XX\UT. 
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■Will depend markedly on how close the temperature is to the glass temperatme. 
From the relation 


(79) 

we find 



(80) 


/ \Cti — Ct\ j 


2.08-10»Hr» 

(JS + 


Close agreement' is iound with this equation for a number of polymer liquids. 


6. - High frequency behavior of polymer solutions, liquids and solids. 

The data of Figs. 9 and 13 on polymers in solution and short chain poly¬ 
mer liquids show deviations from the type of curve expected from the above 
treatment. This might be anticipated since there is a limit to the rapidity with 
which ■the polymer chain can adjust? its position under the effect of thernuil 
agitation alone. Suppose now that the stress is applied in a time much shorter 
than the time requhed to establish thermal equilibrium of the chain. Tlic 
chain will stiQ displace but with a stiffness determined by the intrinsic stiff¬ 
ness of the chain, i.a., tha^fc due to mechanical bending of the joints. Further¬ 
more when the joints are moved by thermal agitation there is an internal 
friction caused by the motion of the joints which has so far not been taken 
account of. Since these two deviations from the action of a simple spring 



a) b) 

Fig. 25. — Modification of thermodynamic network to take account of internal friction 

and inherent segnaent stiffness. 

are occasioned by the separation of the ends of the segment, we should expect 
that their effect will be represented by extra elements in the shunt coupling 
elements and Fig. 26(a) shows the type of network proposed. In this network 
Ps represents the thermodynamic stiffness 3 fcT/or* and represents the internal 
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friction caused by the motion of the polymer joints. The ratio 
(®1) Qilffi — Tj 

is the relaxation time required to establish thermodynamic equilibrium. 

As long as th-© time of the application of the alternating shearing strain 
is large compared to r, wo can neglect g, and join Qa and ga by the equation 


(82) 


So 


..Ml. 

Sa + So 


— So » 


since ga will ordinarily be much lai'ger than the thermodynamic stiffness ga. 
Under these circumstances the network reduces to tbe network of Fig. 23(o), 
and the development given there will hold. However for t<r, it is necessary 
to take account of tli© other elements. 

From the discussion of Section 6, it wiU be seen that the value of 
tgh2r(A+jB)/2 is going to be equal to unity and the shear stiffaess and vis¬ 
cosity of such a network will be represented by the equation 


(83) 






CO 


0 ) 


whore Zo for this network is given by the equation 

1 + ja)Ta ] 

1 + jfOTaJ ’ 

whore 



(8d) Za 


=u 




+ ^Zo 


g _ St. 

Ai- 3, 


Za=- 


ISaSo 


toiSo + So) 


Inserting these values, the viscosity and stiffness of the solution become 
/8r>\ » _ ^ « 4. h/ ((/<Po/a>)((l + joira )l(l + 


where 


©0 = 


3g«gs 

\St+9»)Qi' 


At frequencies below ©o> hut large enough so th^ tgh jyjr/2->1, the va¬ 
lues reduce to the values of eq. (60).. However for values of o> greater than coo> 
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divergence from the Bouse curve occurs. For the measuremeats of Fig. 9, 
two of the parameters are determined by the difference in the solution and 
solvent viscosity, Le,, 0.266 poise, and by the number of molecules per cm*, 
1 g per 100 cm* of 3.9 • 10* molecular weight molecules. Since 1 molecule will 
weigh 

(86) 3.9-10«-1.66-10-« = 6.48-10-«g, 


there are 1.64 *10“ molecules per cm* giving a value for the other parameter of 

(87) nkT =6S.5. 

If we express the measured values in terms of the equivalent network shown 
in Fig. 26(6), the complex stiffness measured above 300 Hz will be in the form 

/ggv j/*A 1 / r),)l(o){(l + jcori)l(l + ^ cD Taj)" 

£0 r 1 + {jo>(r} 0 — ij,)/4Jr*(«fca’))((l + J£ut,)/(1 -I- jVdtJ) ■ 

At low frequencies one can determine two values according to the relations 


(89) 




(Vo- V>) 
N 


_ 0.268 
“ N ’ 


= JSTinTeT) = N(6S.5 ). 





frequency in Hz 

^ig. 26. — OalotLlaiion of shear stiffness and viscosity for 120X solution taking account 
of the thermodynaznio relaxation and the structural stifbiess: o measured viscosity 
values; A measured shear stiffness;-calculated curves. 
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To determine the other Talues, choices are made for Tj, t, and /is to give the 
best fit for the inoasui’od points. Figuie 26 shows the curve obtained by 
taking 


(»0) 


/is = 2.5 • 10 ‘ dyn/ciu* ; /I 3 == 1.9 ■ . 10 ' dyn./c.tn», 

Tji = 3.8-10“' poises ; jja = 1.1-10“' poises . 


These values sillow a determination of tlie number of independent segments 
in the chain of 3.9-10' molecular weight. N is determined by taking the ratio 
of the measured static viscosity rjo — 17 , = 0.266 poise to tji or 


(91) 


JV = 


0.266 

3.8-10“' 


700, 


corresponding to a segment length of 


(92) 


3.9 -10' 
66"760 


= 100 


7 


whore 56 is the inoleoular weight of a single segment. The element 


(93) = 4.46 -10* dyn/cm' = N{nTcT) = 700 X 63.6 . 


Hence we conclude tkat shear impedances of polymer solutions measured 
over wide frequency ranges allow one to estimate the number N of independent 
segments, the thermal relaxation time 


(94) 


Ta 


jUa 


1 . 1 - 10 -* 

2 . 6 - 10 * 


= 4.4-10-’s. 


occuiTing when the shape of the chain is altered and tk<) stiffness to bending 
of the chain for this case appears to be about 8 times the thermal stiffness. 
Since this stiffness is determined by constraints rather than by thermal agita¬ 
tion, one would expect that the reduction formulas would not be valid in 
this region. 

Sevonil (‘hecks (‘an he made on the value of 100 monomer units for the 
smalloBt chain segments. Since 

(95) - = 0.266, 

we find 

(96) 


or'e = 1.27-10-" 
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when we substitute »= 1.64-10“ and 2^=700. The distance between chain 
ends for this segment can be calculated from eqs. (23) to be 

(97) o'« = 6.26-10-»» om» 

giving a value of g = 2.04-10-*. g is defined as the viscous drag as the poly¬ 
mer segment is moved through the solvent. From Stokes law, 

(98) g = 

for a sphere of radius a dragged through the solvent of viscosity j;,=0.0086 poise. 
We find that the effective radius of the equivalent bead is equal to 12.8 • 10~* cm. 
This appears to be a reasonable value to represent a polymer chain of total 
length equal, to 340'10-®om with a chain end separation of 79-lO-* cm. 

6 '2. Oomplex stiffness of short network polymer liquids. — A pure polymer 
liquid differs from a solution of polymer molecules in that there are intra¬ 
chain connections as well as interchain connections. Hence the molecule cannot 
be considered as a linear network but must in general be considered as part 
of a three-dimensional network. 

Very short networks, however, can be considered as linear networks since 
the intoohain connections are more important than tihe intra-chain connec¬ 
tions. Figure 11, droles and triangles, shows measurements of a polyisobutyl¬ 
ene liquid of viscosity average molecular weight of 1600 which corresponds 
to a chain having 30 repeating dements. Attempts haye been made to fit 
a Bouse function on the assumption that the solvent has the same viscosity 
as the liquid. The result as seen from the dash-double dot lines is not very 
good. 

A considerably better result is obtained by considering that the polymer 
has two sections of the type shown by Fig. 25(a). Although neither section 

is long enough to develop its true 
thermodynamic stiffness or viscous drag, 
it appears that the center part can be 
considered as having no stress on it 
while the two halves move in and out 
with respect to the center. The equi¬ 
valent circuit for this case is that 
shown by Fig. 27(a). By assuming 
1^1 = 39 poise; ^ = 1.2 • 10* dyn/cm* 

fh = 6.0 -lO® dyn/cm*, 



Fig. 27. — Bepresentatioii of equivalent oii- 
ouit for a short chain-length polymer liquid. 


(99) — ^ = 19.6 poise; 
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and usin^? tho equatioiiH for tlie shear stitlnoss and viscosity 

( 100 ) 


^ _itA ^ _ _ _. 

ft) 1 + (jw/jMs)(>7i(i + {iMa//«s)) -i- J?a) — (O*j<O»0)i’ 


fh 

ft). = ^; 

Vi 


2 /ia 

Vi 


one obtains tlio mateh shown by the <lot-dasU lino of Fig. 11. Tide value of 
jUg is less than that oxpecdud from the formula 

(101) 3/Xg = Nn/cF = a = 2.6 -lO’ dyn/cm*. 


The viscosity rh of the half segment, i.e., 19.6 i)oiBG, is smaller than that for 
a fully developed segment which will be shown to bo about 58. poise. Hence 
it appears that the two halves of the network with 15 repeating dements are 
not sufilciently long to develop the full thermodynamic stiffness and viscous 
drag. 

At the high frequencies, the measured increase in stiffness and the meas¬ 
ured decrease in viscosity change too slowly to bo represented by a single 
relaxation. The same thing is true for the longer chain polymers shown by 
Fig. 12 and 13 and for the longitudinal wave measurements of Fig. 14. In 
these measurements the attenuation per wavelength approaches a constant 
which is indicative of a «liyBteresis » typo response for which the energy loss 
per cycle is a constant independent of the frequency. As discussed previously [34], 
this type of behavior is quite general in solid polymers, glasses and metals. 

This behavior originates in the bending stiffness constant g,. It is be¬ 
lieved to be duo to the motion of smaller segments than the whole thermo¬ 
dynamic segment. For example any combination of segments up to 100—^the 
length of the thermodynamic segment—can move at a liigher frequency than 
the thermodynamic relaxation angular frequency (Mj/j?,. This action can be 
represented by a series of relaxation networks of the type discussed by eq. (19). 
Since the energy required to move segments smaller than the thermodynamio 
segment is smaller than that required to move the complete segment, the 
activation energy for this «hysteresis » component should be lower than the 
viscosity-determined activation energy in agreement with' measurements by 
LiTOvrcz [36] and Lyon. 

While the action of a « hysteresis» component can be obtained by adjust¬ 
ing the relaxation times of eq. (19) to cover a smooth range, a simpler approx¬ 
imation, holding for sinusoidal vibrations is to let the stiffness /nz have an 
imaginary component of the form 
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The dashed line of Fig. 11 shows the effect of replacing by the expression 
in (96) with fi'^ — OA/jt^. The agreement over the complete frequency range is 
much better. 


6‘3. High frequency range for polymer liquids. - As shown particularly in 
Fig. 12, the complex stiffness of a long polymer chain liquid has two ranges, 
a rubbery range for which the stiffness is in the order of 10« to 10’ dyn/cm*, 
and a glassy range for which tbe stiffness climbs to the order of lO'" dyn/om*. 
Below tbe rubber range, there is a viscous range and between the two stiffness 
regimes, there is a region for which the real and imaginary parts of the stiff¬ 
ness increase at a rate greater than the Square root of the frequency. The 
frequency breadth of the rubber region depends markedly on the length of 
the polymer chains and is determined by intra-chain reactions as well as inter¬ 
chain reaction as discussed in Section 6. 

On the other hand, as can be seen by comparing the data of Fig. 11, 12 
and 13, the glassy region and the approach to it depend little on the length 
of the polymer chain. Furthermore, there are indications from Fig. 13, that 
this region does not obey a reduction formula at least as far as the shear mo¬ 
dulus is concerned. Hence it appears that this phase can be interpreted in 
terms of the mechanical bending of the polymer segments at frequencies above 
the thermal relaxation time r^. 

Assuming that the network of Fig. 25{b) represents the action of the chains 
in the high frequency region, the complex stiffness will be represented by the 
equation 


(103) 




ZiZt 


Zi = rii] 






-^zjiz,’ 

1 -f jcoijtl/ii 




1 - 1 - - 1 - f4y 


The circles and triangles' show the degree of agreement obtained with this 
model — above log co = 4 — when we assume the values 


(104) 


rji = 68 poise ; /x* = 2 - lO' dyn/cm®; 

6- 10*[1 -|- j 0.4] dyn/cm*; = 9• 10® poise. 


The final value is not weU determined from these measmrements but deter¬ 
minations from considerations of the next section indicate the value shown. 
The value of /t, agrees with the formula 


(105) 


2fit=^n2irhT = 


I 0.914 W1.5 -lO'N 

\i.6 • 10* -1.66 • io-®®j\ioo • eej 


(1.38-10-“-298) = 


= (3.68-10«)(268)(4.1-10-‘®) = 4-10‘ dyn/cm®, 
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since the density q = 0.914 g/cm’. Tliis <‘.tilcul!itiou assumes that the segment 
length is about 100 repeating units as found in Section 6’J. If wo interpret 
the viscosity rji as being due to the di’ag of a segment tin'ough a sui'rounding 
medium and use the values established in Section 6'1, wo have 

(100) rfi = 68 poise = or q = 3.38 -lO-'. 

do 

This corresponds to a sphere of 25*10”‘*c.m in diameter dragged through a 
liquid having a viscosity of 14.3 poises, which is dose to that for a light poly¬ 
mer polyisobutylone liquid. 

The data of Fig. 13 for molecular weights under 10 000 are fitted for 

(107) 60 poise; , ju, = 3*10® dyn/em® 

showing that both elements increase slightly as a function of the molecular 
weight. This is probably due to the slight increase in density with increase 
in molecular weight which causes a crowding of the chains making it more 
difficult for them to move. 

6’4. liuhhery region for polymer Hguide. - The measured values in the rubber¬ 
like region depend mai'kedly on the molecular weight of the liquid as can be 
seen from Fig. 12 and 13. For the highest molecular weight of Fig. 12 there 
is a region of nearly constant elasticity from (w = 10-‘ to 10*, a range of 
nearly 10’ Hz. This is presumably connected with the intra-chain connections 
which cause motions in suiTounding (diains when one chain is actuated. Several 
suggestions [32, 36] have been made on how to incorporate this coupling into 
the network but it appears to the writer that the most logical way is to incor¬ 
porate tbe chain as part of a three- 
dimensional network. Since the' 
calculations have been given pre¬ 
viously [34] only a discussion of 
the principle is given hero and 
the reader is referred to the pre¬ 
vious publication for the details. 

The data given previously in¬ 
dicate that 'W’e are dealing with 
polymer chains which have mova¬ 
ble segments in the order of 100 
repeating monomer units. It has 
been suggested [32] that this seg¬ 
ment length is a measure of the a ve- 
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mgo Hoparatiioii of Hio oiitaiifyloiiudilt poiiifn (li<» cIiHin uiMl<*rcoiiHiilor«f ion 

and adjacput chainH of fclio liquid. A Hini|)I<* indwork hawKi on llnw otnixi 
doratioiiH in Hhowu l)y Fi^. US. Tlio <'ou|»liu#( of Mi<' M'Kiuoiif umlor oon«id«' 
ration to tlio adja(*.<iiit <'haiuH iH aHKtiinod id occur tJiroutfli llio tlicriimi tuolioiiM 
of the Ho^moutH. The twljacoiit chains in i.urn «‘ou|)Ic io «»ilier chiiiiiH by nicuns 
of thernuil motions, ho that the total numl»er of {•haiiis iirivcii increaHcs as the 
square of tlie distance from the orlf'inal (^iiain. Theses u<ijaci>uf' chains ilissi' 
pate ener^ in proportion <>o tint mimix'r of H<«ju;m<‘nts driven. A Hat cyliinlricai 
section is assumed to be coutuaded with otch scKtuent since the (Uieriiy lost 
lio the sides is made up t)y eiutr^ry received from tiie sides of the Hal section. 
The inner sc^tfiueut should have a volume equal to while the next layer 

should have a volume w[(3o')*—of»l<r/4 or « tinms that of the llrst layer. The 
Af-th layer will have a viscosity 

(108) [(2Ar+ 1)«- (2iV-l)*Jr/, KJVr/,. 


Boa(di layer then will have a viscosity assojdatod with it equal to the nuniix^r 
of elements times the viscosity of a single Hogment. t/,. The valiu* of i/, was 
determined by the higher frequency tJiejMturenumts of H«*etion 6‘.'t and was 
found to be 
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The length of the sidewise chain Uictuatod by (»»u'h segment' is in the iwler 
of the main cliaiu, but may be somewhat longer on account of Van dec Wmds 
coupling to adjacent chaiiui. The present nnulel asstinww th^^t tin* nntnlter 
of layers activated is A times N whore If is the numlM'r of chain elonientx. 
At the end of this chain it is aHHum(«i that there is a eomplebt rtdhtoiion of 
energy, i,e., the chain is short-circuited as Hhowu by Fig. 2H. 

There does not appear to bo any way to e 4 lleulat<^ the length of t he ri-gion 
of aetlvation but by comparing the vlwiwity «>f various Umgth pidymer eliaiiis. 
a faC'tor of 2,3!S?f is derived. The total number of Hegnieuts in eiudi side chain Is 
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Hiiico there are 3.35Af of the side chains along the main chain, the total iininiMU' 
of segments will bo 53A''». Multiplying this value by tiie viscosity of u singlt* 
segment, given by (109), the visc. 08 ity molecular weiglit relation' 
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valid for moleoulai* woigths above 10000. 
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Tiihlf il mIkium ;i l■ol^|t!lriMlll uf this fnrniiilii with tin* iiica+tUM'iiK'iilH of 
h’uX itiiii l.’WI on tin* viNfosily of |iolyisot»ut.vh*iit* at ijr» ('. 
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nui Im« wtivutwl. Ttii’Mi i*l«nii«>iit4t will In* lirivou by tho thoniuil tiiKi- 
tiitioti of tlio <-liuiiiM wliicb Ik r<>t>nmoiil.o(l by tlio tjiannoilynatulo HtifTiioHH of 
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Ah tlio froiiuotioy iiK-roiouw, tlio Miii(>wiKo iliHtiuico t-liui a vibr»t<Um can im- 
iiclriitc Ih rtHiiiml atui at a frcqtantcy (ri^'alcr than 
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tlio moiociilo im'Ih Hjjtaln an a Hintcio cimlii iitolcciihs with a vlM^aiiiy r/| AH polno 
for tho Huroau of HtaiKlardH |KilyiHobutylono and honco tho calonIntiouH kIvou 
in Si'i'tion 6‘3 aro valid. Kor lowor froi|uoncioH a k'hmI atiiiroxiniatinn can Iw 
obtained by taking the tlrnt few olomonta of tho chain and the valuoH at 
fit III* and fit id* worn obt-ainod in thiH way. 

Tho coniploto Holiition of thin ta{K*r<Hl network haa not Iwon obiaiiUMi but 
when fit<f*tjrix a difTonmtial equation waM dorived which can be Uklved in 
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cun Imi iiHodi tho Hido liranch iin|HMlan(Mt Xi of FiK> OH taaionMM 

(III) Zt^ lf/,(a..1AAf)*«»S2r/tiV*, 
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in agreement with the static value. For higher frequencies the impedance Z, 
can he derived from the equation. 


(116) 

where 





One can evaluate the side braiudi impedsuuie from tables of Bessel’s functions 
of complex arguments and the circles and triangles of Fig. 12 show the degree 
of agreement. At tb© lov frequency end, the rise in impedance seems to come 
about a factor 10 higher infrequency than the measurements. 


6 '6. Mookaniml impedance of rubbers emd polymer solids. — liubbers ai'c 
also made from long chain polymer molecules but differ from liquids on aKJcoimt 
of cross linking between chains. Effectivdy this forms a tltfee-dimensional 
network. As can be seen from Fig. 16(a) andl6(?>), the «rubbers region and 
the high frequency «glassy » region are very similar to these regions in long 
chain polymer liquids. However there is no viscous region occurring at very 
low frequencies, since even for static stresses there is no flow but a flnito « rub¬ 
bery » stiffness. On the model presented in the last section the effective chain 
length coupled to the main chain becomes very largo and the flow viscosity 
approaches inflnity. A fairly good agreement with the complex stiffness of a 
rubber is obtained by using oq. (116) for the side branch impedance and lot¬ 
ting Ti become very large. The real part of the stiffness varies only by a factor 
of 2 over a frequency range /*//i=10*, while the imaginary part of the stiff¬ 
ness is about 1/30-th of the real part in relatively good agreement with Fig. 16. 

A further inhibition of segment motion is obtained when linear polymers 
such as polyethylene form in partly crystalline form as shown by Fig. 2. 
The crystalline regions for which the molecules form (dose bonds as in an ordi¬ 
nary crystal are connected with other crystaUinc regions by amorphous I’c- 
gions whore the polymer chains have the capability of some relative motion. 
The measurements of Fig. 16 and 17 for polyethylene show velocity dispersion 
and attenuation maximums which are thought to be related to the motion of 
a shortest chain segment in the amorphous region. For frequencies above this 
region a constant loss per wavelength is measured. According to the inter¬ 
pretation given previously this is due to the motion of one or more monomer 
rmits of the chain, which can still move at frequencies above which any chain 
segment motion is I’olaxed out. 

If we compare the attenuations associated with the longitudinal and shear 
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motions, it appears tbat most of the loss is accounted for by shear dissipatiye 
mechanisms, but a compressional viscosity about J-th of the shear viscosity 
is indicated. 


7. - Some applications of the mechanical properties of polymers. 

Although the main intei’est of this course is on the fundamental principles 
of sound absorption and dispei-sion, it appears worth-while to mention briefly 
a few of the applications. Polymer materiids are the materials having the 
largest damping factors, i.e., ratios of imagiixary stiffness to real stiffness or 
alternatively, values of Q-^, of any of the solid materials. Hence they are 
rather widely used in noise reduction and vibration reduction material. The 
materials are usually coated onto metal panels by a spraying or cementing 
technique to a thickness of about 20 % of the total panel thickness. They are 
sometimes used on both sides but more commonly on one side. In particular 
automobile bodies, blowers, air compressors and many building panels are 
treated this way. 

As can be seen from Pig. 16, the highest value of the imaginary part of the 
stiffness modulus will occur in the region intermediate between rubbery and 
glassy regions. It is also obvious that such properties are very temperature- 
sensitive and somewhat frequency-sensitive. For a given frequency and tem¬ 
perature, a very high damping may bo obtained but the results may vary 
considerably if the temperature is varied by ±10 “0. 

A much wider temperature range of applicability has been obtained by 
Obbrst [39], Bohn and Linhardt by using a series of copolymers of vinyl 
acetate, vinyl chloride mixtui'es and other iiolymer chains. Each component 
has a different transition temperature and although the value of the unaginary 
stiffness component does not become as high as that for a single component, 
the temperature-frequency properties are much improved. Fillers are some¬ 
times used to raise the stiffness and the imaginary stiffness E,. They act 
by reducing the amount of material that is strained. Since such dampers 
reduce the amplitude of vibration of metal plates subject to air or solid vibra¬ 
tions, they are often used to prevent sonic fatigue in metals. 

The heat generated in automobile tbres is a cause for wear and degradation. 
For this reason natural rubbers, coupled with the use of carbon black to prevent 
radiation degradation, have been most often used in tires. However it has 
been shown [40] that higher static losses are beneficial in obtaining braking 
power. Both objectives may be obtained if a rubber is used which has high loss 
for low frequencies but low loss at frequencies corresponding to wheel rotations 
and vibrations, at a'temperature corresponding to the steady state temperature 
of the tire. It has been suggested [40] that butyl-rubber has merit. 
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When, a rigid sphere under pressure is rolled across a viscoeleastic surface, 
the viscoelastic material undergoes a shearing stress and compression followed 
by a recovery. The fractional force required to maintain a constant velocity 
is determined [41] by the viscoelastic loss in the material. In fact such a method 
has been used to measure losses in solid and rubbery polymers. 
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1. - Introdnctlon [i, 2]. 

I'l. General staUmmt About eoUisions. - If we have two particles of mass 
and and velocities Wj^ and tc„, it is useful to define the motion of the 
center of mass 

(1.1) .ic' = (waWa + mswo), 

and the relative velocity 

(1.2) . w, = Wb — 

IE no external force acts on the particle, tc' remains constant during the 
whole motion, including collisions. 

Furthermore, one has, for the total kinetic energy 

(1.3) i mAwl + ^ Wn m»b = i (wa + mB)(w')* +1 ^ w?, 


where the effective mass, Wt, is 


(1.4) 


mA +Wb’ 


(1.3) says that the total kinetic energy is the sum of two parts: the kinetic 
energy of mass OT^+mg, moving with the speed of the center of mass, and 
of a particle of mass W, .moving with the relative velocity. In the absence of 
external forces, the first of these sums remains constant during the whole 
motion, and therefore only the second part can be affected by the collision. 
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Consider now the motion for regions where the particles are so far apart' 
that the mutual potential energy is negligible. One such region will exist long 
before the collision, the other long after the collision. 

In an elastic collision, the total kinetic energy long before and long after 
collision will be equal. That means that such a collision only changes the angle 
between te' and tc,, without changing their magnitudes. 

In an inelastic collision, energy is lost to internal degree of freedom; and 
therefore, long after the collision, the relative velocity is smaller than long 
before the collision. 

In a «super elastic» collision (occasionally also called inelastic), kinetic 
energy of translation is gained from internal degree of freedom and therefore 
Wf long after collision is larger than long before the collision. 

From the preceding it follows that, for the discussion of collision processes 
the motion of the center of gravity may be ignored, and one of the particles 
may be considered at rest, while the other, with the fictions mass fh, moves 
against it with the relative velocity «>,. 

1 '2. Exchange, ieihoeen translational and internal degrees of freedom as ohem- 
ieal reaction. - We can describe the energy distribution over the internal states 
by stating that N, particles are in the quantum states s. 

The changes can than be described by chemical reactibn equations of the 
second order (coUisions) of the form 

( 1 . 6 ) ^* = 21 - 2 2 , 

G.Z Q i Q i 

is the number of processes per second in which a molecule which was 
in the state j is brought into state « by a collision with a molecule in state g. 

It is of interest to remember that according to quantum 'theory equations 
like (1.6) require interference between a dense number of states, i.e. (1.6) is 
only possible because the molecules have, besides their discrete internal quan¬ 
tum states, a continuous spectrum of translation states. 

In thermodynamic equilibrium, the numbers JT, are fixed. The principle 
of detailed balancing requires, that this constancy is achieved by exact ba¬ 
lancing of each separate reaction pathway, i.e. 

or 
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for each 3 separately^ The right side is, however, from statistical mechanics 


£f 

9i 



where the g’s are the qaantam weights (degeneracies) of the respective states. 
One has therefore the following fundamental relationships between the reaction 
constants of the forward and backward reaction 


( 1 . 6 ) fcn.: Tc^, = ?-* exp f- . 

Qi -tCJL 

The task, in the folloTOng is the calculation of the fc’s, ■which are directly re¬ 
lated to the relaxation times. According to ( 1 . 6 ), one has only to calculate 
the rate for either excitation or deactiTation (*). 

In chemical kinetics, one is accustomed to write 

(1.7) ' k = f{T) exp - ^ , 

where W is called the heat of activation, f(T) is usually a function which de¬ 
pends only mildly on the temperature, so that the temperature-dependence 
is dominated by the exponential. This form arises from the assumption that 
one has a Maxwell distribution, that a minimum energy W is necessary for 
the reaction (per mole) and that the rate at which molecules with energy S 
larger than W react is not too strongly dependent on (E — M'). 

For activation of a vibration of an energy with quantum jumps Av, E=}iv 
is the minimum energy necessary for the reacting molecules, but the rate de¬ 
pends so enormously on the excess of energy that the rate formula has (in 
general) a form quite difiEerent from ( 1 . 7 ), 

One more remark should be made about (1.6). 

Since coUisiohs are involved, the reaction is a second-order reaction, the 
right side is quadratic in the JT’s. 

In the «acoustical » case—in contradistinction to the shock-wave case— 
the deviation of the E’b from their equilibrium value is small, because of the 
small amplitude of the sound wave, and, one can linearize the equation by 
writing 

(•) The deeper reason for the existence of (1.6) is the symmetry of the quantum 
theoretical transition rates in respect to initio and inal state, together with the Maxwell 
distribution law in equilibrium, which, for translational energy, is assumed preserved. 
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Taking the equilibrium conditions into account, (1.6) takes the form 

= bn,, 

i i ' 

•with the abbre'viation 



1'3. Formal description of elastio and inelastio cross-section. - In the simplest 
case where there is direct exchange between internal and translational energy, 
the exchange rate does not depend on an internal quantum state of the col¬ 
liding molecule q, but usually depends very strongly on its translational kinetic 
energy. We can then consider q as signifying the relative velocity ic,, and 

w<«) 

(1.8) 2 hji%N^«' = JTa 2 fcn. ^ = Nj,h,r*j 

represents then the integration over relative velocities, which we assume to 
be distributed according to the Maxwell distribution law. Because of the 
factor Nj^ the rate is therefore proportional to the density of A, the relaxation 
time inversely proportional to this quantity. 

We can make successive approximations in two steps: 

First, we •treat the problem as one-dimensional. Then the model of the 
molecule being bombarded is that of two parallel plates representing the two 
atoms B and 0 of the molecule, separated by springs of such strength that 
they have free vibrations of frequency v or wave number v = v/o (o light velo¬ 
city). These are bombarded colinearly by a stream of molecules A, tv,N^ mole¬ 
cules hitting unit area per second, where to, is the mean one-dimensional rela¬ 
tive thermal speed. 



All incoming molecules are reflected, some elastically, some inelastically. 
The fraction of molecules A reflected inelastically, after producing the tran¬ 
sitions ?■->#, is 

( 1 . 10 ) 

In the calculation it -will be assumed that this is a small fraction of the total. 
In the three-dimensional case, the model of molecule BO -mil be at first 
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that of a spherical, « breathing » sphere "with proper frequency v. Such a sphere 
mil be arranged as « scatterer » at the origin and bombarded by a stream of 
partides A. As before, the number of particles hitting a unit area normal to 
the stream in unit time is given by (1.9) being valid (*) for ic,. 

The number of particles A scattered elastically per unit time is 

(l-U) , 

is called the elastic cross-section. This ■would be 3r(2ro)® for hard mole¬ 
cules and is in general weU defined, except for, such force laws for which most 
of the scattering goes into very small angles. 

If the inelastic collisions form only a small fraction of aU collisions, one 
can ■write 

( 1 . 12 ) = -, 


where is the * average » time interval between collisions a molecule BO makes 
with molecules A (actually, the average is taken over 1 /tc). As to the con¬ 
nection of Te and directly measurable quantities, see (6.23) p. 299, with 

8 

T, = 0.499 - T* = 1.271T,. 

71 


One can similarly define an inelastic cross-section for the process j-^s 

(1.13) 
so that 


ndependent of the density 

One may now ■write the rate for the process 


(1.14) 







In thfe particulax case where one deals with activation or deactivation of 
simple harmonic oscillators representing the internal (vibrational) degrees of 
freedom, one is subject in first approximation to the selection rules for these 


() In this notation, w, is the average value of the speed of one component say 
the a!-oomponent. This is one-qnarter of the average three-dimensional speed. 
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osdllatoTS: 


s-»-« + l or «-^s — 1. 


Landatt and TEinBB [3] have pointed out that in this case 


(1.15) 


— *^10 


and 


(1.15') 


^*-*■•+1 — (* “ t " 1)^1 — (® " I ” 1)^10 


Av 

W ’ 


see eq. (1.6). 

If one deals 'with a system of simple harmonic oscillators nearly in equi¬ 
librium, Landatt and Teller find for the relaxation time 


(1.16) — — JCid fcoi — ^10 

T 


“ 

hv 

1 1/0,„\I 

■ 

Av] 

l~exp 

~kT 

II 

u 

1 — exp 

, 

~1^\ 


For convenient writing, yre wifi, introduce, for the future, the characteristic 
temperature of the vibration, defined by 


(1.17) 


. Jiv ko^ 


2. - Short eharaeteilzatlon of methods of ealeulatlng or kn. 

There are essentially four method available to calculate the ft’s. Two are 
partly classical, two are quantum theoretical. 

The classical methods are called completely classical and semi-classical. 
The quantum-theoretical methods use either time-dependent or time-in¬ 
dependent (i.e. stationary state) perturbation theory. 

All the methods can be applied to the one-dimensional or to the three-di¬ 
mensional case. 

We will first describe the general procedure for the one-dimensional case 
and draw general conclusions. 

The interaction potential between the molecule BC and the hitting par¬ 
ticle A is assumed to be of the form 

(2.1) F= X ). 

Here, x is the momentary distance between the centre of gravity of BO and A, 
and X is the vibrational amplitude. If JET' would not contain X, the motion 
would not act on the vibration at all. On the other hand, it is assumed that 
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the effect of the vibration is small—^in other words, that the inelastic colli¬ 
sions are a small fraction of the elastic ones. One then writes 


7= E'(x, 0) + {E'{x, X) — E'(x, 0)} . 

The first term describes interaction with a nonvibrating molecule, the second 
term the perturbation due to the interaction between motion and vibration. 
This second term can usually be written 

(2.2) E'(x, X) - E'(x, 0) = X + X* ..., 


and often only the first term is kept. 

In the free vibration of BG, its center of mass is at rest, so that the vibra¬ 
tional motion of atom B is described by 


(2.3) 


Xb 


Too 

ma + ma 


X = )9X. 


Often it is assumed that the interaction depends only on the momentary 
distance of B and A, so that 


(2.4) E'{x, X) = E'(a) - X^) = E'(x - /JX). 

In that case 

8X 0a» 0X« ~ 0*1 ^ • 

The procedure, both classically and quantum theoretically is as follows: one 
describes the relative motion of A and BC by E'{x, 0), i.e. by the elastic mo¬ 
tion, and then uses this unperturbed motion to calculate the effect on the 
vibration. 

There is one even simpler approximation possible, the Bom approxima¬ 
tion [4, S]. 

In this, E'(x, 0) is neglected, i.e. the particle A is assumed classically to 
continue moving in a straight line with constant speed, and the force acting 
on the vibration is calculated under this assumption. Quantum theoretically, 
the stream of particles A is described by a plane wave even at BO. 

WmoM [6] has pointed out that this leads to transfer efficiencies which 
are far too high in the range of small kinetio energies, which interest us here. 

In the following, we are going to talk first about the excitation and de¬ 
excitation of vibrational degrees of freedom. The vibrational motion is con¬ 
sidered as simple harmonic, characterized by a frequency v. 
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3. - Fundamental viewpoints on efficiency of inelastic collisions. 

3’1. Classical. - The following argument is common to the completely 
classical and the semi-classical development. A simple harmonic oscillator of 
frequency v is affected only by a force of the same frequency. If a force of 
arbitrary time-dependence, jP(<), acts on it, one has to calculate the Fourier 
component of frequency v, i.e.: 

CO 

(3.1) ^(v) =JjP(t) exp [— 2mvt'\ di . 

— oo 

If the force varies relatively slowly compared to the period of vibration, the 
Fourier component of frequency v increases with the rate of change of the 
force, i.e. the steepness of the force, e.g., if the plot of the force against time 
consisted of two straight lines, starting at — t' (*) with zero, rising to F# at 
i=0 and falling to zero at +t', one has 

Apart from the last factor which gives interferences, F is inversely propor¬ 
tional to the rise time t'. 

That means that forces wliich, during the relative motion of the particles, 
do not vary rapidly in time, do not have an appreciable Fourier coefficient of 
high frequency v and are therefore inefficient for exchange between variational 
and translational energy. But the time variation of the force depends on two 
factors: the rate of variation of the potential in space and the relative speed 
of collision. 

One therefore expects that those parts of the potential which do not vary 
rapidly in space are not very effective and that slowly moving molecules are 
not very effective [3]. 

The force is calculated from the elastic motion (without energy exchange). 

8’2. - A similar conduflion can be reached by using quantum theoretically 
the time-dependent perturbation theory. If a system (the molecule BC) is 
in a certain quantum state j, of energy F,, and if now a perturbating poten¬ 
tial is applied (here, due to the approach of molecule A) one has to distinguish 
two cases: 


(*) Assume v—SOO, »»=l.6-10** and the «ranges of the force {=.0.2 A. The srise 
time» of the force is l/W=2'10~*/W compared to ?• 10 ~”, i.e., slow for W< 3 - 10 * cm b“‘. 
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If the potential changes slowly with time, this wUl affect the energy Bi, 
hut the system stays in state j, the energy Bj has at every moment the value 
it would have if the external perturbation were frozen at its momentary value. 
If the perturbation finally disappears again (here, because A has moved away), 
the energy returns to its original value B^ and the state is still j. Such a pro¬ 
cess is called, with Ehkeinfebt [7, 8], «adiabatic». 

« Slow» means here that the relative change of the perturbing potential is 
small during the time h\Bj — B,\~^ where B, is the energy of the nearest 
state to i which could be reached due to the perturbation. That is 


(3.2) 


1 dH' ^ \Bi-B.\ 
H' ^ h 


If on the other hand the change is rapid, i.e. condition (3.2) is violated 
—^nonadiabatio perturbation—^tlie perturbation produces transitions to states 
different from j, and at the end the system may be in any of a number of states 
besides j, the theory giving the probability for these different states. 

Slawsb:? and nB Wetxe [8] have made a careful investigation of the effect 
of adiabatic and nonadiabatic forces. 


8*3. MaasweU distribution of molecules A. - In view of what had been said 
earlier the effldency of the coUision increases rapidly with the speed of relative 
motion. On the other hand—except at extremely high temperature—the 
number of molecules with significantly high speeds decreases rapidly according 
to the Maxwell distribution law. This will have the effect of selecting a mole¬ 
cular energy which produces the majority of transitions; for lower energy, 
there are more but less efficient molecules; for higher energy, the molecules 
are more efficient, but fewer in number. 

Considering the exchange of translational and vibrational energy, in 
eq. ((3.3) should be written N'{B) where B is the translational energy, and 
would be kf^{B). Omitting the indices j, s for the time being, we have 


(3.3) 




B] 

IcT 


dw, 


for the one dimensional case. Or 

00 

0 

One now looks for the maximum of the exponent b. h{B) — {BjltT). 


B 

TtT 


dVJB.. 
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Let IBm be the solution of the equation 


(3.6) 


d In Tc{E) 1 


For dx/j® we write i(dJS/V'JB) ~ (1/2^^ d®, for the exponent 

d» 


(6.3) In HE) -^ = In HE^) ~+\ 
Then 




InJS; 


{E-E^y. 


A 

— 00 

{i HE„) exp 


dj0 = 


Em 

IcT 


The use of the infinite limits in (3.7) is justified because Em is large compared 
with both kT and hv. 

For three dimensions, the integrand in (3.3) is multiplied by the factor 
4cElkT, which change the { } in (3.7) to 


4(211„)*{(ftT)»^^-ln?fc(JB)|"*. 

The quantity {J(d*/dJS'») In measureH the width of the energy interval 

around Sim which contributes appreciably to h. 


4« - The formal procedure aecording to the different methods. 

As had been mentioned in Section 8, the completely classical and the senad- 
classical method have in common the calculation of the force exerted by an 
elastically deflected piirticles as function of time. They differ in the way they 
use this force to calculate the excitation probability. 

4*1. Completely olasaieal method [9, 10]. — A simple harmonic oscillator of 
characteristic frequency v receives, from an impulsive force JP(<)di impressed 
oh it at time % a change of velocity 
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At a later time V, this velocity -will he 


i J'(<)di cos t). 

m 


If there is a sequence of such impulses, the velocity at time t' mil he 


(4.1) 



cos 27rv(t'—<) df, 


and if F(f) has the character that it is zero up to a certain (negative) time 
and again zero heyond a certain positive time, the velocity, at a time t' heyond 
the cessation of the force, mil he 


oa 00 

X = F(t) cos 2m>tdt + sin 2m>t'JF(t) sin . 


The corresponding kinetic energy is, on the average 


m _ 1 1 
2 2m 2 


00 00 

oos2}tvtdi^ + 8m2i7n»<dij 


The bracket {} can he remitten as 


if- 


F(i) exp \2nivt'\ di 


= |^(v)|». 


The total energy is tmce the average kinetic energy. Accordingly, in clas¬ 
sical theory, the vibrational energy increase in each collision is 

2m 

equal for all oscillators originally at rest. In quantum theory, where only 
energy jumps of Iw are possible, this is interpreted as an excitation probability 


'hv 


1 

2mhv 




(4.2) 
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4‘2. Semielassicdl [11, 32]. - Here, the time-dependent force is assumed 
the same as under 4’1, but one calculates according to quantum theory the pro¬ 
bability that it will produce a transition from vihi'ational state j to state y'-fl. 

One makes a time-dependent perturbation calculation for transition between 
vibrational states j and j-fl, writing for the total wave function 

,. \2niEjt \27tiEj+-i(\ 

(4.3) f = exp -Y- + exp —^^1. 

If, in eq. (2.3) only the term linear in X is kept, the perturbation energy is 

a TTf 

(4.4) -|3^X = |5X(OX, 

(this is analogous to the interaction of an oscillating dipole with an electro¬ 
magnetic field F{t)). Let M be the effective mswjs of the vibration. Writing 
the SchrSdinger equation for the oscillator 

one gets, in first approximation 

lA a\ ^ pvt7Iia\ Ej) .] 

^ 1 “i—“ 

exp [2jti(v — v')t'\ dv'. 

Multiplying by y;+i and integrating over X one has 

(4.7) y,,,, Xy>j dXI^(v') exp [2jri(»- - v')t] dv' . 

The first integral is the matrix element of the « dipole » moment between the 
state j-l-1 and j. It has the dimensions of a length. To make it dimension¬ 
less, we will divide it by an appropriately chosen length i; it is also multiplied 
with the dimensionless msiss ratio ft. We define a quantity 

(4.8) • 

If the y) aie wave functions of the simple harmonic oscillator, the matrix ele¬ 
ment is 


(4.9) 
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One nov integrates (4.7) over t from zero and r<‘nu*mberH that ft is z«*ro for 
<=0 



V— v' 


{b[t)Y, which represents the small fraction of particles in state ; f I ai tinio t, 
is then 


(4.10) 

The argunient of the integral is sharply peaked at =i= v and one gets (*) 
(^•11) I Ht) I* = — m)* I I* i. 


If the collisions are sufficiently far apart and random, |JF(»>)|* is propor¬ 
tional to the niunher of collisions per second and |.iF(v)|*« is the product of 
\^{v)\* for one collision times the total number of collisions during f. Tf ono 
takes this modified meaning of \^{v)\* and (4.9) into account, thi* eq. (4.11) 
agrees exactly with eq. (4.2) apart from the factor /9*(M l). 

4'3 Qmm^m-tlmreacia treatment [13, 14]. - One (fonslders the mole¬ 
cule BC as a scatterer, fixed in space, on which a Imam of molec-uies A, of 
fixed velodty «, impinges. The incident beam is (lescribod as a platie wave, 
exp[ffco®] where the propagation constant ko is (p# linear montentum) 

( 4 . 12 ) u — ^ ^?!^!!!« 

h h 


() The integral is evaluate<l by changing the variable to t/ 
takes the form * 


»{i» Then it 


— » 


The latter integral is n. 

In the «pres8!on8 (4.7-4.10), the energy is mt conservetl for ouch value «>f the 
If **''• at the end, by the interference proc.«s. is c<.„*ervntioii 

*»' to a vibrathmal energy Juniti Ar. 
mthout the mt^ation. |6(t)l« would not be proportional to /. and one couhl ma 
wnte equations of the type familiar in reaction kinetics. See the remark to eq. (4.1.4.ft). 
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Minco u wuvo of tinit um{>iitiul<« in aHXot'iakMl witli unit Hpatiul density, 

the iutiiilH*r of purticioH piiHsiu^ through unit, urea |M»r mu^oiul is w,. Here, 
31 iH tin* olTw'tiv** murtH i»f th« ndativo motion. 

Tin* Ki>atU*n*r iirtKincoH both <*laHtiraliy ami Im'laKfb’nUy wattaml waves. 
Holh of (hose olM*y tin* saino <lin'er(*ntial (Miiiation as tin' ijrimary waves, namely 
far from tin* S4'atlen*r the usual wav'o equation, near the H<*atiteiw a wave 
equation <’om*s|>on(UnK optiealiy to a n'Kion of variahie refrtw'tlve index, the 
lat(s*r due to tin* interaetion potential. This is called the nn*thod of distorted 
waves; tin* itorn uppruximution neislects l.hls etTei-ts. Far from the Hcatti*r(*r, 
ho(.h the eliwtic and the iuelastically s**atlered wavi* lM*have as spheri<*al waves 
(i.«, are proportional to 1/rexpf -/A:r|) aitUouKh the amplitude may deiwnd 
on the atijitle. The elastii'ally seatten'd wtive has the propafpiition constaint A'o, 
equal to that of the incident M'ave, the in<*lastically s<‘att(*red w'ave a different 
one, due to the chancre of energy, 


or 

if 



Thu amplitudu of the <*lustic wave is determined by the boundary (*ondition 
at the Heatt<*r(*r, that of the iin*iastieally s<*attered wave by the perturbation 
potential, lu-tiuK on the coinhination of incoming and elastically scattereii wave. 
In the one>dlmensionul case aa* an* dealiuK with plane reil«(*t<*d waves, the 
elastic wave ItavittK in tlrst approximation the same amplitude as the incoming 
wave. 

If the ainpHtude of the iuelastically seatt4*red wave is a(fi) (whore ^ in 
the tlin*e>dimenHional caw* stands for any angle), the total fraction of inelas- 
tically scHtter(*d particles is (df.? element of sU'ric angle) 


for tlinw dimensions, 




for one dimension. 
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The fraction of indastically scattered particles is equal to the fraction of 
collisions which produce excitation (de-excitation). 

We now discuss the two methods of time-dependent and stationary per¬ 
turbation theory. 


4'4. lime-dependent perturbation. - The procedure is analogous to that 
under 4’2, except that the Schrddinger equation is written not for the vibration 
alone (eq. (4.5)), but for the complete process, relative translational motion 
and vibration. Accordingly, the (partial) wave function is the product of a 
translational wave function and a vibrational wave function V'boW* 

The SchrSdinger equation for the complete process, including primary wave, 
elastically and inelasticaUy scattered waves, is then 


(4.16) 


h iip _ h* S-rp ft® 0*y 
27ti di 0^* 


ff(®) 4- Z 




instead of (4.5). 

The terms with x control the relative motion of A and BO, those with X 
alone govern the unperturbed vibration of BO, and the last term in [ ] is res¬ 
ponsible for the coupling of the two inelastic transitions. 

The total energy when the particles are still far apart, is equal to 


+ (« + ^) iftv = ^ ft*, + (« + ftr. 

For the solution one proceeds as in (4.3). In addition, because of eq. (1.15), 
we can simplify our expression by putting u = 0. Therefore 


(4.16) y> = ipx(lctX) V'Bo(X) exp 


2jtiJSIat 


h 


+ b{t)fji{kx)f%i 3 (X) exp 


2mJE't 


where fjt.{lcx) satisfies the equation for the relative «elastic » motion 


(4.17) 


d®* 


Va- 




S(®)-fc® 


Va = 0. 


In (16) conservation of energy is not presupposed. After introducing (4.16) 
into (4.16), making use of (4.17) and of the oscillator equation, neglecting 
terms of the second order, namely ft(dft/d<) and bX, one is left with 

(4-18) ^^ = ^^(* 0 ®) y&o(X) exp 





TllEOBIIiS OF KBLAXATION TIMES 


287 


One now multiplies by Va(^) V'bo(-^) integrates over x and X: 

/ dS 

iplihx) — v»A(fto®) <3® = • 

Normalize fA. so that the density is one particle per unit volume. Call L the 
(large) region of integration for x (in three dimensions, this would be a volume). 
One then has 

From now on proceed as before (eq. (4.10)), integrating first over time, then 
over a narrow range of W near the value E which alone satisfies the con¬ 
servation of energy. The integration over E' takes the place of the integration 
over v' in (4.10) but requires the introduction of a « density of states » G‘( J), 
defined so that G(E)dE is the number of states lying within dS. L-^Q(E) is 
independent of i; is the total number of transitions. One finds therefore 
(see (4.11)) 

(4.21) ^ 7 = X I I* • 

4‘6. Method of perturbed stationary states. — The scatterer is supposed to 
have only states 0 and 1. A beam of particles A, represented by a plane wave 
with propagation constant k„, falls on it. If not one sample of the system but 
an ensemble if considered, the number JSfi of the scatterers will be in state 
one, the number 2fo = N — Niin state zero. In the stationary state, the num¬ 
ber of scatterers 


27ti 

X 


{E'-E)t 


will be excited per second, the number kxo{Et)Xi will be de-excited, if there is 
one particle A of energy E per unit volume. Therefore, Xi will be determined by 




Kxm 

kx,{E) 






neglecting Nx besides 

For each excitation, one incoming particle has its energy diminished to 
Eo — h>, for each de-excitation, one particle has its energy increased to E^+hr. 
If therefore all the particles scattered per second with k = fco[l — (Av/J^o)]* 
counted, this is equal to the number of excitations per scatterer per second. 



K. F« HEBZFELD 


Therefore the inelaatio cross-sections 
(4.22) = 

One now again writes eq. (4.16), but assumes directly conservation of energy, 
so that everything is proportional to exp[(2jrf/A)JEo<] and one has the time- 
independent Schrddinger equation 


(4.23) 


h* 0*y 


» av* “r 


0»» 


Eiw) + 2re*mi;»X« - /3 ^ JC - JBo 

007, 


y = 0 


One tries the solution (compare with (4.16)) 


(4.24) ip — ipjJM iplo(^) -f a^^(hx) <i(Z), 


where a is time-independent and is considered, like X, as small quantity, the 
squares of which are neglected. After considering the Schrddinger equation 
to which y»Bo(X!) obeys, one finds for fx • 

^dii- W ^ * j ^ ~ ~W . 

The siiuare of the amplitude of the inelastically scattered wave follows then as 


(4.M) = 

For a comparison, see addendum at end of Section 11. 

We have made the following approximations. 

We have stopped, in (4.24), with the first-order perturbation. This means 
that we have neglected processes like 0 -»-2 -►1; but this is forbidden by the 
selection rules of the simple harmonic oscillator. But we have also neglected 
processes like 1 -»-2, which also require hv and therefore also result in inelastic 
waves with the same fc. This requires that the nuniber of excited states 
is so small compared to X# that this process is nagiigiMA 


4n:m , 


5. — Transitloii from the one-dlmenslonal to the three-dimensional spherical ease 
for the ealenlation of the umpeitorhed motion. 

5’1. Classical. - In one dimension, the energy equation for the relative 
motion is 

^ ( daj\* 1 

jy +F-(a.) = X. = iin«;5. 


( 6 . 1 ) 
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Solving for «lx/(l< und variabloH, oio' Iiuh 




J «l/ 


(~\*f * f 

'-/.f V/iV f/(x) nj i/i 


(IJ! 


111 nim« lihiionHioiiri, thi* orbit Ih pbmo, if /f(r) Iiuh Hpluirioal Hyinmotry. 
Ill polar I'o-onlinntoH r aiui tin* oiiorKy ocpmlJon liiw tlio following form: 

In iuidition, wo liiivo the o(|Mution for tho ^•onK^•prvat.ion <>f angular nm- 
iitontuni 

(«. «) /V T«r» 2' • 


KHitiinatinK dq'ldt^ one fttitH 


» Airy 

'S[dtl 


1 1 

ii M 


l* I U(r) « A’, 


In Konoral, tliin ia too (Ullifult to int(3Kr>i>to in elcwod form. However, one 
can alao hero uxe an approximation, witieh waa iimt, introduoedintho quantum' 
tIuMiroth'ul niethiKl by Taoayanaxi 114, in] ami Hoiiwartz and IlHUKvntD [Id], 
the metluKl of«modified wave length». 

One HUhatituteM in the eentrifiiKal iiuaai-eneriary the diaUnee of eioaoat ap- 
proiuiii, the colliaion raiiiua r,, for th<« variable r, j.a. writea the aecond term 


, L. * /»• 


and briiiKa tliia to the rixht aide, ao tiiat it aeta aa a auhtmhend from the 
enerKy. 

The e<|uatioii ia tlien 

f(S‘ ' SMS'*'• 

The reat of the ealeulation foilowa aa in the one-dimenaionni eaM, exoept 
tiiat one niunt a miKlitiiMt vehwity to' inateiul of m^, namely 
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Finally, one has to sum over P^. At large distance from the scatterer 
one has 

(6.6) P^=frwoa, 

where a is the minimtim distance of A from the mass center of BO, if A were 
proceeding on a straight line, or 



In a beam of particles in which JV' particles fall per second on the unit 
area, the number having an (original) distance between a and or+dor is 

(6.7) N'2m d(T = N<2n P„ dP„ . 

Therefore, after one has found the quantity «?o, P^) (see eq. (4.1)) 
one calculates 

and multiplies by | (2i7r|9l/A)Zoi 1* to get the inelastic cross-section for particles 
of original velocity Finally, one integrates over w# using the Maxwell 
distribution law to get the average cxoss-section. From the computational 
standpoint, it is easier to invert the order of integration. 

6‘2. Quaniim-theoretiod. - The Schrddinger equation in the one-dimensional 
ease is given by (4.17). In the S-dimensional case some modifications have 
to be introduced. The kinetic energy of particles is now given by 


( 6 . 8 ) 


JL fl i ^ 1 + _Ji_ 1 61 + i ill 

[r* 3r dr ^ r* sin 6 00 00 ~ r* sin* 0 099 * j ’ 


The latter part requires that the wave function, fj,{hr) has to be multiplied 
by a generalized (normalized) spherical harmonic However, this is 

not changed in the collision, since the total angular momentum must be pre¬ 
served and in the present spherical model there is no way to take up any 
change in orbital angular momentum. Therefore the same angular-momentum 
quantum number j belongs to the partial wave of the primary, of the elastic 
and the indasticaUy scattered waves. The result is the operator 

fl d d j{j + l) ] 

Stt*^ V* dr dr r* J ’ 


(6.9) 
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As in a classical case, we approximate by choosing a constant r, namely Vc 
and therefore tlie centrifugal term contributes an additional term to the energy: 


After the calculation is completed, one has to sum properly over j. Further¬ 
more one can show the following by direct substitution: if /(At) is a solution 
of the one-dimensional Schrddinger equation (4.17) then /(fc'r)/r is a solution of 


( 6 . 10 ) 


r* dr dr \r) 




H{r)-{¥) 


f 


= 0 . 


Therefore, the transition to tlu*ee dimensions can bo made by writing y)Jr 
instead ^.nd by modifying the energy. The former change, however, does 
not change the quantity integration over m is replaced by integration 
over r*dr: 

(G.11) 

J T OLr T 

excei)t for a possible effect of a change in the range of integration. 


6. - The model used. 


It follows from the preceding that the transition probability depends very 
sensitively on the steepness of the potential in the region of the classical turning 
point of the collisions which contribute most to the effect. 

If one wants therefore to calculate this probability a priori one must have 
sources other than experimental determinations of the relaxation times from 
which to get the shape of the interaction potential. 

On principle, one should be able to calculate tills interaction potential 
theoretically, but except for He—He and H,—Hi, this is not possible at pre¬ 
sent. The largest source exists at present in the calculations in which Hirsoh- 
rELDBB and his co-workers have evaluated the viscosity of an ideal gas and 
its temperature-dependence, for spherical molecules which interact by ,a 
Lonnard-Jones potential 


( 6 . 1 ) 


H{r) = 4e 




The inelastic scattering by such a potential cannot be calculated closed 
form, and so Siawskt, Sohwaetz and Hbbzpeld [17] have replaced it by an 
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exponential expression 

(6.2) M(r) = Mo exp [— r/l] — e. 

Tlie asymptote of If for /•= oo lies at tlie depth of the well of the Len- 
nard Jones formula, namely at —e, the other two constants, Mo and I, may 
be determined in seyeral ways. It has been found most useful, a(«cording to 
deWettb and Slawsky [8], to make M and equal at two points: at 
r = ro, where the Leonard-Jones potential is zero and therefore 

(6.3) JTo exp[—Yo/i] = e 

and at the classical turning point of the most important molecules, those with 
•kinetic energy 

OaU that distance the collision radius r,. Then 

= Mo exp —j—e. 

The result is 

ri- 

foil is 24 for Em = 0 and has a broad minimum of 18.48 between B„le = 99 
and 730, the ralue of Tojl being 1 % above the minimum at the lower end of 
the above range of 

Mo which will not directly appear in omr calculations is given by 

Mo={E„ + s){^ + iy\ 

where [ ] signifies this brackets in eq. (6.6). 

This procedure makes use of the fact that the attractive part of the Lennard- 
Jones curve is much less steep than the repulsive part, and for this reason it 
will only cause a negligible number of transitions. 

At the classical turning point, the first and second differential quotients 
of the exponential expression are 

— IMo exp [— Ye/l], PMo exp [— r,/q . 

We now use, in succession, the following models, mentioned earlier: 

a) One-dimensional. The molecule BO is approached by the particle A 
of effective mass with the relative velocity w#. The interaction is sup- 
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posed to be of such short range that only that between nearest particles, B 
and A, need to be taken into account. If B-0 vibrates, the distance between 
B and A is »—— fiX, and therefore the interaction potential 


(6.6) E = — e + oxp 





-j{cc-^X) 


= —6 + H't exp 



provided PX<1 (6..7). 

Here » is the distance from A to the center of mass of BO, the equi¬ 
librium distance of B from the center of mass of BO, and 


E't — Ho exp 


I 


b) Three-dimensiorud, apherioal aymnetry. Here the linear model of the 
molecule BC is replaced by two concentric spheres, 0 and B, which can vibrate 
against each other. The only change is the replacement of as by r, the distance 
between A and the center of the spherical molecule BC. 

o) Three-dimenaional, linear. Here we consider the linear molecule BO; 
each atom, B and 0, interacts sepsurately by an exponential repulsion with the 
approaching molecule A, while the effect of the attractive force, —e, remains 
as coming from the center of BO. The details of the calcidation will be given 
in Section 8'3 for the special case where B and C are atoms of the same kind. 


Translational motion for an exponential force law: 
a) Olasaieal [10]. One has from the energy princiide (6.1) 

(6.8) d« = ± (Eo + e)-* |l + exp [- y] j’* das . 

The substitution 

so 

I ’ 


= 


i?o + e 

S'o' 


exp 


results finally in 
(6.9) 


m ■■ 


jBo + ® 


I 


cosh^® (t — to) 



294 


K. F. HERZPBLD 


which has, as square of the Fourier amplitude 


( 6 . 10 ) 


I *^(v) I * = sinh — 


For large value of this takes the form 


I I® = exp 


where 


4,7c^vX 

Wo J ’ 




It -will be useful to introduce here t'vro «temperatures », 6 and 6'. 6 is 
the characteristic temperature of the molecular vibration, 


6' is defined by 


a hv ka^ , 

® = J =J’' = 1-441', 


6' => i 167t*mvH* = 0.8163irfl«l'. 


(6.11a) 




•where I is measured in Angstroms in the last expression. 

•would be the energy necessary to stretch the molecular oscillator by I 
Furthermore 


(6.11J) 


a 


(see eq. (3.6)). 

One of the difficulties of the classical calculations is the fact that, because 
0 1 s nature, only the initial velocity v>\ enters. As a method of improving 
this, it has been suggested that 


-y be replaced by 


(M»i)“=(«»;)» |i T ^ , 


^ ^7 UBlo+Hx), 
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/?) Qmntum^dynamioal, 

A) One-dimensional. The Sclirddiiiger equation (4.17) with lf= Ho* 
•exp[—oj/l] lias been integrated by Jaokbon and Mott [18]. The solution is 
a Bessel function of argument 


and index 





exp 


X 

2Z 


1 


±i 


Ajvpl 


The model is a piano in the yz piano, oxeiliing a repul8iv6 potential 
ifooxp[—a?/!]. This becomes infinity at 3? = — oo so that the particles A can¬ 
not penetrate to x = — cxd. The resultant elastically scattered wave is deter¬ 
mined by the fact that the total wave function is zero at « = — oo (i.e., for 
a value of tho argument ± too). Tliis determines the choice of the ampli¬ 
tude of the elastically scattered wave; from the geometry of the case, it is 
clesu' that this reflected wave is of equal amplitude as the incident wave, i.c., 
the reflection is total—of course only in zero approximation, as has been' men¬ 
tioned before. Both the incident and tho elastically reflected wave contribute 
equally to tho amplitude of tho inolastically scattered wave so that the total 
energy of the latter the fraction of inelastically scattered particles) is four 
times that produced by the primary wave alone. 

The result is 

(6.12) - if**., = 8 (p* _ p*)(Binh siiih //i)‘(coBh — cosh Po)-», 

AvpoPi 

where 

(6.13) g = ^, 

A being the de Broglie wave length of the relative motion of particle A. In 
general jjfo, (which is the condition for tho approximate agreement of 

classical and quantum tlieoreti<‘.al calculation). 

Under this condition 


sinh g = cosh 

and the last two factors give 


exi) 


gofgl 

2 


[exp[gx]--oxp[go]J-'== 



5^ 

1 

e 


>0 - 9ili 

exp 

2 

— oxp 

2 J 
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and 


One has now to distinguish two oases 

\gi—9o\<i- 

The former case requires 

f ft. I 

> 1 , 


9o --1 


or 


or 


ly^ 




> 0 , 


JU wvy ^ 


or 

(6.14) 


4^t‘lv 

Wo 


> 1 , 


which is the same condition as in the classical case (6.11). 
This can also he written (hy squaring) 


1ee">2E. 

Ji iot E there is substituted E„, it can be seen that this may be rewritten 

(6.16) 6'Xe')*l* or e'»T 


which is always the c^e for « nonresonance transfer». 

Under the assumption of transfer of one -vibrational quantum we find there¬ 
fore 


4jt^ „ 


h> 


2mhv exp 


|gi-gc| 

2 


and for the square 


(6.16) 

(6.17) 
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The negative sign applies to do-activation, the positive sign to activation. 

If one compares the quantum thooi’etical oxpi-ession for | {inWilV PnVi)^jcko I®, 
(6.16), (6.17) "with the classical expression for J''(v)|“ ((4.11) and 

(6.11a)) one finds that, for high kinetic energies (>l()/e2') they are identical. 
However, (Iottoell and McGoubbey [19] have shoAvn that the ivgreoment is 
excellent throughout tlio whole energy range, provided that the velocity w 
in the classical formula is symmetrized according to 


w = i(«Jo + «?i) • 


If one now integrates over the Maxwell distribution function according to 
the expressions of Section 8'3, in particular (3.7), one finds, with the definition 
of a new quantity 


(6.18) 


1 

Zu 


(4jri^)* 




In eq. (6.18) the last two terms of the exponent need discussion: +dl2T 
is the result of the second term on the right in (6.17) and is valid for deacti¬ 
vation; for activation the sign would he negative. This conforms with the 
general rule (1.6). sjkT results from substituting for Wo in (6.17) the velocity w'^ 
as modified by the attractive potential 


4jt*lv _ i3t*h I 47g» Ive 

~ Wo \ JSj ~ Wo 2WoiBo’ 

and using, for Mo in the second term, the values for E„'. 

We have to discuss the second ease in passing, Ijfi—pol<I where very 
little energy is exchanged. Then 


TT — P* ~ 
^VpoPi *** ffo 



(P® + Px) 



and 


(6.19) 




UnH* 


[pS].v. 


1671*?* 4 0'T 


B) Z-dAmemional case. As mentioned earlier, the transfer of the one¬ 
dimensional results to three dimensions can be done relatively easily.' There 
jure, however two points to be mentioned. Wliile the general form of the solu¬ 
tions for the combination of primary and elastically scattered waves are the 
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same, the boundary conditions are somewhat different. In the plane case, 
the solutions must be zero deep in the reflecting body, at r = — oo; in the 
spherical case, it must be zero at the center- of the scatterer, at r = 0, whore 
the argument of the Bessel function is not inflnite. Howeyer, because of the 
actual values of Sfo, this argument is quite large at the center. This moans 
that, while the elastically scattered wave will not have in the spherical case 
exactly the same amplitude as the primary wave, tire difference should not bo 
gi-eat; it has been neglected here and the one-dimensional result been taken 
over. 

The primary wave 


exp [i&o*] 


can be analysed into partial waves, to each of which corresponds a partial 
elastic and inelasticaUy scattered wave. If there is a stream of one particle A 
per second and unit area conring in, the angle distribution (square of the 
amplitude times pjm) of the scattered wave is given by 



2j +1\» 
3po 




where is a partial inelastic cross-section and Fj a Legendre function 

of order j. Integrating over the sphere 


gives 


2nr‘jFj sin 0 dfl = 2nr* 


2 

2j + l 


9 




where Q is the corresponding solution of the one-dimensional problem. Inte¬ 
grating this over the three-dimensional Maxwell distribution for a stream of 
molecules this contributes, compared with the one-dimensional expression, a 
factor 

1 1 

Therefore 


( 6 . 20 ) 


(Q))*n 


SsrflifcT 


( 2 ? + 1 ) 


JL _L 

^tr 


where the latter quantities are those for the one-dimensional case, eqs. (4.8) 
and (6.18). 
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I^inally, taking the offect of the quasi-C'eiitrifugal (showly viuying and con¬ 
sidered constant) quasi-poteiitial 

(6 21i — _ — 

' r> 83r>m 

into account in the same manner as that of tlie attractive ijotential (by an 
exponential) and summing over j, one finds 

(6.22) (<?^').v.= w^ ~ 

Z>ogo Z/tr 

jsrJ is a cross-section, the next two factors are pure numbers. We Avlll add 
a third number to these, l/Zo which we call the storic factor and will discuss 
later. 

Before we proceed, the infiueuce of the value of If# on the result should be 
discussed. In the one-dimensional case there is exactly no elTect on the inten¬ 
sities of the elastic and the inelastically scattered wave far enough from the 
reflector. This is due to the fact that 


Ho oxp 


= exp 




llnHo) 


so that a change in if, <ian bo compensated by a shift in the origin. The same 
is true for the variable ^ of the wave function, and as the integral in 
goes from — oo to -f oo,. its value remains unchanged. 

In the three-dimensional case this is not quite true, since at the origin, 
r = 0 (which also appears as limit of the integral) the ai’gument of the wave 
function is 



But since this value is large, we have neglected the dependence of the result 
on tlie particular value Ho. 

Beturning to oq. (6.22) we express nr^ in a slightly diJIorent way: 

(0.23) = 

The function Y{2, 2) has as its argument kTjs and is tabulated by BDcbsch- 
FBijDHXt et cH. It corrects the actual viscosity cross-section for the effect 
of the attractive forces, as compared to the hard sphere cross-section (see 
Sect. 4, p. 281 and Sect. 6, p. 291). 
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Finally we have to get the connection between the relaxation tinae t and 
the inelastic cross-section (§„). This relation is given by (1.16). If we de¬ 
fine Z by 


(6.24) 



we find 


(6.25) 


Z = 1.017 


(To\^ 

■ 6' 

V’ 

8 

r(2,2)ll-exp 

T 

) exp 



Z^ZomZtf 


Except for the factor (1—exp[6/2’])“S Z can be interpreted as the pumber 
of collisions needed to reduce an excess of molecules excited to ® = 1 to the 
equilibrium number. The number of collisions needed for excitation is found 
by changing the sign of the exponent 0/22* appearing in Z^. 


7. - Diseusslon of the equation for 'll. 


Before starting on the calculation of the sterio factor Z^, it will be useful 
to discuss the general behaviour of Z. For this purpose we will re-order the 
terms regardless of their origin, 


(7.1) 


^ W r(3,2) exp 


•exp 


8 

W 


0 ■ 

0/ 

■0‘ 

wmw« 

'3 /0Y' 

2T 

•^(exp 


-ij (j-,) exp 



In this expression, T(2,2) exp[—e/fcT] corrects for the effect of the at¬ 
tractive forces. The first seven factors multiplied’out are in general of the order 
of magnitude unity. 

6/2'(exp[0/2T| —1)-^ is the energy of oscillation, divided by leT, of a Planck 
oscillator and approaches the value unity for mcreasing temperature. 

The last two factors together dominate the value of Z. Only if their pro¬ 
duct is large, are the approximations made justified; it wiU bo useful to intro¬ 
duce provisionally the abbreviation 



so that the last two factors give 


(7.2) 
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u ought to be at least 3 or d'>27T to justify our calculations; for the ex¬ 
amples giyen later, this is always fulfilled. Prom u = S on, Z increases strongly 
with increasing 6' and decreasing T. 

To get a better idea of the physical meaning of 6', one sees that (see after 
eq. (6.11)) 

(7.3) W=&7t^-2jt^fAvH<‘ 


is 8re“ times the work necessary to stretch the oscillator by the amount 1. 

One sees that 6' increases with increasing ffi, v and I, so that more tightly- 
bound molecules (larger quanta hv to be transferred), larger molecides (those 
with greater Z, i.e., with less steep force fields) and those with large mass ^ 
are more difficult to excite (have a laager Z). The-latter point explains the 
high efficiency of Hj as impurity. 

Howeyer, it is of interest that the effect of the mass is indirect. Equa¬ 
tions (6.16), (6.17) contain the velocity. If molecular beams of H, and Ng of 
the same yelocity were used to excite a molecule BO, their efficiency would 
be nearly equal. Only when, through Maxwell’s distribution, a transition is 
made to equal kinetic energy or temperature, is H* strongly fayored oyer Ug, 
because at given T it contains many more molecules of a given high velocity. 

To illustrate numerically. Table I shows the function log[w"*c*“] (see 
eq. (7.2)): _ 


Table I. 


B'/T 

log(tA“^exp[|w]) 

3 

27 

0.2398 

55 

125 

0.0243 

7.5 

422 

1.7126 

10 

1000 

2.8658 

u 

12 

13.5 

15 

18 

20 

24 

B’lT 

1328 

2460 

3376 

5832 

8000 

10624 

log(M-*exprit».l) 

3.8018 

4.6376 

5.4639 

7.0161 

8.1781 

10.4472 


8. - Caleulation of the steiic factor Z. 

There are two methods available to calculate the steric factor Z. 

a) In the simplest procedure, it is assumed that only the component of 
yelocity in the direction of the molecular axis matters. One then generalizes 
the one-dimensional model by allowing the molecular axis a fixed position, 
inclined toward the direction of the relative yelocity by the angle. Equa¬ 
tion (2.4) is therefore written 


(8.1) 


E'(sb — pz ens 6 ). 
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In the power development, jffcosfl appoarn in the vi!)ra.tional trauHition 
matrix element instead of p, and cos®0 appears thei'efon*! as jwldif.ional fu<‘tor 
in the transition probability. Accordingly 

(8.2) i = (coH" (9),„ = i. 

^0 •> 

For the bending -vibration of a linear triatomie !nol('<nil<s it ia uhhiiiikmI (Iinf, 
the velodty component normal to the axis inattei-H. TlK^n'foin hIii 0 im kuI»- 
stituted for cos0, and 

(8-3) Y = 1 - (‘'■o«‘ <’)*« = I • 


It seems cJear from a dose consideration of the in(«lel, that HinniltaiKamH 
exdtation or de-exdtation processes of the rotational motioji uiv iiudiided. 
More on this in the next section. 

b) The steric factor: vibrational, rotational, traiislaticmal «x- 

^ange. We finally take our assumption, that tlie intomctioii owtirs iM^tvwmii 
individual atoms, seriously. This introduces an angb^-depeiuhmce int.« tiie 

mteraction between BO and A and couples rotational tnumition to the otlmr 
processes. 

We assume for the sake of simplicity that tlie atoms B ami 0 are alike 
and that each interacts independently with A by an exponential fnnetlot! 


(8.4) 


Eo = Eq exp 



+ So exp 


rA<- 

I 


We call L the equilibrium distance between B and 0, 
call r the distance between the center of BO and A, 
r and the molecular axis. * 

Then, in first approximation (*), 


ami assume Next, 

ami r i.Iie angle Is^twecm 


( 8 . 6 ) 

( 8 . 6 ) 


♦"ab = ♦* — i(-E -+ cos 
^■ao = >• + i(J^+JT) cos r. 


Developing the exponential according to powers of the 


small quantity JCfl 


() The factor ^ is here equal to 
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and keeping only the linear term, one finds 


f 

\ (r , IL „\1 


(r 1L „\1 

jexp 


H-exp 



f r 

Ir , „\1 


I'r 1 J"" 

jexp1- 


“ (‘.xp 



The first term produces ti'uly elastic scattering plus scattering inyolving 
changes in rotational states, the second tenn inelastic scattering, involving 
exchanges in both vibrational and rotational states (*). 

An attempt to calculate the probability of each rotational transition is 
extremely difficult at the present state, since the probability is so high that 
the validity of first-order perturbation theory is very doubtful. 

On the other hand, the task is much simpler if wo ask only for the overall 
result of iUl rotational transitions, and midce the following simplification: In 
general (apart from Hj, D*, etc.) the energy difEoi*ence between Bignific.!uit, 
rotational states is small compared to kT and to hv. Wo therefoi-o neglect the 
change in w (or Jl:) if only rotational jumps occur; if a vibrational jump occurs, 
we neglect the effect of a simultaneous rotational triuisition on the h. In other 
words, wo assume that the « elastic » collisions, of which wo see the effect in 
viscosity, include collisions in which rotational jumps occur. 

To make the proper calculation, one has to multiply the wave function 
(4.24) with a rotational factor, Sj. S is a generalized spherical harmonic and 
the index J stands for both the angular momentum quantum number J and 
the magnetic quantum number (oiientation). In addition the scattering has 
not’ anymore cylindrical symmetry svround the dii’oction of the incoming betim, 
which is chosen as the pbhir axis, so that (Py) must be I'cplacod by another 
generalized spherical hiunnonic. Sj, with j the angular momentum quantum 
number of the relative motion. 

Since the factor exp[—r/1] can be taken out of all terms of the pertur¬ 
bation potential, we have, for the elastics scattering a term 


(8.8) exp [- ^ r* dr | /no 1«dZ • 

■j |('xp j^- ^ COR r 


+ pxp 


+i“»^ 


fIjSjiQdco , 


(*) The treatment in onr book Section 64 here is wrong, since a term 2Ho e 3 cp -fo/Q 
was unjiistifiedly isolated as determining tho viscous scattering, in which no rota¬ 
tional transitions were assumed present. . , 
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which, describes a transition j ->■ j' in the orbit and J->J' in the rotational 
state. dH and dcu are the elements of steric angle for the orbit and the mole- 
onlar orientation. The fs are explained below. 

In the method of distorted waves which we have been using in Section 4, 
one uses a wave function which is an exact solution for the unperturbed po¬ 
tential H{(e). This wave function wliich contains the primary wave and also 
the elastically or quasi-elastically (i.e. one including the result of rotational 
transitions) scattered wave, can on principle also be used to calculate viscosity. 
However, there is no theory of the viscosity of a rotating diatomic molecule 
with our assumed forces, and correspondingly no exact solution of the wave 
equation if Six, F) is identified with the first line of (8.7). On the other hand, 
one can also not select as unperturbed interaction energy a term S.^ exp[—r/J] 
and treat the difierence between it and the first line of eq. (8.7) as perturbation 
since this difference may be very large depending on the value of F. 

The only w;ay available seems the following: 

Take (llr)fi{kr) as the incident and (l/r)/i(Ar) as the quasi-elastically scat¬ 
tered wave satisfying the SclirSdinger eq. (6.10) so that 

(8.9) . fi + h = f, 

where / is the function used in Section 5'2). 

The f are wave functions belonging to the spherically symmetrical potential 
Ho exp [—»•/?]. 

Then a partial wave function, belonging to the initial state, will be 

( 8 . 10 ) 

a corresponding partial wave function for the elastically scattered wave will be 

( 8 . 11 ) . 

and a partial wave function for the inelastically scattered wave 

( 8 . 12 ) s'rS,, . 

If, for the moment we call the first line in eq. (8.9) JET" and the second 
line , the elastic cross-section will be proportional to 

22 j > 


(8.13) 
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the inelastic cross-section to 


(8.14) 


22 I dr dX di3 dft> 

/ -r J 


where ipi, are momentary abbreviations for ( 8 . 10 )-( 8 . 12 ). 

In the spherical harmonics, y> are angles defining the relative motions 
of A; they are the arguments in f and q>' characterize the direction of the 
molecular axis, they are the arguments in S,. Further 

« 

<8.16) di3 =sin^di>d 9 J, dw = sin;fd;fd99', 

cos jT = cos ^ cos % + sin sin x cos ( 9 ?'— 9 ?). 


In detail, a term in (8.14) looks so: for the vibrational jump from 0 to 1, 
rotational jump 


(8.16) 




s- r/(v) 

r 


expl-^ 


/,(fcr) 


r’drJ*v»loy Vb 


Vbo * 


•|fif,-fi,.|exp[-|. 


cos r* — exp 


jjOOSj’ 


■I 


cos .Tdl^da)} 


The first factor in ( 8 . 8 ) and the first two factors in (8.16) are the same quan¬ 
tities which we have considered in the case of the « bireathing » sphere. Only 
the last factor is new. 

To get the total elastic and inelastic scattering, we have to take the sum 
of the squares of the matrix elements, weighted with the proper nuniber of 
molec.ules. 

Gall Aj the fraction of incoming molecules A which have originally the 
orbital angular momentum j, and B the fraction of scatterers which have ori¬ 
ginally the rotational quantum number J. The number of particles elastically 
scattered is then proportional to 

(8.17) 

J J' r 

the number of particles scattered inelastically is proportional to 

(8.18) 2 • 

Here, 7 and 7' are the last integrals in ( 8 . 8 ) and (8.16). One can now di¬ 
rectly sum up over the final states in these integrals, by using the expression 
for the square of a matrix. 

20 - Rendiconii 8,LF. - 2CXVII. 
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Therefore, one gets, in (8,17), for 

y!w-js;s;, 




exp 


-fexp 

exp 

-ioor 

4 -exp 


+ -^cosr 

^ rr 

■y COBT 

V 


SjSjdiidco, = 


+ 2 


SjSjdQdco. 


In the case of inelastic scattering one has in addition a factor cos’ F under 
the integral, and replaces +2 hy —2. 

We next sum over the different rotational states of the molecule BO which 
involves the summation 




StStdQdco 


The summation is first made over the different magnetic quantum number for 
a fixed total angular momentum J. There are 2J-\-l such states, and they 
are equally populated in equilibrium, since they are nondegenerate and have 
equal energy. The sum over gives a result which is independent of the 
the angle % (* (**) ) equal to J(2J+1), so that the contribution per state is J. 
Accordingly 

and we end up with an averaged square of the interaction energy for elastic 
scattering which is proportional to 




rr 

‘ 

r L _i 


\L 


'iJ. 

exp 

1- 

1 

HI 

o 

o 

m 

-1-exp 

jcosr 

+ 2 


StBidSidm. 


In other words, the ratio of the elastic scattering cross-section for the present 
model to that in the spherical model is (") 


where I is the integral (8.19a). 


cos jT 


+ exp 




+ 2 




(*) In atomic theory, the spherical symmetry of filled suhshells is a consequence 
of this. 

(**) In a sense, this can be considered as the beginning of the theory of viscosity 
for a dumbbell molecule, each atom of which exerts an exponential repulsive force. 
However, there is the inconsistency that the radial wave functions (primary plus elasti¬ 
cally scattered) are nearly zero at the center of the spherical molecule, not at the nuclei 
of the individual atoms. Whether this accounts for the difficulties in the steric factor 
later reported in this section, I do not know. 
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Similarly, the same ratio for the inelastic cross-section is 






+ 


+ exp 


focr 


_2 


COS* rSfSj AQ dfo: 41, 


■where for the spherical model no is taken into account. 

Under the assumption L>1, the expression' in the bracket is large if 
cosJ' is either near (— 1 ) (first term) or near (+ 1 ) (second term), under which 
conditions the molecular axis of BC nearly points at A. This is intuitirely 
understandable. 

Since in the integrals now only the ware functions 8*, 8/ (no those 8f 
of the scattered wave) appear, one can limit oneself to the cylindrically sym¬ 
metrical Legendre polynomials (JP,) (the tilde implies the inclusion of the 
normalization factor). 

We have therefore to evaluate, for (8.18), the sum 
lA,J^[]8in0d0gsin;^d;fg-'. 

Because of the expression for cos J", J'=0 or n means <p' — 9 >== 0 , 6 — = 0 
or jc. 

One can therefore make in the integral a change in variables from 99 , <p' 
to <p"=<p '—99 and 93 ' and immediately integrate over 99 '. In the neighborhood 
of cosJ'=±l we -write ^ = 0+6 


cos jp = cos (5 -I- sin 0(sin 0 cos d + cos 0 sin (5)(cos f"—!). 
Treating S and 99 " as small quantities of zero order, one has 

cos /"= ± 1 — -I- ( 99 ")* sin* 0) 

and therefore the bracket in (8.18) can be -written 


2 exp 




and the ratio (8.18) 
[gp exp {1/21) 


• * ^ ( 0 * + ( 99 ")* sin* 0 ) 


sin 0d0 ^ sin d;{. 
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The integration, over (p" gives immediately the factor 

l/lL J_. 

K ^bcXsind 


The change of variables from $, x 6, 0 gives, instead of 

sin 6 d0 sin d;fsin* 0 d0 d5 . 

Integration over d provides a factors V^kcjL, so that we end up with 

'21iap3]-i2.^,/?,slnSd9. 

In the « spherical» model, the expression was 
(8.19a) 1=2 sin 0 d0 . 

Therefore, the ratio (8.18) is 


( 8 . 20 ) 


ifoexp [i/ 2 q 


2 Ho 


L' 


Therefore, the effect of the substitution of the spherical model for one in 
which the interaction energy is exerted by the individual atoms is only on 
the numerical constant Ho, which does not enter into the strength of the 
« elastically» scattered wave. The apparent constant Jfo, which appears in 
the spherical model, differs from the «true» constant Hg by two factors, 
exp [+i/21], which results from carrying the exponential back to the centre 
of the molecule, and a factor (l/4i)*. For i/1 = 6, the factor is 1.36. 

In any case, it follows that the same 1, which is found from viscosity 
measurements xmder the assumption of a potential originating from the center 
of the molecule, is also valid if the forces are centered in the separate atoms B 
and G. 

A similar argument can now be applied to the matrix element of the per¬ 
turbation energy responsible for inelastic scattering (-vibrational acti-vation or 
deactivation). The only difference is a factor cos*/'Appealing tmder the in¬ 
tegral. 

However, tmder the assumption pre-viously made, this -svill not be far from 
unity. Putting 

cos*/’= 1 — (5* — sin*0(9>'')* 
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one finds tliat the coiTection factor to be applied, because of angle-dependence 
of the forces, to the square of the inelastic matrix element differs from the 
factor to bo applied to the square of the elastic matrix element, only by the 
numerical factor 1—(2f/i). Therefore the steric factor is 


( 8 . 21 ) 


1 _L—2l 
Z~ L ^ 


contrary to the result found in Subsection 8 -a.). The result is plausible from 
tlie,conclusion that strong interaction occurs only vhen the molecular axis 
is nearly pointed at A. 

If one next considers the transversal vibration in a molecule BOB, there 
appears approximately sin® F instead of cos® F, and therefore the steric factor 
should be 



If one replaces [20] the colliding particle A by another molecule BB and uses 
a similar procedure, one finds (*) iigain that only approximately head-on col¬ 
lisions where the molecular axes are nearly aligned, contribute to both« elastic » 
and inelastic scattering, and (8.21) and (8.22) remain unaltered. To sum up 
the xireceding, it has been shown that 

^ = COS'* F or sin* F== 1 — cos® 7“*, 

"0 

for longitudinal and transversal vibrations, respectively. 

For nearly sphericiil molecules, all kinds of collisions are effective in both 
« elastic » and inelastic scattering, the averages are taken over the whole sphere 
and Jire J and f. For elongated molecules, only approximately head-on col¬ 
lisions are important for both elastic and inelastic scattering, and the averages 
are to bo tiiken only in the neighborhood of alignment, giving a value much 
closer to unity for cos® F and much smaller than f for sin®/'. 


9. - Comparison between theory and experiment. 

In the following tables the results of oq. (7.1) and of experiment are com¬ 
pared. This had been attempted in Section 66 of our book, but unfortunately. 


C) The same iniBiateri)retatioii occurs in ref. [20] as in Section 66 of our book. 
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Table 66-6 of our book is marred by errors, as Professor F. C. Shields lias 
kindly pointed out to me. Therefore, all the theoretical Z values have been 
recalculated, about half of them twice. 

The table also shows tha values of I and It is found (*) that these are 
correctly given in Table 66.6. Two sets of theoretical Z values are shown: 

(^) Tises ^ 0 = 3 for longitudinal and f for transversal vibrations, Z^^^, (b) uses 
the expressions (8.21) and (8.22). 

The experimental Z^ are listed in the column before last. The last column, 
Eef., gives the source of these data. So as not to overburden this article 
with references, the following procedure was followed. Most of the data are 
either taken from our book (indicated by ref. [1]) or from the Cottkell- 
MoCoxjbbet book (indicated as ref. [2]) but then the particular reference is 
added: e.g. [2; 7] means ref. [7] (P. Angona) of the Cottrell-MoCoubeey book. 
However, it has to be noted that the latter lists Zio instead of our Z] the two 
are connected by 


'=Zu(l- 


exp 



This correction has been made. 

The experimental. data below 600 have usually been determined with 
the acoustic interferometer and should in general be reliable, although the 
presence of an undetected impurity would make them too low. 

On the other hand, the values at higher temperatures usually come from 
shock tube data, and here the r’s found by different experimenters may differ 
by a factor as large as 3. This is not so much a question of the direct meas¬ 
urement as of its evaluation, since the temperature behind the shock varies 
over a considerable range, and G and Z are temperature-dependent. E.g., newer 
measurements by Witteman [22] on COa at about 800 °K differ appreciably 
from the older ones of Eucicen and Winbxee and Bmilby. 

If one now makes the actual comparison for the smaller diatomic mole¬ 
cules without impurities (7 measurements of Oa, 7 of N*, 4 of CO, 1 of Pa 
and 4 at Cl*), one finds that the agreement is appreciably better for Zo = 3; 


(•) A simplified method has been developed to calculate L Originally (6.6) con¬ 
nects EJe and r^fl but itself contains Z, and therefore iteration had to be used. 
Instead there has now been calculated an extensive table for rjl as a function of EJe. 

From this original table, a new one has been found, showing rjl as function of a 
new quantity 

1/0.8163Jlfi^VS>fcr 
2 \ T j T *. 

This latter expression does not contain Z, but only known molecular quantities. This 
speeds up the procedure considerably. 
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Table II. - OomiiarUmi of theory and exiieriment. 


e, T 

1 ill A. 

e'-io-« 

<2^theor (<^') 

^theor (^) 


Ref. 

Oa-Oa 

0=2 230 
T== 288 

0.1786 

2.0692 

4.2 -10’ 

2.0-10’ 

1.6-10’ 

[1] 

300 

— 

— 

— 

— 

9.9-10’ 

[46] 

' 323 

0.1789 

2.0762 

2.4 -107 

1.2-10’ 

1.0-10’ 

[22] 

482 

— 

— 

— 

— 

7.4-10* 

[47] 

1372 

0.1833 

2.1796 

15000 

7 200 

36 000 

[1] 

1953 

0.1840 

2.1963 

4100 

2 000 

12000 

[1] 

2 912 

0.1847 

2.2130 

1000 

480 

1800 

[1] 

3 000 

— 

— 

— 

— 

2 700 

[23] 

4000 

0.1851 

2.2226 

370 

180 

780 

[23] 

6 000 

0.1855 

2.2322 

140 

65 

190 

[23] 

Oa-Na 







323 

0.1862 

2.100 

2.82-10’ 

1.4’10’ 

4-10» 

[22] 

1953 

0.1910 

2.208 

3800 

1900 

5 000 

[1] 

Oa-A 






[23] 

1200 

0.1826 

2.408 

46 600 

22 000 

7.1-10' 

[23] 

2400 

0.1840 

2.438 

2500 

1200 

33 000 

[23] 

6 000 

0.1851 

2.467 

150 

70 

970 

[23] 

Oa-Ha 







288 

0.1657 

0.2095 

1000 

460 

31900 

[24] 

Oa-He 







288 

0.1895 

0.3860 

6600 

3 200 

290 000 

[24] 

Na-Na 







0 - 3 380 
T= 475 

0.1960 

5.008 

2.1 -lO® 

1.1-10® 

> 8.10* 

[22] 

558 

0.1963 

5.026 

8.2 -10® 

4.3-10® 

l.l-lO* 

[IJ 

778 

0.1971 

5.064 

7.0 -107 

3.6-10’ 

6.6-10* 

[1] 

1 168 

0.1978 

5.102 

4.7 -10® 

2.4-10® 

2.3-10* 

[1] 

2 450 

0.L988 

5.152 

75000 

39000 

150 000 

[2: 41] 

3 640 

0.1990 

5.166 

11600 

6000 

24000 

[1] 

4 630 

0.1991 

5.171 

4300 

2 200 

8000 

[1] 

0()-(U) 

0 *--,3 450 
300 

0.1886 

4.837 

3.3 -10i« 

1.6-10’® 

> 10® 

[26] 

1447 

0.1928 

5.052 

1.2 -10® 

6-10* 

1.4-10* 

[2; 267] 

1919 

* 0,193 3 

5.074 

2 -10® 

1. -10' 

3.4-10' 

[2; 267] 

2 985 

0.1956 

5.102 

20000 

10000 

68 000 

[2; 207] 

Fa-Fa 

0 = 1 284 







301 

0.1874 

0.8970 

2.3 -lO® 

1.0-10' 

2,6-10' 

[26] 
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Table II (continued) 


e, T 1 

2 in A 

8'-10-» 

(®) 

•^theor (^) 

•^exp 

Eef. 

C!i,-a, 

B= 802 
Z’= 298 

0,2009 

0.7505 

79000 

33000 

■ 

[2; 220] 

528 

0.2048 

0.7802 


3 700 



1000 

0.2090 

0.8122 


360 

WBm 

[1] ■ 

1372 

0.2109 

0.8268 

390 

160 

HI 

[1] 

Clj-He 

37= 288 

0.1681 

0-08018 

200 

80 

1200 

[2; 73] 

Brj-Big 

0= 462 
301 

0.2032 

0.5744 

■ 

7100 

7200 

■ 

520 

0.2069 

0.5952 

■I 

1200 

2100 


6 = 309 







2’= 386 

0.2385 

0.5619 

6800 

2 750 

760 

[2; 220] 

N,0-N,0 
8= 847 
37= 293 


0.4753 

4300 

17 300 

■ 

[2; 76] 

. 473 


0.4903 

680 


2900 

[2; 76] 

673 


0.5008 

300 

n 


[2j76] 

COa-C6, 
0= 960 







ir= 296® 

0.2008 

0.6693 

18400 


49000 

[2; 7] 

579 

0.2048 

0.6932 

1350 


11400 

[2; 219] 

1000 

0.2076 

0.7123 

230 

850 

300 

[1] 

CO»-A 

T= 296 

0.1876 

0.6627 



4-10' 

[2; 126] 

COS-COS 
0= 755 
293 


0.5641 



■ 

[2; 72] 

475 

0.2047 

0.5886 

930 

HI 

mm 

[2; 72] 

CBj-CSj 
8= 670 







3^= 296 

0.2108 

0.4478 

900 

4600 

\ 6700 

J 7000 

[2; 84] 

[2; 7] 

433 

0.2140 

0.4609 

312 

1600 

3600 

[2: 91] 
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in general, it lies witliin a factor 2. There are exceptions: e.g., for Ua at 668 °K 
and 778 “K, the theoretical values are 8 to 10 times too great. But one may 
expect that these experimental Z aie too small because of the presence of 
water vapor; the Z found at 778 is only 3 times larger than the value found 
at 1167 with the shock tube. Gamac’s Z for O, is appreciably higher than 
Blackman’s. 

That those small molecules act nearly as if they were spherical (i.e., that 
the mathematical approximations used to deduce (8.21) and (8.22) are not 
justified) is not too astonishing. 

On the other hand, for elongated diatomic molecules and for all triatomio 
molecules (2 Br*, 1 Ig, 3 NgO, 3 COg, 2 OOS and 2 CSg), eqs. (8.21) and (8.22) 
fit much better (the agreement is wMthiu a factor 2.4 except for Ig where the 
theoretical value is four times too great). 

However, there is great disagroemont for the 9 cases of impurity effects. 
For impurities of small mass (Hj, He) an even higher efficiency is calculated 
than is found: the error in the calculation may be as high as a factor 304-40. 
The impurity Ng in Og at 323 °K is found to be about 2.6 times as efficient 
as Og, while the calculation gives a factor 1.2 in the other direction. Argon 
as an impurity in (lOg should be more efficient than COg having a smaller mass 
and smaller radius, while experimentally it is found to have only one eighth 
tlie efficiency of a COg. The only explanation I can think of is the failure 
of the rule which says that the rg in the interaction of two different molecules 
is the arithmetical mean of that of the two partners. To explain the results, 
it would have to be larger than the moan. 

E.g.: to get 27000 for Og-Hg, one needs an I of 0.2600 instead of 0.1667; 
to got a .Z of 4’10* for COg-A, one needs an I for 0.2380 instead of 0.1876. 

The question is now: does the reason for the deviations lie in the mathe¬ 
matical approximations made? 

Or does it lie in the problem of the sterio factor Zg? 

Or does it lie in the use of the wrong interaction potential? 

The first question can—and will probably soon—be tested by the use of a 
computer and numoiical methods. The second question requires first a theory 
of the viscosity of nonspheric-al, nonhard molecules. The third question will 
be discussed in the next section. 

MoCoxjbbby, Milward and Ubbelohde [27] have made a comparison 


Table III. - Mamge I of forces which givesr best agreement with experiment. 


Gai^ 

Og 

Ng . 

Gig 

Brg 

NgO 

OOS 

cs 


0.164 

0.141 

0.206-r 0.149 

0.159 

o.m 

0.161 

0.169 

lij in A 

0.179-T-0.186 

0.196-4-0.199 

0.2004-0.211 

0.207 

0.192 

0..20i' 

0.211 
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between theory (eq. (6.26) with Z^ — Z) and experiment by calculating the I 
(or, as they call it, the quantity 1/a) which fits the data best. Their curves 
show that this I (which shall be called here permits a good representation 
of the temperature-dependence of Z. In Table III, this is compared with 
the quantity determined from viscosity data, Z,, which we have used before. 

The most effective energy JEJ„ is given by eq. (6.116). One has, therefore, 
the following examples. 


Table IV. 


Gas, T°K 

Oj, 288 “K 

Oj, 2912“K 

CO 2 , 300 °K 

COg, lODO^K 

BJk 

5 600°K 

36600®K 

3 900 °K 

9000 °K 


Therefore we are making use of a high part of the H — r curve, which 
is not easily accessible otherwise. 


10. •- Dependence of the ealenlated Z on the force law. 


a) An important paper by WrooM [6] discusses this problem in general. 
He restricts himself to the one-dimensional ease and introduces,, as a separate 
quantity the energy transferred, A = hv, so that for the simple harmonic oscil¬ 
lator v = Alh and, for the exponential potential: 


( 10 . 1 ) 




£\* 


A 

2kT 


e 

hi 


4, A , 
--In^-lno 




where o does not contain ft. He now considers this as a fuii(*tion of A con¬ 
sidered yariable to smaller and smaller values; then the first term is the most 
important term. 

This arose from integration, over the Maxwell distribution law, of a cross- 
section 


( 10 . 2 ) 




^7t y 
w 


= exp 


^Tt’l A 
w ft 


He now applies an expression of Landau, according to which, if the olastici 
motion is practically classical, 


(10.3) Q' -|Z„i|« exp 

hWE(E+A) ' ^ 


- p VM, lim [ f v/H-(■>;+/J j T 5 dH ■ 
h «-«[ J ' ' (IH 


. JB+.l 
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In this equation and dxjdE moans (dIf/dj?)-‘ ■with x expressed 

by H. H is the quantity, previously called n(x, 0). 

WrooM shows for some examples, that Landau’s approximate equation 
gives the correct result wherever it can be compared with a known exact 
solution. 

WiDOK then integrates Q' (10.3) over the Maxwell distribution keeping only 
those terms which are pre-eminent in the limit fe 0. 

Introducing tlie function 


(10.4) 


J Vh-b^ 


(this is related to our (*.lassical integral (5.2)) 



i-ldt 


J dip 

Vb-H’ 


he defines a number B* as the solution of the transcendent equation 

( 10 . 6 ) 

and finds for Q 
(10.0) <;~exp 

It seems to me that the equation defining E* can also bo written 
(10.7) 

while the expression for Q can be given the form 




B* , 2jp “ 1 0"-^# 


kT ' h 


A) ~ F(K*) = Vtim kT , 


.1 

(10.8) Cl-^exp + jF(E*+A')AA'^ 


One may now write, as a very general form, 

dflj 


(10.9) 


AH 


= -aH-^il + g(H)y, . N>1, g{oo)^0. 
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As examples, the exponential potential is represented by a = l, Jr=sl, 
the inverse power potential A ai“” follows from 2?”=1+(1 /to), o=(1/to)A’^“. 
grsO. A long as H becomes very large for very small ®, N is dose to unity. 

If one now evaluate those terms of the exponent in Q which do not vanish 
with h-^0, one gets 


(10.10) Q~exp 


hT 
= exp 


N+i 1 Um+ i)V8;r»WA« 
\ r{N) I h* 


N-^TcT\ 


iliir+i 


+ 


2kT 


For 2r=l this goes into the expression for the exponential potential. 
However there is no guarantee that no other terms independent of h will 
appear in the exponent besides AI2'kT. For example, if g(H) = blII for 
large. S, an additional term b/NkT will appear in the exponent. For the 
Horse or Lennard-Jones potential, for large H. If there is an attrac¬ 

tive branch of JT, then for high S one can write 

- - a(H -f e)-«r^ aS-^ “ 5) « 


m which case the correction e/fc!* we have previously introduced is correct. 

The condusion of the paper is as follows: for reasonable potentials, the 
first two terms in the exponent of Z, eq. (10.1), are nearly correct, however, 
if the V of the oscillator is replaced by Ajk, there may be other terms not con¬ 
taining h and replacing e/ftT, which one can only calculate if the exact shape 
of the potential, including the attractive part, is known. 

We next discuss specific potentials, for which calculations have been made. 

b) The most important is the Morse potential. The following investi¬ 
gation s are available here: 

Devonsherb [28] has exactly calculated the matrix element for this 
potential. However, for this interaction between two molecules, in contra¬ 
diction to the vibration within a molecule, s is not large compared to kT, so 
that certain approximations applicable in the latter case cannot bo used. 
Cottrell and his co-workers [29] have made use of Devonshire’s results. 

Turner and Eapp [30] have given an expression of the same form as for 
the exponential potential, but with modified constants. Bauer and his co¬ 
workers [31] have made numerical calculations for the efficiency of energy 
transfer, both as function of E and the angular momentum quantmn number j, 
for a vibrating H* molecule, but no comparison with the corresponding Lennard- 
Jones data have been made. Takatanagi and Kanbko [32] have calculated 
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extensive tables, presented in graph form, of a function they call Q. Since 
the Morse function contains three parameters, these tables have as independent 
variable fcr/e, and also two parameters. One is a quantity d, introduced by 
Dbvonsiurb. The other is called Ag* and is 


< 10 . 11 ) 


A2« = 


~W~ 


A 


1 


where A is the energy transferred in the collision. One gets then the inelastic 
cross-section. 


( 10 . 12 ) 


Q^. = jet! j (Ag*)’ 



Q. 


If just one quantum is transferred 


4 


(Aa*)« 


1 /e'\‘ 


16jr» \B 


To compare all these results with the calculation according to Lennard- 
Jones, what need now to be done, but has not yet been done, is the following: 
A gas should be selected, for which the temperature variation of viscosity 
can be well represented through the Lennard-Jones expression. A combi¬ 
nation or a set of combinations of parameters must then be found, which allows 
the representation of the viscosity data with equal accuracy by the Morse 
function. Will these parameters and the help of the Takayanagi curves, the 
Z should then be calculated over an appreciable temperature range, and this 
compared with experiment and the calculation according to Lennard-Jones. 
!None of this has yet been done. 

CoTTiUffiiL and MoCoubiiby [33] have developed the most general expres¬ 
sion available, using the semiclassical method. They write the potential 


(10.13) 


jff = A exp 


r 


r' 



r 


rl 


—/:«exp 

211 

-a| 

exp 

~1 

~2l\' 


One gets the purely exponential repulsion by setting j«==0; one gets the 
Morse potential by setting 


(10.14) A = Dexp|^-^ 

(r, is the equilibrium distance). 

Then they find eq. (6.11), except that the exponent is multiplied' » 


11 = 2D exp 
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factor 

(10.16) 



OoTTBasLL and Eb.am: [34] have attempted to apply the Lennaxd-Jones 
potential directly, using numerical methods. 

Two other force laws have been investigated, mainly to test quantitatively 
the statement that a « steep » force is favorable for transitions. 

o) Chemical forces. To test the idea that the efficiency of transfer is 
higher when « chemical forces » act, Koeobkcn [36] has investigated the col¬ 
lision between an H* molecule and a proton. For the sake of simplicity, the 
proton is restricted to the plane normal to the molecular axis of H 2 and bi¬ 
secting it. Two calculations are made: in the first, the intetaction is purely 
electrostatic, and therefore the efficiency of transfer is low. In the second, 
sharing of the two H, electrons by the proton is allowed by building molecular 
orbitals connecting aU. three mrclei; this introduces a typical « chemical» force. 
As a result, the transfer efficiency is so high that the first-order perturbation 
calculation is not justified. 

d) Eard spheres. Eor hard spheres the time of interaction is infinitdy 
short and therefore the energy transfer should be very efficient (the process 
is extremely nonadiabatic). A direct classical calculation is easy to make. 
Assuming the spheres to be smooth and the molecule BC originally at rest} 
we may consider B for the collision process to be free since during the infini¬ 
tely small collision time the spring has transferred only infinitely little mo¬ 
mentum to C. One then introduces the line of centres, which joins the centers 
of A and B at the moment of collision and maJkes an angle x '^th the direc¬ 
tion of the velocity The law of collision says then that B does not re¬ 
ceive any momentum normal to the line of centres, but receives a velocity 

(10.16) Wb = 2 —^— Wa cos y , 

WIa "T WJb 


in the direction of the line of centres. 

Inunediately after the collision we can forget the fate of A, but consider 
now the combination B-C. 

After the collision, this has a velocity of its center of mass 

Wbo=--- ■ (TWaWB-f »»o0). 

One can now write for the energy E{ of the internal motion (rotation plus 
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vibration) of the molecule BO: 


E' being the energy of center-of-mass motion; i.e., 


(10.17) 


= —^ (ms + Wo) 



1 

w% = ~ mv^ = 
z 


^ S .< 1 0 .1 oos» V 

— • 4- wk cos* y = 4-^ 

2 (mA + mB)* * (»»A+JnB)*(mB+mo) 


r 


where i® original energy of A. 

If one takes the average of eos*% over the half sphere (the number of 
particles A hitting a ring dx is proportional to cos sin dy) one finds 


(10.18) 


Em == 2 


mAmsmo 


(mA "f" ms)* (ms ”1“ mo) 


E. 


) 


and if one considers that the chance is J that either B or 0 is hit (this is an 
approximation) one finds the average fraction of the energy E transferred to 
internal energy (*) 


(10.19) 


m^Bmof 1 
mB •+• mo [(mA + ma)* 


(mA + mo)* 


If the masses are about equal this is of order of magnitude unity; the result 
of Shulbui and Zwbnzig [36, 37] is thereby explained. Separation of rotation 
and vibration is somewhat more complicated. 

The above calculations assume so that no multiple collisions 

occur, and that BO is originally vibrationless. Bbnbok [38] has recently dropped 
both assumptions. He finds that if BO is originally higlily excited, the energy 
transfer is small. This can be understood, since his result corresponds to the 
difference between excitation and de-excitation. 


11. - Complex collisions. 

In the previous deductions, only the term — )9(9H/0a>)Z was keqpt as per¬ 
turbation term. For an exponential S, this is equal to 

H/Sj, 


(') If one wishes to use the energy of the relative initial motion instead of for 
comparison, one mxist multiply the result (10.19) by (mn+ma+^AiUmB+rno). 
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and led to a selection rule and an oscillation factor 


( 11 . 1 ) 

The next term 





E 



> 


for an exponential force law, permits jumps v-yv±2. 

It has heen neglected in the previous development, for two reasons: 

a) It is assumed that /S*|Xio/Z|*<l. The quadratic term would led to 
an oscillatory factor for the jump v-*-v+2, 


( 11 . 2 ) 


(i: + l)(i: + 2)(&y<(u4-l) 


Eat* 

I 


But much more important, the translational factor in Q is very much 
smaller for an energy transfer of 2Av than for an energy transfer hv. 

There are however circumstances where these arguments do not hold. 

Firstly [39], if one deals not with states at the bottom of the innAr mole¬ 
cular binding curve but with states near the top, near to dissociation (11.2) 
is not fulfilled because the binding curve is far from that of a harmonic oscil¬ 
lators. Secondly, the epergy steps A are much smaller, and therefore the effect 
of the translantional factor much smaller. 

Secondly, however, there are cases where more than one characteristic 
vibration is present, either in the same molecule BO, or some in BC, others 
in A, if the latter is also a molecule containing more than one atom. Then 
one can write for 

where the index s refers to the particular characteristic vibration and the p, 
are numerical coefl&cients of order unity, not any more the special value (3.3). 
Since X* appears in 

2 ~2^ I* ’ 


there wiU therefore be a term 
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This will produce transitions and provide an oscillatory 

factor in Q 


(11.3) 





9 


multiplied by factors v, or (u^n), Dj or («y+i), depending on the question 
whether we two dealing with deactivation or excitation. (11.3) will in general 
be smaller than (11.1). On the other hand if one oscillation (say s) suffers 
deactivation, the other (j) activation, only the difference of the quanta, 
h),— hvj, has to bo exchanged against translational energy, and this decrease 
in energy involved in the exchange into translational energy might increase 
IfZ sufficiently that the product is hxrger [Z smaller) than for the single quan¬ 
tum process. 

This is important for several reasons. 

Complicared organic molecules have usually a rather small Z, although 
they contain no very low frequencies and should therefore, from the elementary 
theory, have large J^’s. However they contain usually so many characteristic 
vibrations, that one can form combinations of At^’s so that the transfer to 
translational energy is small while a vibration with large v looses one quantum 
and at the same time one with lower v gains one. 

Another interesting case is one where practically no transfer to kinetic 
energy takes plac/e («exact resonance»). In exact resonance, Z is little de¬ 
pendent on temperature, '—1/37 (sec (6.19)). Exact resonance may happen 
because two molecules of different kind happen to have two characteristic 
vibrations of the same frequency. An example is and 00* recently inves¬ 
tigated by Henderson [40]. The 0 values for the single vibration of H* 
(0 = 3380) and of the symmetrical vibration of CO, (0 = 3380®) are the same. 
If N, is excited, it can loose its largo quantum only in one step, which is a 
slow process. But if some 00, is mixed in, the transfer of this quantum to 
the assymetric valence bond vibration is easy, and from there it can leak out 
into translational energy, using in a stepwise process the other vibrational 
modes of 00,, which have all lower frequencies. As a consequence, 00, is 
a rather effective impurity in shortening the relaxation time of UsT,, which one 
would not have expected otherwise. 

Another case of nearly exact resonance occurs [41] in 00,, where the fre¬ 
quency of the symmetri<i valence bond vibration (0 = 1920) is about twice 
that of the bending vibration. In this case, the former is deactivated by 
giving the bending vibration two quanta, with negligible transfer to trans¬ 
lational energy. In spite of this fact, all the complex processes including those 
at exact resonance, can only occur during collision, so that the relaxation 
time is still inversely proportional to the pressure. 

Consider a system with two vibrational degrees of freedom, such that only 

21 - Umaieonti H.I.F. - XXVtI. 
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I exchanges directly irith kinetic energy while II exchanges its energy in prac¬ 
tice, in a complex collision which inyolves I and kinetic energy. This is a 
coupled system and the two efEective relaxation times hare to be calculated 
by the method of normal co-ordinates or network theory, as Dr. Mason has 
discussed. Assume Ti>Tin’- Then at low frequency, there will bo netir equi¬ 
librium energy in both I and II. But for a frequency a)Ti>l, 
there will still be an influence of the sound wave on the process 
netic energy, while the process Aviakinetic energy will be undisturbed, 
the system will show two relaxation times. A general system with n vibnv- 
tional degrees of freedom has on principle n relaxation times, although there 
may be many more individual reaction paths and although some of the re¬ 
laxation times may be so dose together as to be indistinguishable. We do not 
have yet a theory which allows us to predict without elaborate calculation, when 
a system will have more than one experimentally distinguishable relaxation 
time. As an example, consider OX»T and OX« againt OXjT»; theoretical 
elaborate calculations, have been made by Tanozos [42] and by Diokbns 
and Linnbtt [43]. 

Another problem which may need theoretical treatment is the following: 
There are experimental indications that in a molecule with several vibrations, 
in which the relaxation times are sufficiently close together so as not to be 
experimentally separable, these relaxation times may be pulled apart by an 
impurity (possible examples CO» with H;0 [44], OO* and A [46]). This would 
mean that the impurity would act with different efficiency on different pro¬ 
cesses in the same moleciile. 

Addend/um to Section 4. - Oomparing the different expressions for the prob¬ 
ability of excitation for one collision in the one dimensional case, one has 

(4.2,4.11) 


(4.21) 




(4.26) 



wi« 
h* pi 




Probably, (4.21) should be multiplied by 4, since the dasticaUy reflected wave 
also excites inelastic waves. One has then agreement between (4.21) and 
(4.26) sihee 


af(i;)dI0 = ^ = ^dB 

A Apo 



and 
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Phenomenological Theory of Multiple Relaxation Processes. 


H.-J. Baubb 

I. Fhiysikaliiiohes InsHlut der Tedhtmelten Hoohaohule - fft/uUgoert 


Before entering into the theory of multiple relaxation processes I "would 
like to make some general remarks on this subject: 

1) The physical concept of multiple relaxation is the same as that of 
a single relaxation process. The fundamental equations, however, have a more 
(‘.omplicated mathematical form. This forces us to obtain these fundamental 
equations in a quasi-automatic manner, otherwise errors could easily result. 

li) The theoretical path from the fundamental equations to the results 
requires scawcely more then some algebraic*, operations and some termodynamio 
considerations. The algebraic operations, however, lead to many complicated 
equations. The use of matrix algebra could solve some problems here. 

3) The results, which are equations of sound absorption and dispersion, 
are not veiy convenient for practical purposes, if they are given as a fraction 
of two polynomials in (o, involving several parameters. One should prefer a 
sum of functions for single relaxation. 

The following theoiy of multiple relaxation processes is based on the tihermo- 
dynamics of irreversible processes. Por the sake of completeness the general 
concept of this foundation is reviewed. Wo start from the second law of thermo¬ 
dynamics: 

(1) d/?>da/2’. 

We extend this inequality to an equation by iwiding another term to tbe 
right side: 

(2) d5 = dQ/T + di8 = d,8 + d,>S . 

There dQjT is identified as fed-in entropy d„fil, where as d</8 means the 
amount of entropy produced in the system by irreversible processes. The 
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entropy production per second, also called the entr<>j)y Hourci' of--d,»S7tl<, 
giTes a measure for the irreversibility of the proenssoH. IiihUmwI of cMitropy 
source we could also use the dissipation of energy dlV—dlV„,; Here dll' is 
the work brought into the system for an irroversible <fliiHig<' of Hl.al.e. <1 
is the necessary work for the same change of staki along n. M'veinibh' path. 
Since df7 is the same for both paths, one gets l)y <ih(» use of the Hrat law 

(3) iW- d1f„, = dQ^ - dQ = Td^H. 


The dissipation of energy per second or dissipation fuiu'tion is 


( 2 ) 


dW- dW„y 
di 


Ta. 


Investigations of the entropy source in many systems have shown that it 
is a bilinear form; 

(6) O'= +.... 


The X are the so-called forces. They are connected witli iJn' dtipartnre 
of the system from equilibrium. The fluxes <7 represent the velocity of the irre¬ 
versible processes. One expects the fluxes to bo func-tions of the forces alone, 
at least in a first approximation. In this approximation the fluxes are as¬ 
sumed to be linear functions of the forces: 

( 6 ) 

ft 

These are the so-called phenomenological equations. For tfie |>henoiuuiiii- 
logical coefficients we make the following statements: 

1) The matrix of the is positive definite. This is a result of the second 
law, since the entropy production always has to be positive. 

2) Under certaLu conditions the £« matrix is symmetiric. Thcis<' an' the 
Onsager relations. They are closely related to the priiK-iple of detailed hahui- 
cing. These conditions are always fulfilled in our case. 

Now we apply the thermodynamics of irreversible processes to the 
laxation processes. Krst we have to investigate the mesining of the forces 
and fluxes. For this purpose we must calculate the entropy source. Wo neglect 
as usual heat conduction, internal friction, and diffusion and call their in¬ 
fluence ♦ classical absorption*. Then it is possible to study our mediimj in 
a homogeneous, closed system; in which the only irreversible processes are 
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reactions. The stoicliiometric equations are 

(7) 2 - 2 <1^*1 (»'=1» 2, 

< 

The only work done on our Hyntem is ox|)!inHiou work 


(8) dM^=-l»dF. 

dlV„y is different from this value, if there are iiTeversible processes. For each 
reaction we have to introducie one more independent-variable. We choose the 
reaction parameters They are defined so, that they are increased by unity, 
if the corresponding reaction has executed a fundamental step. dTr,„ is ex¬ 
pected to be a function of all independent variables except the temperature: 

(9) -pdF-2-4„df„. 

ec 

Tiie temperature is excepted, since there is no work necessary for a rever¬ 
sible temperature rise at constant volume and constant reactions. The aflft- 
nities A„ are introduced here quite formally as the negative coefficients of 
work, corresponding to the From (8) and (9) we get 

( 10 ) 


One obtains an expression for the dissipation function and for the entropy 


sourc^e: 


(11) 

0 = 2^J«» 

et 

(12) 



In tbis expression the rea<tion velociticw represent the fluxes and the 
quantities AJT the forc.es. The phenomenologicuil equations are 

(13) “ 2 ^«P • 

fi 

We now investigate the affinities A,^. For this purpose we establish the 
diflerential internal energy change: 


dU = df^„,-4- dW^ = Td-S -pdF- 2 • 

a 


( 14 ) 
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One obtains from this equation 



In the Gibbs fundamental equation (14) one can replace tlie «physi(*al» 
variables V and S by their conjugated ones. Then one has to cany out a Le¬ 
gendre transformation from the internal energy to the other tlicrmodynainic 
potentials S’, JP, and ff. It then follows that 

(16) 

The affinities represent the variables thermodynamically conjugated to the 
reaction parameters Therefore an equation of state exists for the affinities. 
We expand these « chemical» equations of state in a first order approximation. 
The zero point is chosen as an equilibrium point of the system, in which all 
affinities equal 0. Tor the independent variables p and T wo got 



(17) 





( 2 ’- 2 '.) + 



l/i- 


One can see that we have set the = 0 in the last terms of this otiuu- 
tion. This is allowed from our definition of the reaction parameters whic'h was 
only a differential one. 

Now it is useful to introduce matrices and vectors, which rather reduces 
the number of equations and terms. We introduce: the vector % with the 
components and the vector A with the components The vector with 
the components (dAJBji)^^ and (dAJQT)^^ is caUed in what follows G, and G,. 
The square matrix with the components is called G. Then our 

chemical equations of state are 

(18) ^ = G,(p - Po) + T.) + G %. 


One can immediately see one property of the matrix G from (1«) ami (17). 
An exchange of the order of differentiation in 


(19) 




yields the symmetry of the matrix G. Another property of this matrix csui 
he shown by tho expansion of the Gibbs function Q about the equilibrium point 




PHENOMEi^OLOOlOAl. TIIEOKY OE MULTIW.E UELAXATIOM IMiOCESSES 


32i) 


uiitler couBtiiiit. x)rciSBure, conHt.iiutj tomporiitiiro circiuuiBtances. One gets 

( 20 ) a-G, = -W-^ = -^A'G%. 

Herein 5' is tlie trniiHposed vector 5- Since the Gibbs function 0 has an 
absolute minimum in equilibrium at constant p and T, the qxnulratic fomv (20) 
is always positive. 8o Q is negative definite. 

We now insert the cheniical equations of state (18) into the plienonieno- 
logieal eqs. (13). The matrix form of (13) is 

( 21 ) 

or, 4it*ter multiplu'iitioii witli L“^ ii'Oiii the left side, 

( 22 ) 

Insertion of (IS) gives us 

(23) L-^l = i G? + 1 G,{v -'/'«) H- ^ G,{T- .T„) . 

N<»w we consider the relaxation experiment at constant pressure and tein- 
l)erature p ‘Pa, T^T„. The hist two terms of (23) then vanish and we g(di 
a sysiicm of lirieuir, homogeneous diiTorential equations of tii'st order in %. 
These equations are normally coupled. Only in the case, where L~^ and G 
have diagonal form, are the diiTorential eqs. (23) dei'oupled and solutions Ciin 
easily be obtained. 

In the general case one has to cany out a trausfonnation of the reaction 
co-ordinates to main axes. Wo perform the linear substitution 

(21) ? = C? . 

TluMi we get 

(25) C'i/->C? = |C'GC?. 

It is possible to select a trausfonnation matrix C which leads to C'i“*C 
being equal to the unit matrix L and C'GC achieving a diagonal form. The 
reason is the symmetry of hoth matriires L~^ and G and the positive defl- 
nitouesB of L and therefore of L“‘. To iind this transformation matrix C foims 
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the algebraic part of our task. It consists in the solution of the general eigen- 
Talue problem for the pair of matrices L~^ and G. It is treated in the text¬ 
books on matrix algebra. After the transformation, the diagonal form, of the 
mati'ix C'GC is composed of the eigenvalues A)”'. They are all negative tind 
connected with the isothermal-isobai’io relaocation times by 

(26) Tf = - TjXf . 

With these relaxation times, the transformed reaction paimneters r-elax to 
the equilibrium value zero. 

We have considered relaxation under isothermal-isobaric conditions and we 
now treat the isentropic-isobaiio relaxation. Por this problem the most con¬ 
venient physical variables ai'e p and 8 and the corresponding thermodynamic 
potential is the enthalpy S. The chemical equations of state are now 

(37) ^ = H^ip - po) + H,{S ^ So) 

From the phonoiuenological equations, which remain unchanged, we get 
the relaxation equations 


(38) L-^t = ^m + ^H,(p-p,) + ^H,{8-8o). 

In the description of relaxation experiments the last two terms again vanish. 
For tlie solution of (28) we have to transform to main axes. After the trans¬ 
formation the nuitrix at the left side is the unit matrix, the matrix at the right 
side is diagonal and composed of the eigenvalues AJ®, which are different from 
the AJ®. The isentropio-isobario relaxation thooies are 

(29) Tf = —T/Af. 

Wo now treat the dynamic experiment. In the dynamic case (p — Po) and 
(T—To) are not always zero. In the acoustical dynamic expeilment, however, 
(8 — 8o) equals zero in a fli'st order approximation, since acoustical processes 
arc adiabatic under neglect of heat conduction and the entropy produced is 
small—of second order. Thei’efore the independent variables p and 8 are more 
convenient than p and T. 

The best way of describing the dynamic experiment is the dynamic equa¬ 
tion of state. We derive this equation from the normal equation of state by 
elimination of all reaction parameter’s. In the acoustic case we regard the 
density q as the dependent variable and we get the normal equation of 
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w '■'-'■'■"(I),, 

Tlio torm with (aS—’^ o) Jilimdy boon oinittod. If tho vo(.*tor with the 

o.oinpououtH {^qI^SJph i« (‘Mllofl Z, tho oq. (30) tiikos the I’oriu 

(31) Q-Q,^{^^Jf-p,)+Z%. 

The elimination of tho vector % is done by \im of the relaxation eqw. (28). 
We consider only harmonicj ohanj^os of state wo tliat tlie dilVerentiation means 
a multiplication by jco. (28) then cliauKOS to 

(32) {jcoL-' - i Hj 5 = i H,(p - p ,), 
or 

(33) 5 - (ioL-' - i fjJ 'i H,{p - Vo ). 

Insertion of (33) in the equation of state (31) ^^ives us the acoustii^ equation 
of state 


(34) 


a - - = 




iv- Vo)- 


‘For tho compressibility w(i 


(86) «»“ = 1 ® = i -I- 1; Z' (ja>L-^ ^ hV H, . 

QoV~Vo c\0w«» \ T ) ' 


Thin coinprosKibiliiy x'" ik cotnijU'x and fr<‘.(iuan<*.y-(laj)«n(lnnti. Tlun'nfoi'w 
\v(H (‘iill Hi lihc cilTcc.tivo oi* dynauiic. oonii)rnHKibiIH.y. ItiH roprcsoutation in tbo 
form (35) is due to Meixwkr. 

If we now insert the inatrices L~^ and H wo }fet a fraction of two complex 
polynomials in co. After transformation to main axes however, we ^yot a more 
convenient fonn, since the IT^ is then tho unit matrix and H is diagonal. But 
then wo have also to transform the vectora Z and Those vectors contain 
dilToreiitial coeflicients whith respect to the reaction parameters. Tlio diil'er- 
eiitiatiou now lias to bo carried out with respect to tlio transformed reaiitiou 
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pai’ameters C* We call these new vectors ss and h^: If one remembers 




one gets the form 


«?* = »S’ + ^ -Z' [Diag (1 + jorn/Tf ]-i K • 

TMa is a bilinear forai of tlie vectora * and with the matrix 


In components, we have 


{i+jcotnj • 


«5-" = «f+ 2 


:Tr/ef)(8e/8C,),5(8y/8C«U 

1 + jmrf 


For the nonnalissed compressibility «?'/«" we get the final form 

(33^ _ 1 I V irriVTHfmm. 

-1 + 2 • 

The numerator can be interpreted as c" = Here is the part 

of the compressibility due to the i-th transformed reaction. So is tho 
compressibility which one would get, if only the i-th reaction is in equilibrium 
minus the instantaneous compressibility 

The quantities e“ correspond to the relaxation strength of single relaxation 
processes, but normalized with x" instead of xj. For the calculation of the 
e“ we properly introduce the (37/8^)^, instead of the (87/80,s by use of the 
linear substitution (24). In this operation we must notice that co-ordirrates 
and differential coefficients transform in contragredient fashion: 


ro - c 

Ulr 


The quantities aa’e connected with the volume changes A^7= 

= and the reaction entropies A^/Sf = in the same way as 

in the single relaxation process. 

Our final form of the normalized compressibility was 




( 10 ) 



rnENOMENOLOOIDAL THEOUT OF MIJETIPIJE RELAXATION niOflESRES 


333 


The real paiij of this expression equals the imaj^inaiy pai't equals 

(/// 7 e)*(o^/c 2 ) and is mainly connected with the absorption. Since (40) in¬ 
volves a sum of several complex relaxation terms, they can be split into their 
real and imaginaiy paits separately. Therefore we get a simple superposition 
of single relaxation functions for some propei*ly chosen jibsorption and dis¬ 
persion quantities: 


(41) 


(42) 


2" = 1 4- y ‘ . 




We now (‘.onsidor the niiitvices P, G, H, and L and diHcusa the way in which 
they can be established. First we connect the aifluities with the chemical 
potentials /ifi 



Hero the Ar,„ are the differences between the stoiehionietric. coefficients at 
the right and loft side of the a-tli reactioii. 

For the differentiation with respect to 1^, we now have to assume our 
medium to bo an ideal mixture. Then /it = hi w,, where jttJ is the 

chemical potential of the pure substance i, .r, is its mole fraction. In ideal 
gases the differontiution i)rocesH works only on the second term and we get 

/..x _ ^ ^ i^vt„Avtp 

\^hlvT~ Vf .oV ■ 

One can establish this expression (piite easily by the use of two further 
matrices. A inatri.x v contains these where cacdi reaction furnishes one 
column. The otlier matrix is diagoniil and c.<uitains tlie reei])ro(‘al concentra¬ 
tions of all substances in the same order as in the inatri.\ v. We call this ma¬ 
trix Diag (1 /o). Then one gets the matrix F with the components 
by the use of these two matrices: 


(45) 


F = 


BT 


v' Diiig (l./fl)v. 


From the matrix F wo got the. matrix G by the use of the thennodyuaniic 
relation 


/9ri„\ _ /SAA 

\ 0f/l /VT \ / jrji 


+ y^^KVAflV. 


(46) 
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One sees from this equation that we have to add a matrix with the com¬ 
ponents A„FA^F/Fx" to our matrix F. This can he done hy an extension of 
the matrix v by one row, containing all AF and by continuation of the matrix 
Diag(l/o) by the component — 

In the same way we can establish the matrix H. The proper thermo¬ 
dynamic relation is 


(47) 







We extend the matrix v again by one row, containing all AS. The diagonal 
matrix is continued another tiioe by the component +v/BO”. 

Finally, we need a relaition between the matrix L and a kinetic model. 
In the following we assume our reactions to he elementary reactions. This 
means that the exponents in the rate equations are the stoichiometidc coeffi¬ 
cients of each substance. The rate of the reaction in the forward direction 

f f 

is fcailo"** and the rate in the backward direction is kjld'*". In equilibrium 
both I’eaction ratese are equal. For equilibiium concentrations, a macroscopic 
reaction rate can be obseiwed: 

(48) 


We consider only small departures from equilibrium. Then this expression 
can be expanded: 

(49) 

i o<o 


We now express the ooncenti’ation departures in the reaction parameters 
and got the final form 

(60) § = - Diag (KIT<Si^)v' Diag (l/0)v5. 

Taken together, the last three matrices are — (F/ET)F. (60) represents 
the relaxation equation for isothermal-isochoric relaxation; For this case 
the thermodynamics of irreversible processes funiishes the form 

( 51 ) 

By comparison with (60) we get 


( 62 ) 


i = Z Diag (fc, 77oJ<»). 
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An example is now giyen to illustrate the method. We consider two in¬ 
dependent reactions in parallel according to the stoichiometric equations 


(53) 


I Ao + 0 ^ Ai + 0 (A) 

I 1-0 (H)’ 


They can be inter])reted as actiyation and dc-a.(‘tiyati()ii of two different 
molecules A and B in the collisions with a molecule i \ which remains iin(*.hanged. 
0 is not further specified in this simx>le model. From tlu^ stoichiometric*, equa¬ 
tions we derive 


(54) V = 



and get 


( 66 ) 


!uid iMiig (:i jc) = 


1 ^: 


V 


F = ~ 


0 

I 

0 



'■It, 


“\ 


0 

_! 
<*ji, / 


Sincio n^wiion (..luiuffiw tho immlxu’ of inolc^H, tli« AF Hin.i ;!«ro and 

G=F. L is 


( 66 ) 


H\ 0 , hOaoJ’ 


Prom tho three matrices F, G, and L one sees that tlie isothermal-isochoric 
and isothormal-isoharic. relaxation cqnatioiis are already decoupled. The iso¬ 
thermal relaxation times are 


t 7 = rf = 1/fc^ <3, -h -1- h ’^), 

rjt^ =s tS** = 1 jOff (ftg ”1“ hjf ). 
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This is the result -which one would obtain also, if each reaction were occur- 
ing alone. 

Before considering the acoustic relaxation we have to form the raati’ix H. H 
contains nondiagonal components, since the reaction entropies A/S do not vanish. 
One gets 


( 88 ) H = ■ 


/— + — 
RT I Ca. Ca. 






RGl 




BTow the eigenvalue problem has to be solved. The way of solution is not 
shown here in particular, neither shall I -write down the complicated general 
expressions for the isentropic-isobaric relaxation times and for the relaxation 
strengths. Besults are only given here for two special cases. We assume the 
two isothermal relaxation times to he very different and to be much shoiter 
than T,, since the reaction A takes place rapidly compared with the reaction B. 
Than the resiilts are, in a first order approximation: 


(59) 


1 0“ + 8^0 






0“ + 8^0 


Ta 


«8^Cf 


hOKO , 


8^08^0 

r/(0« + W^- 


20 “ 8,0 


8g>i, - 


2 ’ 0 “( 0 “ + 8 ^ 0 ) 

®S,0 


^ + t/(0“ + 8^0)* 


+ ... 


2’(<7,“+SxO)(0“+S^+8,0)r T, (0“ + 8^0)» 


1 _ If 2 8^0(0 “ + 8^0+ 8,0) 


The quantities in front of the brackets are the values which one would 
expect from the theory of single relaxation for the reaction A with B neglected 
or B with A treated as instantaneous. One can see from the first two equa¬ 
tions that the smaller relaxation time rj® gets smaller, the longer relaxation 
time if* longer than expected from simple theory. The interaction of the 
two relaxation processes makes them « repel» each other. The di«, and there¬ 
fore the relaxation strength e” of the faster process is always larger than ex¬ 
pected for simple theory. The reverse is true for the slower process. 

Another special case exists where (0” + 8^0 )/Tj, = (C'® + (5^0')/Tj: Then the 
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tAvo processes iire very close. We get 


( 60 ) 


Tj'j 'r^Cf *C'“F ’ 


_ _E 







/ 


0“ + S,6' 

'"t'a C ’“ 


-^1/' 


I^aCLc 


4. 

T^Tji 


Ill this case the theory of single relaxation would make both isentropic- 
isoharic relaxation times equal. However a difference still can be seen from 
the first equation, and this difference is the minimum distance of the two re¬ 
laxation processes. The relaxation strength £?“ of tlio faster process contains 
approximately the effe(*ts of both reactions. One can see this easily, sim^o in 
the numerator wt* linve the sum of the arithmetic and geometric means of the 
quantities rS.O/r^ and The low-frequency relaxation strength Sa"®? l^ow- 

ever, lias a smuill value. The numerator then (‘.ontains the differen(*.e between 
the arithmetic*, and the geometri(*. mean of the same cpiantiti(*.H. 

There are some final remarks to be made on the example «two indepen¬ 
dent (demeutary rea(*tious in ])arallel». 

In this c 4 iHe the two matrices L and G already liad dUigonal form. The 
nondiagonal (.‘ompoueiits of H wc^re tlie result of (‘.oupling by the reaction 
entropies. Wc^ have's (*an<*elled this coupling by a transformation to main axes. 
For all reactions that lead to double rehixation, then one part of the work 
is already done. We (*an use the results of our example for all systems of re¬ 
actions with duigoiial 2x2 matrices L and G, The only values we must know 
art* the isotliermal relaxation times and the contributions to the specific heat. 
Foi* reactions that are already (:*oupled in thci st()i(*.hiomotric ocinatioris, it is 
suffi<*ieiit to diagonalize the matrix G. This means a transformation from the 
oiigiual reactions to those wliicli behave like «two independent elementary 
reactions in paraJlel». When the diagonalization of the matrix G is done, we 
know the isothermal relaxation times. The contributions to the specific heat 
can he c*alc*.ulatod from the reaction heats by means of some tlic^rmodynamic 
relations and the transformation matrix C. 

Thus it is possible, to proceed from simple to more complicated multiple 
relaxation proctessos by putting several transformations in series. This is an¬ 
other advantage, if not the mam one, of the method given here. 


22 - Jiendiconti SJ»£\ - XXVIX. 



Rotational Relaxation 

in the Sound Absorption of Hydrogen Isotopes. 

C. G. Sltjutbb 

Ktmerlmgh Ownes Lahorcetorivm - Leiden. 


Measurements of sound absorption baTe been made in normal Ha, para-Hj, 
normal Da, ortbo-D, and HD using a method developed by Meter and 
Sbbsler [1]. Tbis method has been modified in order to use it at low tem¬ 
peratures. Some of our results are shown in Fig. 1, 2 and 3. Figure 1 shows 



the experimental points of a'// as function of //p at 293 “K of pai-a Ha (A), 
normal Da (□) and HD (o). Figure 2 and 3 show the experimental points of 
a'A(Fo/7)“ as fixnction of fjp of ortho-D* at 90 °K and of para-Ha at 77 °K. 
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The notation irt taken from Herzfeld and Litovitz [2]. They derive in the 
<*ase of a single relaxation time the absorption formula 



AO' cot' 

Cy(a^ - iV) 1 +roar's • 


This foiTiiula is represented by the solid curve in tlie Eig. 2 (ortho-Dg at 90 °K) 
and 3 (para-Hg at 77 °K). The specific heat data were taken from Fartcvsi [3]. 



In this way it is provi'-d that ortho-Dg and para-Hg at temperatur(>iS below .100 °K 
behave as a two-lev(?>l gas with one single rela.\ati()n time. Full details will 
be published in Phyttica (1903). 

This research has be(m done in the Kaineiiingh Onnes Laboratory,' Lcnden 
in cooperation with Dr. J. M. Bbrnakker, as part of the rt^seareh program 
of the Molecular Physics group of the Sticditing yoor Jbhindam(uit(‘.el Onder- 
zoek der Materie (P.O.M.) iinancially sui)ported by the aStichting voor Zuiver 
Wetenschapx)elijk Onderzoek )> (Z.W.O.) in the Netherlands. 
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Measurements of Ultrasonic Velocity 
and Absorption in Liquids at Hi^h Frequencies, 
at High Temperatures and under High Hydrostatic Pressure. 

E. T. Betbb 

Brown University - Providence B. I. 


Under this title, I 'wish to discuss absorption and velocity measurements 
in liquids under a number of extreme conditions—^high frequency, higli ijres- 
sure, high t^perature. Some of these measurements are today in their early 
stages, and what I shall say is undoubtedly behind the most recent work, 
which, in a number of cases, is being done by members of the group lecturing 
here. Nevertheless, I hope to give you some picture of the more recent ad¬ 
vances.. 


1. - Absorption measurements at high frequency. 

I'l. Pulse teohnigtm. - For many years now, the standard range of meas¬ 
urement of ultrasonic absorption by the pulse technique has been from about 
10 MHz up to perhaps 200 MHz. Commercial instnunents are now available 
which are capable of performing absorption and relatively rough velocity meas¬ 
urements in this range. A detailed analysis of one such system is given by 
Chiok, Andeeson and Tbijbll [1]. Because it is useful for comparison of 
methods, a few words about such circuits are appropriate. A rectangular pulse 
is used to modulate the radiofrequency carrier signal, and the result is applied 
to a transducing orystal at one of its resonant frequencies. In a typical case, 
the pulse is about 5 [jis in length, with a repetition rate of 1000 per second. 
The pulse must be of sufdcient length so that the frequency spread of the 
Fourier analysis of the pulse is negligible. 

Such an electric pulse is converted by the transducer to an acoustic pulse 
which passes through the medium. It is then reflected by a polished surface 
(metal or quartz) and is then received by the crystal during the quiescent part 
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of its cycle. Tliis reflected signal is noAv re-converted to an electric one, am¬ 
plified and detected, so that the returned x)ulse envelope is presented on an 
oscilloscope screen. A typical siu^cessful trace is shown in Fig. 1. The peaks 
of the curve or «pips» give the relative amplitudes 
of the original signal and the successive reflections. 

To measure the attenuation, one (*.an superpose 
a calibrated exponential decay (nirve on the oscil¬ 
loscope screen. This curve can be adjusted to fit as 
a tangent curve to the individual pips. An absorp¬ 
tion coefficient can then be read from the infor¬ 
mation on tlio decay curve. 

Alternatively, the i-eflected pulse is passed tlirough a (ialibrated attenuator. 
The reading of this attenuator is iidjusted until the reflected pulse rea(‘.hes 
a certain height. The reflector is then moved (‘loser to the source until the 
reflected pulse regains its original lieight. This process is repeated at a number 
of difl'erent points along the beam. The attenuation can then be read from 
the number of db attenuation introdu(‘ed in the system. 

As th(% reflector is moved, the refle(‘.ted pulses moves a(*rosB the screen of 
the oscillosc.opc. A v(do(*ity measurement (‘an then be made by reading the 
refle(‘tor positions for whi(*h the pulse front coincides witli time markers super¬ 
posed on the tra(‘.e. The distance that the refle.(*tor lias moved is (Hpial to one 
half the distance tlu^ sound beam travels in the time int(n‘val Ix^tween the tinu^ 
markers. 

In giving this bi‘ief a(*(X)unt, w(^ have ])assed over a variety of difli(*ultieH. 
For example, it is iie(‘essary that the pulse have a very st(K^p leading edg(? for 
velocity m(»-asurements; in general, sucli a la(*k pi'events very a(5curate meas¬ 
urements. Great care must also be takem to assure that the fac.es of tlui (‘.rystiil 
and reflo(*.tor are ac(‘.urately flat and parallel, and that tlie reflector moves i)er- 
pendicular to these faces. Finally, on(^ is never dealing with a phuie wave, 
so that th(‘re is a (*ertain amount of beam spreading, espec‘ially at the lower 
frequen(‘les, whi(‘.h must hi', takini into account. A rec'cut analysis of these 
difl:ra(‘,tion effects has been given by Bxm [2]. 

In the eflbrt to work at higher and higluu* freipieiudes, one used mori'i and 
more (‘.ompact airparatus. This is necessary both for electri(‘.al reasons and 
for the reason that the absorption becomes veuy grt^at so that only a very short 
path length (‘.an he (miployed. It is also necessary to use vei‘y high harmoni(‘S 
of tl)e (quartz crystal. Ke(;ently, measun.'imeiits have h(m\ reported by Ditnn 
and liiiEYER [3] in which a 4 MHz crystal was driven up to its 487th harmonic. 
The authors used a single acoustii*. pulse of rectangular shape and with a du¬ 
ration of 0.1 s. A spe(‘ially prepared copper-constantan thermocouple probe 
was used as the detector. This probe had a working surfa(*e of 6 [on maximum 
width, and its motion was measured by a micrometer having a least (‘ount 



Fig. 1. - Typical oscil¬ 
loscope pattern for reflec¬ 
ted acoustic pulses. 
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of 0.000 01 in. In tliis report, they measured the attenuation in castor 
oil up to 400 MHz, and in DC-710 silicone oil to 2 GHz. The highest absorp¬ 
tion coefficient .measui*ed was more than 1000 neper/cm. 

In working with a more conventional system at higher fi'equencies, it has 
become customary to alter the transducer arrangement so that the di'iving 
crystal is mounted on one end of a fused quartz rod, and a second, receiving 
crystal is mounted on another such rod. The attenuation in the quartz is quite 
low and can be neglected up to very high frequencies. With this arrangement, 
overlap between the initial pulse and its subsequent reflections is avoided. 


1‘2. Shear waves, - It is also possible to measure the properties of shear 
waves in liquids. Such waves, which require the presence of viscosity for their 
existence, are very rapidly absorbed. How the shear wave impedance of such 
a wave can be written as 


( 2 ) 




S>i -f- zXjj. 


A method was developed by Mason et al, [4] to make use of these facts to 
measm*e the shear wave impedance in liquids by reflecting a shear wave 

from a quai*tz-liquid interface and comparing this 
with reflection from a quartz-air interface. The 
arrangement is sketched in Fig. 2. The governing 
relation is [5] 



( 3 ) 


Fig. 2. - Arrangement for 
production of shear waves 
in a liquid (after Mason 
et al. [4]). 


Z£ Zg cos ^ 


1 — -|- 2^J8sin6 


1-f + cose 


where B is the modulus of the complex reflection 
coefficient and 6 is the phase shift. The impedance 
of the quartz is and cp is the angle of inclination 
of the beam. In the modification employed by Lamb and his co-workers [6], 
a comparison pulse of the same frequency is displayed on the oscilloscope screen 
next to tlie received pulse from the quartz. In the absence of the test liquid, 
the two pulses are adjusted to the same height by an attenuator. When the 
liquid is inserted, a second adjustment is made, and the modulus of the re¬ 
flection coefficient is thereby determined. 

To measure tlie phase shift, a second, identical quartz bar is used as 
a reference unit. Signals from the tw^'o bars (in the absence of liquid) are added 
electrically, and the amplitudes and phases appropriately adjusted to give 
zero signal. The insei'tion of the liquid upsets this balance, which can then 
be restored by varying the acoustic delay. 
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Hu(‘Ii nieusuremeiits have bcoii caiTicd out successfully by tliese authors 
up to tVoqucjudes of 250 MHz. For its accurate use, the method requires the 
ma^rnitiules of and to be approoximately the same. Since tliis is never 
tlie (*ase for lon^^itudinal waves, where the J*eal part is extremely large in com¬ 
parison mtli the imaginary, tlie nietliod is not appli(*.al.)le for measming the 
attenuation of longitudinal waves. 


1*3. Mhrowaoe technlqueti. - To go to even higher frequencies, it is neces¬ 
sary to make use of mi(*rowave tecliniques. This was first done in quartz by 
Eauanskii [7] and generation and detection of ultrasonic waves in a quartz 
speudmen were carried out by Bomimel and Drakspeld [8]. 

It has been pointed out by these latter authors that ultrasonic waves will 
be ex(*ited at every surface 
of discontinuity in a piezo¬ 
electric*. specimen, so that 
the fre(‘ surfa(*e of a i)ie(*.e 
of quartz will bo thc^ trans- 
<lucer of the hypersonic, wa¬ 
ves, while the rest of the 
specimen will server as tlie 
transmission nmdium. The 
I’evtM’se opcM’ation is also 
true*. Therefore, they em- 
ploycMl a- cpiartz rod 2.5 cm 
in liMigth, with optically 
Hat, pa.ra.llel fac<*.s. Ma.c.h 
<Mnl ol! the rod (Fig. 3) was 
plac'cd in a. re-c*ntrant. mi- 
c'rowavc^ cavity, one*, cavity 
serving as the t-ransiuittcu’ 
and t.hc‘ otliei* as th<>i rcM'cdv- 
er. Thc^ transniittcn* ca.vdty 
was llnai cMaiplc'd to a. ge- 
nerat.or giving 2 |jls ]>ulse.s 
with tin* frcMjuency ava.ilabl<^ 

\i\> to I kHz. The ajV(u*age 
powcu* was bcilow 1 niW. 

Absorption could be nicMisurc^d by tlie decay of su(*c.c*.ssive cichoes. 

Of course*, these ineasureniCMits are in solids, and we are here (*onc.erned 
with licjuids. A method somewhat dilTeriMit above ha.s been applicnl by the 
IStkwauts to the licinid case, but few dcdialls arc^ yet available [0]. To quote 
from tludr l<‘tt(M‘, 



to thermometer 

Fig. 3. - Re-en1irant tnicrowaves cavity for ultra]^high 
frequency sound wave prodiudiiou in cpiartz (It^MMEii 
and Diiankmli) [7]). 
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«We have recently observed the resonance of X-cut quartz crystals 
0.1mm thick at several odd harmonics between 2 950 and 3 600 MHz at 
room temperature. The crystal, 1.0 cm in diameter, is located in the gap 
of a re-entrant cylindrical cavity as suggested by Slateii. The reaction 
of the mechanical resonance of the piezoelectric quartz on the electrical 
resonance of the cavity has been observed by sweeping the frequency of the 
microwave oscillator. The photograph [Fig. 4a] of an oscilloscope trace ... 
shows the sharper inverted resonance or ,,crevasse” of the quartz crystal 
superimposed on the broader resonance of the cavity tuned to the same 
frequency. » 

In the same experiment, the Stewarts placed a thin layer of water on 
the crystal and caused the crevasse to disappear [Fig. 45]. 



«) h) 

Fig. 4. - a) Resonance curve of quartz crystal in microwave cavity, b) Same crystal 
with thin layer of water on its surface (J. L. Stewart and E. S. Stewart [9]). 


Lamb and his associates have followed a somewhat similar path in tlie 
case of shear waves in liquids [6]. In this case, the apparatus was simihir to 
that used by them for lower frequency measurements, except that normal 
incidence at the quartz-liquid interface is used, and one end of the crystal is 
placed inside an electrical cavity resonator. This method has the advantage 
that the liquid is applied to the surface of the quartz outside the resonator. 
Lamb’s apparatus has operated up to 3 GHz. 


2. ~ Velocity measurements. 

2*1. High accuracy measurements. - As was mentioned above, the meas¬ 
urement of the velocity of sound by direct observation of pulses on the oscil¬ 
loscope is rather inaccurate. The error amounts to about one part in 1000, 
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which means approximately (1.5-^2) m per s. This value range is of the same 
order of magnitude as observed dispersions in liquids, so that the technique 
is of little use in dispersion measurements. 

A much more a(*.curate method is that advanced by Greenspan and 
Tsohiegg [10]. Two quartz (‘.rystals are installed with a fixed separation dis¬ 
tance. An electrical re(*tanguliii’ pulse is 
applied to one of the crystals. The re¬ 
petition rate of these pulses is vaiiable, 
the period of repetition being chosen to be 
approximately equal to the time required 
for the ultrasoni(‘. pulse to complete a 
round trip in tlie test liquid. 

The second crystal, re(*.ords the arrival 
of the first pulse and reflects it back to 
the first crystal. At about the time the 
first i)ulse has (‘.ompleted the round trip, 
the second pulse is emitted. The time relations are indicated in Pig. 6. 
The combined signal of the various reflected pulses is viewed on an oscilloscope, 
and the repetition frequency is adjusted so that the first or second peak of 
the combination signal is a clear maximum. Tliis frequency, which is of the 
order of (H-f-lO) kHz, is measured by a counter. 

This technique is capable of measiu’einents to within one pai’t in lOOOO 
and possibly a little better. 

The older, interfiU’omotric method of measuiing soimd velocity is also 
capable of this level of uc-cauacy when care is taken to make all necessaiy cor¬ 
rections. Since this method is also \videly used in gases, it will not be discussed 
furtlua* here. 

2*2. Hypmonic velocity mcamremcniH, - The thermal energy of a liquid 
<*an be expressed in terms of standing sound vibrations of frequencies of the 
order of per se<'.ond. Light waves passing through such a medium undergo 
Rayleigh scaittering. This is a sort of Bragg diffraction, with the hypersonic 
wavelengt'.h A, playing the same role as the lattic.e constant of the crystal in 
the solid case. The scatt(M‘ing angle is then given by 

(4) yl=s2A,cosO, 

wher(^ A is the ()pti(*.al wavelength, and 0 is the angle between the light beam 
and the sound wave. However, because of the Doppler effect, there will be 
a frequency splitting in the s(*.attere<l light, given by 

(5) —— 2—cosO. 

V Cl 


first pulse sent first reflection 

[| [^^rece/Veef \ j^ _ 

second pulse sent n 1 i 


_[LJL 

time - 

Pig. 5. - Succession of received pulses 
in. velooimeter (after Greenspan and 
Tschiegg [10]). 



346 


R. T. BEYER 


This effect is sometimes called Brillouin scattering. The method was early 
used by Venkateswaren and the Indian school to obtain hypersonic velo¬ 
cities. More recently, Eabelinskh and liis co-workers [11] in Moscow have 
determined a number of hypersonic velocities that agree well with those pre¬ 
dicted from measui*ed relaxation strengths. TJnfortxmately, the uncertainty in 
these hypersonic velocity measurements is of the order of one percent. Thus 
the value obtained by them for water was (1609 d=25) m/s, as compared with 
the low frequency value of 1492 m/s. More accurate measurement of the 
frequency shift is necessary here if the method is to become a satisfactory 
w^orking instrument. 


3. - Measurements at elevated pressures. 

In recent years, interest has developed in the measurement of both velo¬ 
city and absorption in liquids under elevated pressures. A typical set-up for 
such measurements is shown in Fig. 6 [12]. The system used inside the pres- 



Fig. 0. - Arrangement for measurement of sound velocity at elevated pressures (Eden 

and Richardson [12]). 


sme vessel was either a fiied-path or a variable-path interferometer. In the 
case of variable path, a pulse is transmitted through the medium and reflected 
to thfe receiver. Here, the electrical signal is amplified and mixed with some 
continuous r.f., and the result is portrayed on an oscilloscope. The resultant, 
amplitude of signal is dependent on the relative phase of the returned si^al 
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iiiid the coiitinuoiis As the retleetor is moved outwiird, the oscilloscope 
ti*ii(*o passes tlirouj,di a series of maxima and minima. By re(*ording a largo 
number of these, the soimd velocity can be measured to one psirt in 1.000 or 
better. For fixed-path iuterferoiuetry, the pressure is varied. Under these 
<*ir(*umstancos, the pulse on tlie ()Scillos<*.ope again passes through maxima and 
minima, since tlie variation in pressure (*hanges the sound velocity, and hence 
the efTe(*tive path hnigtli. Tlie relation between the sound velocity at atinos- 
X)lLeri<^ pressme Vq aiid that at a particular jiressure p is given by 

(6) PoK = 1 ± n%l2fd , 


wherc^ n is the number of maxima counted in the change, d is the 

separation of crystal and reflector, and / is the frecxueney. The accuracy is 
<*om])arable with that of the variable x>itth system and is of course more con¬ 
venient. For absori)tion inea-surements, the va.riable-path mctliod was the 
same as that outlined for i)iilse systems x)r«viously. For a fixed path length, 
tlie system was equipped with an auxiliary refic(*.tor. Two sets of echoes were 
tliere1)y rec*eived, with a known p^^-tih length dilTeron(‘.e. As a result, the ab¬ 
sorption over this path lengldi difference could be deduced. These measure¬ 
ments were carricnl out at pressure ux) to 1000 atmospheres. 

Of course, such measurements can also be made with standard inxlse sys¬ 
tems. Ill addition, the Greenspan method has been enixdoyed by Wilson [13] 
in measurements in water a.iid etliyl alcoliol. 

Knowledge of th<^ variation of a ainl v witli souiul pressure lias been useful 
in a number of ways. Thus, Lxtovitz has been able to relate the pressure 
variation of tlu^ relaxation fre<iueiicy with the ty])e of relaxation jirocess [14:]. 
Tn the <*a.sc of vibrational relaxation, the rela.xatiou frecpioncy increases with 
pressur<»., while for a. stnu’.tural relaxation such as in gly(MU*ol, the relax¬ 
ation frecpiency <le(*r<nises. Finally, in the case of rota.tioiial isomerism, there 
is no pressure-depcnd(Mice. 

In another direction, data on the <lepeiulenc(^ of the sound vcdocuty on 
X)r<sssur<* can he usimI in dedmang tli(^ adiabatic <apiation of state of a li<piid. 
8u(*li an oiniation <ain be written in the forn of a. Taylor scnles 


(7) 


V /^) ^ 


z.^\ . 

1 

\ J 

- 1 (>u 1 


where -1 -■ -l^.V appropriate transformations, 

B (*an bc! recast in the form 


B 

A 


(>{)(*{) 



w)/ 


(«) 


(i thermal expansion coelUcient 
a specific*, heat (const, p ). 
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Thus a knowledge of c, dcl^p and dojdt can serve to deduce A and B, the ratio 
of which is of great importance in work in nonlinear acoustics. 

4. - Ultrasonic absorption and velocity at high temperatures. 

The principal problems associated with the measurement of ultrasonics ab¬ 
sorption and velocity at high temperatures are the maintenance of the trans¬ 
ducer at a sufficiently low temperature to prevent loss of its piezoelectric pro¬ 
perties, and the securing of an adequate contact between the crystal and 
the melt. 

The first of these problems is solved by the use of long fused-quai'tz rods^ 
which enable the driving and pickup crystals to be kept out of the operating 
furnace, A typical apparatus is shown in Fig. 7 [15]. The tods used were 

of 30 and 46 cm length, with the crystals 
1 mounted at the outer ends. A small 
quartz cup was fitted to the lower rod 
and cemented in place with Saureisen 
^ cenaent. In this particular case, molten 
nitrate salts were to be measured. The 
salts were placed in the lower part of the 
cup. The entire system could be closed 
6 and nitrogen introduced in place of air 
^ above the salt. The furnace was used to 
melt the salt, after which the system 
was opened sufficiently to permit insertion 
9 of the upper rod, after which the nitrogen 
was restored. This enables the system to 
operate without oxidation problems. 

This system was used at temperatiues 
13 between 200 and 660 °C and yields ab- 


1 5 

1 6 Fig. 7. - Arrangement for measming ultra¬ 
sonic absorption in a liquid metal ( Higgs and 

^ g Litovitz [15]): 1) micrometer, 2) drive meoh- 

^ 9 anism, 3) leveling mechanism and upper rod 

support, 4) upper rod holder, 6) 18 in. uppei 

2 0 rod, 6) Vycor furnace tube, 7) brass and as¬ 
bestos top plates, 8) cooling coils, 9) stainlesE 

steel furnace tube, 10) tops, 11) transits furnace case, 12) quartz cup, 13) alumina 
cement, 14) furnace winding, 15) insulatmg base, 16) brass and asbestos base plates, 
17) 12 in. lower rod, 18) lower rod holder, 19) lower rod support, 20) bakelite handles. 
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sorption values estimated to be aecimate -witlun five per cent and sound 
velocity to within 0.3%. 

The second problem—^that of getting? the sound into the liquid—is unfor¬ 
tunately not always discussed in research papers. Perhaps the best account 
of such troubles is given by Kleppa [16] whom I quote: 

«The main experimental difficulty was associated with obtaining a 
reflected signal of sufficient strength and persistence to allow measui*e- 
ments to take place. In preliminary work on mercury it was, for example, 
found that when the metal was carefully dried and filtered in the usual 
way, some difficulty was experienced in getting a signal through. This 
is believed to be due to the fat*t that mercuiy does not wet glass and that, 
therefore, the thin gas film between the rod and the metal prevents the 
transmission of the pulses. Howwer, a few drops of mineral oil effectively 
redu(‘ed this „surfaee barrier” and gave the required signal in good strength. 
It was fomid that a layer of molten paraffin wax apparently seived the 
same purpose at higher temperatures. All later experiments, except those 
performed in zinc, were accordingly carried out with the liquid metal 
contained under a layer of liquid wax or mineral oil.... All measurements 
involving use of liquid wax were (‘.arried out below 400 °0. 

After unsu(‘(*essful attempts at measurement under a cover of liquid 
wax of the velocity of sound in liquid zinc (m.P. 420 °0), the measure¬ 
ments were finally carried out with the liquid metal covered by a layer 
of the eute(*.ti(* mixture of LiOl and KCl. The salt molt unfortunately 
attacked the glass to some extent, winch in turn led to a gradual dete¬ 
rioration of the signals .» 

Recently, tlie author learned of another technique, used l)y at (Jot- 

tingen for measuring sound absoi’ption in liquid indium. The quartz rod was 
first (‘.overed by a tlun (wa])orated layer of cliromium. This was followed by 
a layer of iron, and finally, by one of indium. This made a very good (‘outact 
until thc! indium begmi to moit away (two or three hours duration), (lloarly, 
such a t(‘chuiqae is useful only at tomperatimes close to the melting point, 
and in that case even, only for short time intervals. 


S. ~ Conclusions. 

All of tlie methods and techniques that have been discussed in this lecture 
liave served to open up tlie available range of measurement of tlie velocity 
and absorption of ultrasonic waves in liquids. In so doing, they should make 
new information and new insights available as to the i)roperties of the liquid 
state. 
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Measurements of Ultrasonic Velocity 
and Absorption in Liquids under High Sound Intensities. 

li. T. Beyer 

Brown Univerttili/ - Providenoe, R. I. 


1. - Theoretical analysis. 


IM. PnlriKlmiUm, - From its Ix^ginnin^, tlio science of acoustics has been 
based on the sqiiiroximntion that tlie amplitude of the sound waves was ex- 
tr(uuely small. The* theory of a(*ousti(*. wave ])ropaf?ation is therefore an infi- 
iiitesimnl th<M»‘y. 

The (|u<‘sti()n as to what constitutes a wave of infinitesimal amplitude can 
best 1),(^ answ(*r<‘d from a- <*.onsidei*atiou of the one-dimensional equation for the 
])airticl(» displacement/ in a \dK<*ous, i<leal gas: 


( 1 ) 



where yy is tlie slunir, and ij„ the bulk vis<*.osity, y is the ratio of specific heats- 
and Co is the souml v(*Io(*ity as nw^asiired in waves of infinitesimal amplitude. 
To make t.iiis ecpnit.ion limuir (so that tlie periodic solutions are those of a 
damxKMl plane wa-viO, it< is lUM-essary that Now (0f/0i»)niax 

for a sinusoi<lal wav(*, lx*, writ/ten also as Paddacl, where Par. is the pressui’e am- 
■{ilitudi*! ill t.hc! wav(^, or a-lso as Uq/co, where Uq is the maximum pai*ticle velo- 
eit.y. This latter ratio is known as the acoustic. 3Iach number, M, Tlierefore^ 
in or<l<‘.r that (0<f/0‘C),«ax Mhtn, iti is necessary that p„c<lt200 dyn/cm®, which 
c(»rresi)on(ls to 1.5-1 <ll) ahove the usual aeoustic reference level of an rms pres¬ 
sure of 0.0n0 2 (lyn/(*.m-. Sounds oF this intensity are actually produced by jet 
engiiH^s, hut the intiuisity is far a-bove the- level commonly encoimtered in 
acoustical res<‘iir(*li. 

To obtain tin* <*orr(^s])oii(liiig reference level for liquids, we must replace 
the adiabutif*. relation const, used in the derivation of (1), by the adia- 
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batic Taylor’s series for the pressui*e in terms of the density: 

, = + + 

■where is the hydrostatic pressure and A, B are temperatin-e-dependent 
coefficients. Under these circumstances, we can replace y in oq. (1) by the 
factor l+BjA. The ratio BjA is approximately 6 for water. Then, in order 
that Jf<0.01 for water, we get j3ao<226atm, which corresponds to an in¬ 
tensity of 18 000 W/cm®, a level not easily obtainable, even ■with the best of 
focussing devices. 

At first glance, it would seem therefore that the infinitesimal requhement 
is not a very stringent one. However, one fact has been neglected, namely, 
that the products of 3f/0i» ■with the terms in the second factor on the left side 
of eq. (1) accumulate in space, and can ultimately have a considerable ett’ect. 
This vill be made clear in what follo'wrs. 


1'2. Nonmseous case. - The case of the propagation of a finite amplitude 
wave in a nonviscous medium was partially solved by Eaenshaw [1] sind 
Eiemann [2] one hundi’ed years ago, but the complete form of the solution 
is due to Pubini-Ghiron [3]. In implicit form, the solution given by 


( 3 ) 


u{x, t) = Uq sin 



y — 1 

~ oj 


for the case in which m(0, t) = sin cot. 

It is e^ndont from eq. (3) that at a certain distance a!=l the slope SujSin 
becomes negatively infinite, so thet a discontinuity appears in the wave, and 
the solution (3) becomes invalid beyond this point. The quantity is kno^wn 
as the discontinuity distance, and is given by the relation 

^"" (y + l)Mk ■ 

The explicit solution for u (for Jf < 1) can be found by expanding t) 
in a Fourier series in the variable cot —hx: 

CO 

(6) w = tto 2 sin n{cot — J!ra?), 

n-l 

where 

%n 

1 r u 

jBn = - — sin n{cot — kx) — Jcx ). 

TCJ Wq 

0 


( 6 ) 
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By substitution of (3) in (6) under the condition ilf < 1, we ^(et intc^i^rable 
relations for tlie 7?„. As a final 3‘esiilt, wo Inive 


( 7 ) 


«. = 2u„ 2 

n-1 


■H-rli 


sint?(ft)<-- hr) 


? 


where Jn{nxll) is the Bessel function of order n. 

The gradual distortion of the wave and the gi*owth of the varicMxs har¬ 
monic's can be seen from eq. (7). We are now in a position to judge the c.umu- 
lative effect mentioned earlier. For a 2.5 IcH/. sound in air, wth illf = 0.01, 
i = 180cm. For a soiuid of the same frequen(?y in water, but with M equal 
only to 10"^ (a more reasonable figure), Z = 33()0m. At the ultrasonic, fre¬ 
quency of 2.6 MHz, however, this length would be reduciod to 3.3 m. 

It is thus evident tliat a sound wave of low Mach number (‘-an nevcn'theless 
undergo appreciable distorticju duin'ng its propagation. 


1*3. Vim)UH cane. Pirtiirbation anabifda. - When viscosity is present, it 
must be expec'.ted that the higher harmonic's in the distorted wave will be 
attenuated more rapidly, bec‘.ause of the highei* absorption C'.oeffic*.ient for the 
higher freqnonc'ies. One should therefore ex])ec'.t the diS(*.ontinuity or shoc.lc 
front to be delayed in its appearaiicte beyond the point x^l. 

Quantitative c'oiisideratiou is carried out by use of a perturbation tcH'.hnicjue 
clue to Airy and first applied to this problem by Ec:)kart in 1.94S [4]. In the 
nonvisc'.ouH c'.ase, Kctkart used the Miac'h number M as the fac'-tor sc^parating 
the terms of dilfcu'ent order, and a-ssiunc^l that the hydrodynamic', variables 
c'.ould bc‘ writtem in thc^ series 

(«) 

where oiwh succeediiijf terni is Hinsilhw tluin ils predciCOHSor hy the fsKdioi’ M. 
In the vineoMH eiwe, one must estimate the i‘elativ<i siKci of tiie viscjous terms. 
Usually this is done hy refjardiiiff the first tierm involviii}? the viscosity to be 
of first order in the expansion. This is equivalent to ref^ai'dinj? the a(*.()ustic. 
UoynoldH' number, j)a„/o»j6= lie, as snuill compared with unity. Here 6 =t l-r/,,/?? 
is introduced for (‘onvenienco. The assumption of low Reynolds’ number is 
eqiuvalent to the assumption of hi}?h viscosity. In actual jn'acticie, howeviU', 
the Reynolds’ number in liquids may veiy well be of the order of unity, winch 
presents certain eonvorffeiuje diflhnrltios. 

If we substitute eq. (8) in eq. (1.) (under the assiunption that Re<Cl) iuul 
equate terms of like order, and make th(‘. further appro.xinisition that ajh <§: 1 so 
that all terms of a given type that are smalliu’ than their counterparts by this 
factor can bo neglected, the linearized equation (‘.an be i)ut into the following 


as - SendietaM S.LF. - XXTIt. 
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operator form: 


(9) 


o —— ^ 

cj eo<5 8a?2 8< 

= 0, 


ii. 

035 * ’ 




~H 1 \ 3 y djj Bjn-i 
\ 2 ) dx iTi 3® 3® 


These equations can then be solved successively for both the homogeneous 
and the inhomogeneous parts, subject to the bormdary condition m(0, t) = 
= MoSineof. These solutions have been carried out through several orders of 
approximation for the fundamental frequency and the first few harmonics. 
All of the expressions are power series in a variable JSl(x), where 


( 10 ) 


JiC = 


1 — exp [— 2a®] 
4:od 


The cumulative effect can be seen from a consideration of K{x), which must 
be small compared with unity. If the viscosity is small, so that o-r-C 1, then 
K becomes 


K: 


B \ 7c® 


SO that the effective parameter is the product of the Mach number and I'x, which 
ultimately becomes comparable with unity, no matter how small M may bo. 
On the other hand, if a® becomes large, the expansion parameter' griwiually 
transforms so that, in the extreme limit as a®-^oo, jE->-(l+7i/A)Rc/2, 
which can well be larger than unity. 

The first terms in the various expansions ai-e given below: 


(11) 


Ui = Mo exp [— a®] sin (cot — fc®)[l — + •••] > 

Ma = Mo exp [—2a®] sin 2(a)< — fc®) Z'— 

[2 + exp [— 2a®] 


Ms = Mo exp [— 3oc®] sin 3(cot — koo) 


'Z*- ... 


The effective absorption coefficient for a finite-amplitude wave can be com- 
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puted from (11). It has the form 


(12) 1 + 3 e>:p [— 2a,r] K:^ — (3 -h 3 ox}) [— 2a.r] — 8 exp [— 4a.r] + 

+ 2 exp [— Bar]) ex]) [— ^ar] JO + ... . 


If eq, (12) beeomes 


(.13) 


= 1 + 3 
a 



Since I is inversely proportional to the a(*.oiiHti(*. })ressiire, this means that the 
experimentally measured coefficdent im^reases as a linear function of pro¬ 
vided tliat tlie a(*.oiisti(*. intensity is sufficiently small. 


1’4. ViaeouH omc, GompamUnohi ntahle wave, - For still hif^her intensities, 
wher(% the perturbation method (dearly fails, another method can be used. 
Tliis is the one developed by Eav in 1931 [5]. It first is assiuned that l.-f (0f/3i») 
<*.an be written in terms of a Fourier series, the (‘.oeffleients of which are fumd.ion 
of w: 

(14) 1 + ^ = const — T X« sin n (rot — . 

9 *^ 0 \ On jn 

Fay thou introducod tlu» (*.onco])t of the coiuparsitividy Httiblo whiVO fornx—tlio 
A'„ are fed eiiorjjy from the lower luirinonieH iind diKHiixiite it in viseous iib- 
sorption. After the wave hiiH traveled a eertain diHtan(‘.e, then then<*. two etl'eets 
come to a qujwi-balanee, and the waveform remainH ronjjhly constant for some 
distance. This justified Fay in writiii}? th(^ iis a s(u*i(^s of expoiMuitials of 'Joum: 


(15) 


X.n — exp [— (n — '2)(xx K„„, exp f—maiP|. 

«. .1 


If this solution is introduced int<> e-q. (M) and the t<*.rms of the eori'espondintj 
exponential orders art* equated, the A'„,„ can be evaluated. Tlu* llnal rt'sulfi is 


(16) 

where 


V 


(y I- 


sin n(n>t — kui) 
sinh m(ir I- ;/!„) ’ 


.T„ •■= sinh ' ■ — 

(y 


7t 

H- ;i) Jtc 


Equation (.10) is very nearly that of a damped sawtooth wave. With litth^ 
en*or, one ca.u tlmrefore a])i)roxiinate the sununatioii by tihe expiu^ssion 

V — to) .1. In — (ot + kx 

^ sinh wa(./J +;»«) oc{w — .x'„) \ 2 


(17) 


0 < rot -• fen < , 
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SO that 
(18) 


V = 




fi)(y + l){x + aso) 


\jt — cat fc®] . 


This equation has the interesting result that the absorption coefficient has 
disappeared, and that the attenuation is no longer exponential. If we try to 
fit an exponential decay to eq. (18), however, we obtain the result that the 
effective absoi'ption coefficient for the finite-amplitude wave in this case will 
be given by 


(19) 


1 

* + ®0 " 


1*6. Case of a relaamg medium. - All of the foregoing analysis has pertained 
to the case of a nonrelaxing medium, in which the (infinitesimal) absorption 
coefficient is proportional to the square of the frequency. In the case of pro¬ 
pagation through a relaxing medium, the equations must be altered somewhat. 
In the perturbation treatment, the factor b in eq. (9) will be frequency-de¬ 
pendent. Therefore, wherever a higher harmonic term enters the solution 
(either via the complementary solution or the particul^ solution), the value 
of the absorption coefficient (and therefore of b) appropriate to that frequency 
must be used. As can be expected, this leads to much more involved solutions 
than those of eq. (11). Some results are indicated below: 


( 20 ) 


Ml = Mg exp [xi®] sin (cot — feu) • 

4N» (111^ ,1 ) 

(srr 5 ^^ “•*') 

Mo (exp [— 2ai®] — exp [— ctg®]) sin 2((ot —&») — ..., 

OC2 ““ 

-(-fi) 


Mk 

4 


The behavior of the relaxation frequency for very high intensities (equi¬ 
valent to those for which the Pay theory is valid) has been studied by Po¬ 
lyakova [6]. She has been able to show 
that the absorption coefficient increases with 
increasing Eeynolds’ number, wliile the max 
imum shifts to lower frequencies, as shown 
in Pig. 1. 


Pig. 1. - Dependence of ultrasonic absorption on 
frequency in a relaxing medium for different 
Reynolds number. (After Poltakova [6]). 
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2. - Experimental results. 

Tlie first distortion measiu*eiueiits known to tlie autlior were nuide in 
by TiruRAS, Jenkins and O’Keil in 1935 [7]. In these experiments, the second 
harmonic was measured tliat liad been developed in a bent tube 3.8 cm in 
diameter and 16 m long. The measurements were made in air at frequencies 
between 300 and 2000 Hz. The theory used was largely that due to Biemann, 
and the results indicated that the acoustics pressure of the second harmonic 
was approximately proportional to the distance traveled by the sound, to the 
frequency, and to tlie pressure of the original signal. In all cases, however, 
the experimental values were considerably different from the theoretical—^iiot 
a surprising result in view of the corrections and calibrations necessary for 
audio-frequency measurements in a bent tube. 

In the next stage of development. Fox and Wallaoe [8] measxu‘ed the 
total intensity of a 6 MHz sound beam by means of radiation pressm’e detec¬ 
tors. The measm*ements were made both in water and in carbon tetrachloride, 
with the intensity in water reaching 4.00 W/cm*** (p„c== 3.6 atm). At points 
of the order of severoi centnn(?iters from the source, the rate at which the 
intensity fell off was equivalent to an absoii)tion coeffi<‘ient about five times 
that due to an infinitesimal wave. It w'^as not possible, however, to observer 
the initial rise in the total absoriition c-oefficient pr(Mli(*.ted by ecj. (1.3). The 



Fig. 2. - Relative aiuoiiuts of soisoud harmonic in water From a L.5 MHz soiiroe as a 
function of distance from the source. Initial pressure amplitudes; (hirce 1,1.26 atm; 
Curve 2, 2.4 atm; Curve 3,4.9 atm; Curve 4, gives the second harmonic in transformer 
oil for an initial pressure amplitude of 4.9 atm. (Kkasilnikov et aL [9]). 
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results -were consistent, liowever, with a numerical analysis that was equi¬ 
valent to the pertui’bation solution. 

In 1966, Krasilnikov, Zarembo and Shklovskaya-Kordi [9] made a 
striking improvement by measuring the harmonic content of a beam from a 
1.6 MHz som*ce in water. To filter out the unwanted harmonics, tliey em¬ 
ployed glass or metal plates set at some oblique angle with respect to the beam. 
By suitable choice of plate composition and thickness as well as the setting 
angle, the authors were able to reduce the undesirable harmonics to very small 
amounts, and thus achieve a harmonic analysis. Some of the results of these 
measmements are shown in Fig. 2. The characteristic increase of the second 
harmonic to a maximum and its subsequent decrease is clearly evident. 

The next improvement was that of Ryan, Lutsoh and Beyer [10]. In 
this case, a short radiofrequency pulse is applied to the source crystal. After 
its passage through the test liquid, the distorted wave is detected by a quartz 
transducer whose resonant frequency is well above that of the harmonic being 
tested, so that a nearly flat response is obtained. Experiments W'^ere made witli 
a large receiving crystal in order to intercept as much of the beam as possible. 
Figure 3 shows the results obtained with a 2.5 MHz source and a 26 MHz 
receiver*. The measui*ements wore made in water with a source witlx an acoustic 



wig. 3. ~ Relative harmonic content in water from a 2.5 MHz source. The digit al analysis 
Fas a computed Fourier analysis of distorted wave photographs; the analytic moasm'o- 
ment was made on the received signal after passage through an electrical filter resonant 
ment was made on the received signal after passage through an electrical filter 
resonant at the resi>ective hamonic. (Ryan, Beyer, Lutscu [lOj.)-- theory; 

X“~X — X digital analysis; •—•—• analyser measui'ement. 




MEASUREMENTS OF ULTRASONIC VELOCITY ETC. 


359 


pressm*e of 3.0 atm. Experimental and theoretical values are plotted for 
the fundiimeiital frequency and the second, third and fourth harmonicas. 

In these measm’ements, the source and roc.eiver wei*e both calibrated so 
that tlie comparison is supposed to be an absolute one. The diverj,^enc.e of the 
various theoretical solutions is easily noted. It is also ^vorth noting? the onset 
of the comparatively stable wave¬ 
form at a distance of (15-r20) cm 
from the source; from that point on, 
the relative content of the various 
harmonics remains rouf^hly constant. 

MeasurenK^nts have also been 
made in an 0.2 molal aqueous so¬ 
lution of MUSO 4 , which has a relax¬ 
ation frequency of about 4.0 MHz. 

The results are shown in 4. 

Here again, tlie agreement between 
experiment and theory is quite sa¬ 
tisfactory. 

Quite a different method of stu¬ 
dying nonlinear distortions in liquids 
has been developed by Hiedemann 
and Ids students, and also by 
HAiLOV and Shutilov [11]. It is 
well known tliat a plane sound-wave 
traveling through a medium (iau act 
as a diffraction grating to a bciim 

of mono(*hromatic light passing transverse to it. After passiige through a 
sound beam of low intensity, tlie phase of the resultant optical wavefront 
becomes sinusoidally modulated (corrugated), as shown in the diagi*tmi in 
Pig. The n^sulting dilTraction pattern will then be symmetric, in its po¬ 
sitives (forward) and negative (backward) orders. 

If the sound intensity were to be inc.reased so that the waves be(*.om<ss a 

sawtooth, then the c.()rriigation of 



Fig. 4. - Relative harmonic content in 0,2 
molal aqueous solution of MuBOa fioin a 
2.5 MHz source. (Ryan, Attanasio and 
Beyer, unpublished). — - theory;-an¬ 

alyser moasureruent. 


light intensity 



a) tj) c) 


the wav(sfront will also be a saw¬ 
tooth, and the ])ositive and negative 


Fig. 5, -- {a) (Irests (-) and troughs 

(-) of a, sinusoidal wave propagating 

u])ward; (/>) Haino situation for a saw¬ 
tooth wave; (c) Relative diffracted light 
intensity along the propagation direc¬ 
tion. (After SiiuTiLOV [11].) 
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orders will be asymniefcric. [Mg. 56]. A diffraction maxiniuju exists in both 
the positive and negative orders, but the negative maximuni is the higher 
[Mg. 6o]. Shutilov has been able to relate the diffraction order at which 

this maximum occurs with the condensation gradient 
q> of the corresponding pai-t of the sawtooth [Fig. 6o]: 

( 20 ) = 

where mj, ms are the orders of the positive and 
negative intensity maxima. 

Hibdbmann and lus students have worked with 
much lower intensities, and have enlarged upon the in&iitesimal amplitude 
theory of Baman and Nath. In essence, the distorted wave is analysed 
into Fourier components. The diffraction effect of each of these components 
is then combined to obtain the total result. 

The mathematical analysis is extremely complicated in the genei’al case, 
but can be reduced to relatively simple c.alcnlations when the intensity of the 
sound wave is sufficiently low that only second and tliird harmonic distortions 
need be considered. By making use of the perturbation analysis for the har¬ 
monics, the relative intensities for the difl'erout difh'actiou orders can be com¬ 
puted and compaa-ed with the values obtained experimentally. The agreement 
is excellent as is shown in Fig. 7. 



Fig. 6. - Indentifloation 
of sawtooth angles in 
eq. (20). 



P (atm) 


lug. 7. Experimental values of the iuteneity of the first diffraotioii orders as a 
function of the oiiginal pressure p in atmosphere for water at 2 MHz. (Himdemann 

Zankbl [11].) 
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Eecently, a detailed study lias been made by Barnes of the absorptio]i 
ooefRcient for finite amplitudes [12]. In tliese measurements, the radiofre¬ 
quency carrier applied to tlie soui‘co (*.rystal is 100 per cent modulated by an 
audiofrequency square wave. As a result, the radiation ])ressure oscillates at 
tills audio froquenciy. This pressme, whi(‘h is xiroportional to the ultrasonic 
intensity (from all the harmonic components) is detected by means of a con- 



Fig. 8. - Relative intensity 11 .<5 MHz hoani in water a function of 2ow;, oj—distanoe 
from source. In the legend, is the initial intensity in atmospheres, while A^--(l/4a)L 
I being the <liscoutinuity distaiKje, The curve lal>olo<l <t sawtooth waves » is the intensity 
predicted by the Fay anjdysis in the limiting case of infinite initial intensity. (Bar¬ 
nes [12].) Water at 20 ”(3, Ojpjj-=L0l W emS;-slope at inlinitesimal amplitudes. 


Fraqumey : 11.0 MC. 


< lase 

.... 

P 

0 (atmoipliftnM) 

1 

2.91 

4.84 estimated 

2 

2.08 

3.45 measured 

3 

1.30 

2.26 measured 

4 

0.912 

1.52 measured 

. 5 

0.704 

0.17 estimated 

(5 

0.498 

0.828 estimated 

7 

0.357 

0.594 estimated 
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denser microphone. In this way, the ultrasonic intensity could be measured 
as a function of the distance. 

A more accurate comparison of experiment and theory was obtained by 
using the eqs. (11) to compute the effective sound intensity, and to plot this 
against the measured intensity. The results of this comparison are sliown in 
Eig. 8. Here the theoretical calculations have been carried in each case to 
the point were Jr = l. The dashed lines on the drawing indicate the slope to 
be expected for the case of infinitesimal amplitude. It can be seen that the 
absorption coefficient (which is the negative of the slope) starts from the value 
for infinitesimal amplitude increases to a maximum, and thereafter declines, 
again approaching the infinitesimal-amplitude value. These measurements in¬ 
dicate the close agreement between measured and computed values. 


3. - Conclusion. 

From the viewpoint of molecular acoustics, the most important contri¬ 
bution of nonlinear work is the statement of the conditions under wMch the 
wave can safely be regarded as infinitesimal, so that the measured values of 
a can be used in the standai^d theoretical treatments. 
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Determination of the Kinetics of Chemical Reactions 
hy Sound Absorption or Dispersion. 


L. Likbbumann 

llidvernilij of 0<Mjorn.in - l^nn- Diego, La Jolla, (Jal. 


1. - Introduction. 

A fluid containing choinically reactive iiifn’odifiutK in equilibrium may ex¬ 
hibit acouBtie relaxation analoffouH to the familiar phenomenon obwerved in 
pure liquidH and ^iUJOB. In pur(» Ki'-soH relaxation is iiMually explained by the 
KlownoHK of enorffy ex('lianKO between the inteimal rotational or vibrational 
(Mierf'ioK and ti'aimlational Ciimrffy of tlio molecules as a wliole; stated more 
{'onerally, the eiuu’ffy ex<‘han}j:e takes place between 2 d(»}?roos of freedom. 
Himilarly, tlie loft and right suhw of a chemical equation in equilibrium, can 
be (tonsidei'od to represent 2 dogroos of freedom witli energy divided between 
each aide. The relative slowness of the eliemical i*t»ac.tion loads to acoustic 
relaxation exactly in tliO manner found in gases (*). 

The acoustic, relaxation time of a (shemical rcuiction is explicitly related to 
its fundamental kiimti<‘. and thermodynamic constants. Hence, determination 
of the acoustic, ndsixation time is the primary experimental objective, although 
the niiiguitude of the absorpliion <ioetRj{iont can bo of sonu' value. There does 
not iii)p(«rir to exist any practical experimental technique for the determination 
of the rehixation time other tlian the usual method of absorption measurements 
at diJterent froquenc.ios. It might appear thali the relaxation time could bo 
d(^termimid more simply by obsciwing the frequency-depinidenco of acoustic. 
lev<d in a closed box c.ontaiuing the chemically a(d>ive c.onstituents; however, 
this would re<iuire relative <’.alibi*{diiou of the sound source over a wide range 
of frequencies, a in-ocedure equiviilont to dittoriuluing the acousti(( absorption. 


2. - Acoustic relaxation and reaction rates. 

Tlie relationship between the chemical reaction rate and tho acoustically 
observed relaxation time can best bo described by reference to a spooiflo 
example: consider the reaction AB^iA+B. Lot If ho the mole fraction of 
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the dissociated molecules (A or B) and 1~N the fraction of undissociated 
molecules (AB), The rate of I’eaction in the forward direction (dissociation) 
is giren by ft,(l — M) where k, is the chemical reaction rate constant in the 
forward direction (*). Similarly, the recombination rate is given by the 
backward rate constant. Thus the rate of return for a slight perturbation, 
AN, from equilibrium is given by 

(1) — d(AN)lit = ftfcCJy + AJV)* — - (2r + AJS^)]. 

However, k,,N^—kt(l — N)=0 at equilibrium. Hence, eq. (1) becomes 

(2) - d(AJy)/cU = {2k„N +k,)AN. 

The solution to this first order differential equation will be recognized as simply 
an exponential decay with relaxation time, 

(3) T= 

The quantity t is clearly identical with the familiar relaxation time obtained 
in acoustical experiments. 

Bach type of reaction will yield a different relationship for r. For example, 
the first order ^reaction A^tB gives 

(4) T = 

In general, it can be shown that lor any reaction (‘), 

( 6 ) 1 /t = fc,(A*B’’ ...)d In Jr/dJV. 

The equilibrium constant AT of a chemical reaction is probably the most 
useful single thermodynamic parameter from which are derived other para¬ 
meters. It is related to the reaction rate constants by jC= kjk,, so that both 
the kinetic and the thermodynamic properties of the chemical reaction become 
accessible if the reaction rates are known. However, it is noted that neither 
eq. (3) nor eq. (4) relates the acoustic observable, r, to the individual reaction 
rate constants explicitly. In the next section methods for extracting these 
parameters are discussed. 


(*) Activity ooeffloients are asBomed to be unity in the illustrationB used here. 
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8. - Experimental determination of reaction rates. 

Method 1: Temperature variation. - At stated above, it is not possible 
to detennine Ttf and \ explicitly from a single determination of t. However, 
T varies with temperature and the determination of its temperature-dependence 
can lead to the evaluation of the two constants. The effect of temperatm'e 
on T can be considered as two-fold: the effect on the rate constants fc (which 
follows the Arrhenius law) and the effect on the equilibrium constant, K. 

Consider what happens if the logarithm of t is plotted va. IjT (as in 
an Arrhenius plot). For example, assume tliat 
T= (fc,-t-fcb)~h In this case 

- d In T/d(l/T) = d In (A, -|- • 

If or then 

(0) d In T/d(l IT) = Eilli = (/4\ -f AJI)E , 

where IS, is the activation eiuu-gy in the forward 
direction. Hence, the logaiithm of the ndaxation 
time ■will be a linear function of 1 /.T, sis is shown 
in Pig. 1. Similarly, for the ease of 7f-C1 (H'j-c *i,) 

(7) d(lnT)/d(l/2’) = WJ/f. 

Thus, Pig. 1 shows two linear regions dilTering in slope by AH/iB. The tran¬ 
sition region occurs ■when stated in another nuumer, The 

value of AH, determined from the slopes u.h shown in Fig. 1, is utilized to 
cidculate K from the van’t IIolT equation, 

(8) (0(ln K)IBT) , == AF/7f2’* 
which when integrated leads to 

(9) In [K(T,)IK{T»)} = (AH/Je)(l/2’,-l/T.). 

Having obtained in this manner the raivgnitudo of the equilibrium constant 
and its variation with temperature, the evaluation of k, and follows with 
the aid of oqs. (3) or (4). 
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Method 2: Variation of composition. - This method is useful provided the 
reaction rate is composition-dependent, i.e., if it is bimolecular or of higher 
order in at least one direction. For example, the relaxation time for AB ^A+B 
according to eq. (3) depends on N, which implies composition-dependence. 
On the other hand the relaxation time for the unimolecular reaction A^^B 
given by eq. (4) is independent of JT (independent of the composition or the 
concentration). 

As a specifio illustration, consider the dissociation, AB^A + B of sub¬ 
stances in solution (A and B might represent 
the ionic products of electrolytic dissociation). 
Let e be the concentration of the solution and 
a the degree of (ionic) dissociation. Then the 
previously defined quantity N (the mole frac¬ 
tion in the dissociated state) is related to g by 

N = oa with = JT = caV(l — oc) . 

Hence, it follows that 

(10) T = (2JVfcb + k,)-^ = (A* + • 

Thus, a plot of (t)“* vs. concentration, e, yields 
a straight line as is shown inFig. 2 whose in¬ 
tercept is 7cJ with slope, 4k,k^o. Hence, the rate constants, k, and are 

given directly. 

Method 3: Utiidzation of the acoustic absorption ooeffioient. - In case the tem¬ 
perature variation is not sufficiently large to satisfy the requirements of 
Method 1, the acoustic absorption coefficient can be utilized to determine the 
rate constants. The magnitude of the absorption is given by the familiar ex¬ 
pression [1] 

(11) 3a = H- /9;/^o)co*T/(ft)»T»+1), 

where O'^ is the partial molal specidc heat of the chemical reaction; A is 
0,-0^, and Oq is the total specifio heat. The compressibilities, jSj and jSo, 
are similarly defined for the chemical reaction. Consider again the reaction 
AB^iA-fB whose equilibrium is assumed to be temperatwe-dependent, but 
not pressure-dependent. Absorption measurements at different frequencies and 
temperatures will yield r and C[{T) (Co and A are usually available in tables; 
the compressibility may be neglected for a temperature-dependent reaction). 
The temperature-dependence of the molal specifio heat 0, is given by 

O;(2')sAH0jr/02’, 



( 12 ) 
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where AH is a constant. The equilibrium constant K is related to N for this 
reaction according to 

K= HV(1 —H) . 

The van’t Holt* equation provides another independent relationship between K 
and AH: 


0lnir/ar = AH/HT 2 . 

Hence, if is determined at two diifcreiit temperatures (by measuring the 
absorption at two different teinperatui’es), these tliroe equations can be solved 
simultaneously to yield K (and also AH); when (*.oiubined witli t the rate 
constants can be evaluated. 

This metliod lias been employed to evahia.te the thermodynamic pioperties 
of the monomer-dimer equilibrium reaction in acetic*, acid (®). Absorption meas¬ 
urements at the two temperatures, 20°(1 and r>()°(l, lu’ovided sufficient data 
to yield the equilibrium constant K in. the manner destuibed above. 

In the (*ase of a j>rmtfcrtf-dependont rather than temporatoe-dopendent 
chemical reaction, an analogous procedure would bo followed; The acoustic 
absorption <*.oefHcient will yield rather than 0^. The partial molal compres- 
silibity, is defined as 

(13) /?;==-a 17 F0P. 

In addition, one has the van’t ITolT isothermal analogiK^ 

(U) (0 In KldP\ = -- LVIBT 

with d]7dJV“Ar and K^f{N). (•()Jiso<iueutly, these equations can be 

solved siniultam^ously to obtain the equilibrium (‘onstant, K. The required 
acoustic absorption data will lx** ineasureuuints at two cliiTei^ent pressures, as 
well as the d(diermination of the relaxation time, r. 
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The Dielectric Properties of Quartz Crystals and Fused Silica 
in Relation to their Imperfections (*). 

J. M. Stbvbls 

PhU/^s Besearoh Laboratories - Eindhoven, 


1. - Introduetlon. 

This lecture differs in three respects from the other ones in this Course: 

1) It deals with dielectrlo relaxation instead of omustio relaxation. 
In has been a very good idea to include a few lectures on the first subject in 
a course which is mainly dedicated to acoustic relaxations. On the one hand 
the problems are -very much related and as was pointed out already, formulae 
of the same kind can be used. On the other hand there are differences: 
Dielectric relaxation can be studied orer a much larger frequency range than 
can be done with acoustical (mechanical) relaxation. With present-day appa¬ 
ratus one can study a frequency range of 10“* to 10^^ Hz. A disayahtage is of 
course, that the moving particles (molecules) must have an electric cliargo 
or an electric dipole moment, which respond to the A.O. electric field applied. 
An advantage of the measurement of the dielectric relaxation is that it can 
be carried out with very high precision as the figures will show. 

2) This paper deals with solid systems, contrary to the lectures given 
BO far which deal with fluids (i.e. gases or liquids). 

3) The third difference is that this paper will treat a very practical 
problem, i.e. how we can interprete dielectric relaxation measurements of a 
crystal in terms of certain well-defined imperfections. 

As a crystal I have chosen the quartz aystal for a number of reasons: 

In the first place because we have studied it in an extensive way in 
our laboratory. 

In the second place because quartz crystal and also SiO, in its vitreous 


(•) The contents of this lecture are treated in a more extensive way in a paper 
by j. M. SxBVBa,8 and J. Volobb: PMlvps Sesewreh BeforU, 17, 283 (1962). 
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form, fused silica, is applied in so many devices to measm*e the acoustic 
relaxation. People workinff -with these devices do not always realize that a 
given quartz crystal is practically always different from another quartz crystal; 
for fused silica, a frequently used material in acoustic research, this situation 
is oven worse. 

In the third place the knowledge of the behaviour of Si02 is very important 
to understand the behaviour of silicate glasses. 

It is known that both quartz crystals and fused silica contain imperfections. 
The usual imperfections are aluminimn ions which replace silicon ions (of the 
order of (lO-MOOO) ppm). The balance of the charge is given by the presence 
of H"*", Li"*", Na"*" or K"'" ions in the neighbourhood of these Al*"*" ions. They 
may be studied by measuring the dielectric rela.xation phenomena (dielectric 
losses). There are practically no other physical means which may detect them 
unless perhaps the acoustic relaxation. 

After treatment with ionizing rixdiation, these imperfections, (called the 
progenitors) give rise to new centres, wMch will bo called the colour centres. 

The latter may be studied with the help of different tools, for instance the 
optical absorption, the electron spin paramagnetic resonance, the nuclear 
magnetic resonance, and also with the aid of dielectric loss measurements, 
as will be shown in this paper. 

Gonersilly speaking there are different tyi)es of dielectric losses, viz. 

1) Migration loimeH. - Tiieso have a relaxational character, and are duo 
to the migration of tlie ions over a certain distame under influence of tlie A.O. 
tteld. Tliey can be easily measured at room temperature and have a relaxation 
time, w'hi<jh is determined by a fairly large activation energy (of tlie order 
of (0.5 4-1) eV). They occur in all typt^s of crystals and glasses, but will not 
be discussed in this paper. 

2) Deformation loxiiaH. - Built-in chemical impiu’ities may carry an electric 
dipole moment giving rise to dielectric losses in an A.fi. field. These are governed 
by a i-elaxation time which in turn is deteraiined by a small activation energy 
(of th<% order of 0.1 eV); tliey liave been naaned deformation losses. They 
wore found first in silicate glasses [1] and afterw'ards in crystalline quartz 
and fused silica. 

Tlie dipole orientation is probably a local process in which there lU'o only 
relatively small displacements of the ions. 

Q'hey can be measured at rather low temperatures with the aid of a medium 
frequency A.(!. field. 

3) Oolour-eentre dipoh Umee. - Their character has been discussed tenta¬ 
tively [2] as being due to electrons or holes trapped at various positions, be- 


n - neiuiimiti K.Li’. - xxvri. 
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tween which, electrically actiye transitions can occur. They are only present 
in quartz crystals and not in fused silica or glasses. They have a relaxational 
character, their I’elaxation time bein^ determined by a very small activa¬ 
tion energy (of the order of 0.01 eV). 

Besides the reason mentioned already quartz crystals seem to be a pai*ti- 
cularly suitable substance for the study of dielectric relaxation for the following 
reasons: 

1) Both natural and synthetic crystals are available containing a great 
variety of contaminations in various concentrations, giving rise to a wealth 
of phenomena. 

2) Although the crystal is rigid, the interstices and channels in the struc¬ 
ture permit the entrance (for instance by electrolysis) and exchange of inter¬ 
stitial foreign ions. 

3) Colour centres are readily obtainable and fahly stable at room 
temperature. 


2. - The measurements and the scheme of their interpretation. 

The losses are measured with the help of the bridge described elsewhere [3].. 
Specimens have a thickness of about 1 mm and a surface area of about 1 cm^. 

Electrodes are obtained by applying colloidal silver paint. The tempera¬ 
ture range explored is mostly 14 up to 150 °K. 

The results are mostly presented in the form of tg d vs, T curves, measui’ed 
at a frequency of 32 kHz. They proved to be of such a nature that the 
discussion could be based on the well-known relaxation formula 

( 1 ) 

in which 

( 2 ) 

Moreover, 

(3) 

if AT, the concentration of permanent dipoles with momentum j), is smalL 
f depends on the internal field oorreetion, and is ((eH-2)/3)® assuming that the 
Lorentz field approximation holds. Since Ae/e<cl f is independent of 
temperature. 


tg^= 


As cor __ e" 

€ 1 -|- ” e' \ 


r = To exp 


Afi = 


»i- 

3hT ’ 
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In a number of eases measurements at frequencies otlier than 32 kHz 
were earned out (for instance to provide tlie data for Fi^?. 11). 

From the formuiae (1), (2), (3) it is seen that iV, p, Tq and Q are the important 
quantities to be deduced from the experiments. 

To and Q can be obtained from loss measmements as a function of both 
frequency and temperature. Strictly speakiiif?, a number of tg <3 vh. (o curves 
should bo measured at various tomperatui^es, but for practical reasons we 
usually confine oiu*selves to tlie loss elegant method of taking the tg d vs. T 
curves mentioned. 

We now define as the tempcra.tui*e where the tg d vs. T curve shows 
its maximum. 

Since tg <5 is proportional to /(T), and 

1 exp \(ilhT]_ 

' ^ ’ T I + oxp [ay/feT] ’ 


and since luidev the experimental (‘oiiditions chosen oTq < 1, To and Q can 
easily he obtained from and its shift when 
the frequency is set at a dilleront value [1]. 

Pi“om eq. (-1) it follows that 


(S) fcT,„ = 


. a . 

in wTo 


(inroTo)''** 


We (‘an also make use of T,„„, the tenqxwa- 
tur(( wluire the 1\ tjj; d m. T cnive shows 
its maxinnnn. At the slope of the 
tK(5 m. T eui'vo is —tffdIT (Pif!;. 1) and 



Pi>?. 1. - Overall pi(jturo of the 
))OHiiions of and in a tgd 
■iw. .7' <*.iirve taken at fixed fre- 
<|ueii(5y (-i «<): II). 

IMu-imentally found when studying the deformation losses (Ijhictions 5-10 iiicl.). 

When on. approaches 1 (for instance if mto is of tlie oi*der of 0.01) a 
noticeahle diil’erenee exists hetween axid 37,,,. This will be found when 
the colour centres are discussed (Sections 11-12 inch). 

Prom the heights of the peaks of tg d m. T cui-ves we can obtain 
This means that p ean he derived, provided that the concentration N of the 
centres is known, e.g. from chemical or spectrogi’apliical analysis, and on the 
other hand N may he deduced, once tlie value of p has been voiified. 


( 0 ) = 

ill OTo 

When wTo'Sfl, 3!’,„e .2',,,; Tliis ease is ex- 
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8. - Relation between deformallon losses and colour-centre dipole losses. 



tbetic quarts crystal, C4, measured at 
32 kHz. The insert shows the relation 
between the peak heights, at 1&<> and 
38 ®K respectively, which are supposed 
to be proportional to the conoentratoins 
of colour centres and progenitors. 


In Pig. 2 we present tg d vs. T cur- 
res for a synthetic quartz crystal, in 
fact the same as specimen, 04, studied 
earlier [1] (*). Curve 1 holds for the 
virgin crystal, curves 4, 6 and 2 hold 
for the same crystal, but with increas¬ 
ing colouration, curve 4 viz. by weak 
irradiation with electrons, curve 6 by 
electron irradiation in a dose of 10’ r, 
curve 2 by X-ray irradiation (2 • 10* r), 
curve 3 after bleaching. The number’s 
give the chronological order of the ex¬ 
periments. The virgin crystal (Curve 1) 
shows three peaks, viz. at 38°, 60° 
and 96 °K. 

Apparently the 38° peak of the 
bleached crystal is somewhat smaller 
than that of the virgin crystal. The 
peaks all disappear gradually upon toa- 
diation, but at the same time a new 
peak, due to colour centres, appears 
at 18 °K. 

As is known from earlier work[l] 
a broad hump also appears at about 
70 °K; these will be analysed in sec¬ 
tions 11 et seq. 

The insert in Pig. 2 shows the 
relation between the height of the 
peak at 38 °K (deformation loss) and 
the height of the peak at 18 °K (colour- 
centre dipole loss). It is seen that the 
relation is practically linear, as long 
as we compare curves 2, 3, 4 and 6, 
thus showing that the. colour centres 
are formed at the cost of those original 
defects (progenitors) which cause the 
deformation losses. 


(•) This crystal was provided by Bell Telephone Laboratories, Murray Hill, N. J. 
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It seems, liowever, that a (small) part of the progenitors (difference between 
the curves 1 and 3) does not act in such a way that the original defect is found 
again after a subsequent irradiation and bleaching. 

A similar case is given in 
Fig. 3j representing tlie behaviour 
of a synthetic quartz crystal, C9 (*), 
the difference compared with C4 
be^ng that here relatively large 
amomits of Al®"*" and Na“^ ions 
were deliberately built in (a quan¬ 
titative analysis of the effect of 
the amount of chemical defects 
will be postponed to Section 7). 

Curve 1 is the cuiwe for the 
virgin (*iystal, cuiwe 2 is the one 
after X-ray iiradiation (6*10® r), 
cuive 3 after bleaching, cuiwe 4 
after a se(*.ond X-ray iiradiation 
(4.5-10®!*). The numbers are gi¬ 
ven in the chronologi(?al order of 
the experiments. 

The <*urves for (^<9 differ from 
those for C4 with respe(*t to the 
folhnring Matures: 



Fig. 3. ~ Tg<!l vft. T curves for a synthetic 
quartz crystal, (iO, measured at 32 kHz. 


1) The peak for the <*.ol(mr-(*.entre dipole losses of 09 has a different 
c]iara(*t<n* (ndatively broadiu*). 

2) Its rnaxinuim is found at a. dilM‘ent teinperatm*e (between 35 and 40 ®K). 

This ac(*()unts for the p(H*.uliar form of tlw^ (uirves 2 and 4, since liere the 
peak of the (;()lour-(‘ent.re (lipol<>i losses coincides — (luitc iiuddontally, as wU 
be shown lat(U‘ — with the peak caused by the non-affie<ited progenitors. 

Again it can bo c.oncliuhMl that colour <*entoes iu*e formed at tlie cost of 
progenitors, altliough it seems that in tliis <*.ase the c.onversion factor is smaller. 


4. - The effect of irradiation by neutrons. 

Tlioiigh the majority of our expeiiments relating to the effect of irradiation 
on crystals wei^e performed witli the aid of ele(‘;trons or X-rays, a few were 
cairied out witli neutron fluxes. 

(•) This crystal wjib provided hy G.E.Ch Reseatcli Laboratories, now Hirst Re¬ 
search Centre, Wembley. 
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The crystals were exposed to a neutron flux in a reactor with, the normal 
energy distribution (that is to say, part of the neutrons having energies lower 

than 1 eY (slow neutrons), the 



other part having higher ener¬ 
gies up to about 1 MeV (fast 
neutrons). 

Whereas the primary effect 
of X-ray or electron beams is 
ionization, (the colour-centre 
formation being a secondary 
process involving electric-field 
induced ion transport), fast 
neutrons primarily cause direct 
knock-off processes by impact, 
in which ease the above men¬ 
tioned ionization process also 
occm*s. 

In the latter case radiation 
damage (thermal spikes, local 
vitrification) of a rather serious 
character is found. A typical 
result is shovm in Fig. 4 [4]. 

Curve 1 shows the defor¬ 
mation losses of a clear syn¬ 
thetic crystal, 06. Curve 2 gi¬ 


7-OK) 


ves the loss after irradiation 


Fig. 4. - Effect of neutron irradiation on the tg(5 ^ ^ ux of 10 fast neutrons 
V8, T ouives of a synthetic quartz crystal, C6. (*)• typi(*.al form 

Measuring frequency- 32 kHz. of a colour-centre dipole loss 

curve is obtained (!r,„ = 32 °K, 
= °K). Curve 3 is obtained after subsequent thermal bleaching at 

300 for 6 hours. Now, the original curve is not restored, so the conclusion 
is that those progenitors that give rise to deformation losses are not regene¬ 
rated. It seems plausible that the locally vitrified regions act as a sink for certain 
mobilized ions, although a very small amount of the progenitors are seen to 
come back since low maxima of a few times 10“» are visible in curve 3. 


(•) The irradiation by neutrons has been performed by the courtesy of the Eeactor 
Centre Mol, Belgium. 




THE DIELECTRIC PROPERTIES OF QUARTZ CRYSTALS ETC. 


375 


5. - Anisotropy of deformation losses. 

Table I f^ives some results on syntlietic crystals (*) from wliicli samples had 
been sawn in diiTerent directions. 


Table I. 


Crystal 

0 (between 2 f-axis 

cos“ 0 

Peak height 

Peak height 

Field 

and electric field) 

at 38 °K 

at 9.5 “K 


0 

1 

28 • 10-4 

2.0-10-4 

II is-axis 

Oil 

52° (rbomb. face) 

0.38 

9.5*10-4 

0.0-UH 



90° 

0 

1 •10-4 

0 

1 ff-axia 

CU2 

0 

1 

20 -10-’ 

i.o-io-* 

II sf-axis 


52° (rhomb, face) 

0.38 

13.7 lO-" 

1.2-lO-* 


C17 

0 

1 

6 •lO-* 


II ;3-axia 

90° 

0 

0.2-lO-* 

— 

II 

1 ff-axis 


The aiijufle 0 between the «-a.xis and the nieasiuin^^ i^lectric. field has boon 
listed. The heif^ht of tli(‘i peak a.t 38 and 95 °K in the S m, T (airves, 
ineasim^d at 32 kITz, is seen to be lii^^hly dependent on the orientation, in 
fai(t tlie liei^^hts of the i)eaks are approximately proportional to eos*-® 0. The 
strinture ol' the quartz crystal has <*haunels in, th(^ ^-direction and in the direc¬ 
tions of the ^f-axis, the first ol* which may, obviously also in the (*.ase of the 
deformation losses under consideration, a<t as a ^nidi** to ionii*. movements. 


6. - The relation between the peak at 38 '’K and 95 ®K in the 6 vh. T curves. 

From Tabl(‘. I in the precediiif^ H(>iction it is se<m that the ])eak lieights 
ait 38 'K ami 95 "K, measured for <U 1 and 012, have an almost constant ratio. 
In so far as they sIiowimI tli<ise peaks, and within thc> limit of the measuring? 
ai(‘(*urai(*y, this fc^atiure wa.s observed witih all crystals inve>sti^a.ii(Hl. 

In Fi^^. 5 ])lot is made of all relevant (hita. 

TIk^ stra.i^hli lin(‘. represcints a ratio of 10 betw'cen thi^ peak heijjfhts. It is 
seen that the proportionality mentioned liolds fa.irly w(^ll over a wide ranj^e 
of Joss anjrles, in fact almost three decades. 


{*) Provided by Hell Telephone I laboratories, Murray 11 ill, N. J. 
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The provisional conclusion of this finding can be that both relaxation effects 
seem to be very closely related: either there are two imperfections involved^ 



Fig. 6. - Peak height at 38 °K vs, peak height at 96 taken from tg <5 V8, T curves 
for a number of clear quartz crystals, measured at 32 kHz and plotted on logarithmic 

scales. 

occuring in a fixed concentration ratio, or there is one imperfection that 
manifests itself in two relaxation effects. We shall return to this question 
in Section 10. 


7. - Discussion of measurements on a series of crystals grown from source material 
with increasing amount of aluminium added. 

In Pig. 6 a series of tg d m. T curves is displayed, measured on synthetic 
crystals (07-010)’ which were synthesized in a comparable manner by using 
the hydrothermal method with ISTaOH as a solvent (*). 


(*) These crystals were • provided by G-.E.C. Eesearch Laboratories, now Hirst 
Eesearoh Centre, Wembley. 
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The most striking feature is the occiu'ence again of the paii’s of peaks at 
38 °K and 95 °K. It is the aim of this Section to compare om’ results with what 
is known about the preparation of the sample. Upon request of the present 
author, the ciystals were grown after adding known amounts of alumi¬ 
nium to the melting quality quartz source material, which is normally used 
in the hydrothermal process. 



Fig. (t. - Tg(5 »«. '/' c.urvos for a intntl>or of synthotiii (piartz crystals, 07 to CIO, 

inoasuml at .32 kHz. 


With amounts of aluminimn added lai'ger than 50 ])aTts in 30* by weight 
(wlative to source material) the ciystalline quality of tlie synthetic deposit 
rapidly detoiorates so that specimens cannot bo out, and with 250 parts in 10* 
no growth is ol)talned (*). 

In Table TI tlie peak heights of the various ciystals as given in Fig. 0 are 
listed togetiluu’ with the known amount of aluminium added to the source 
material. 

Tlie table also includes the ratios of the peak heights at 38 and 95 “K 
(which aorc also included in Fig. 6). 

The tg 6 peaks m’e found to increase monotonously with the araomit of A1 
added to tlie source material. 

In discussing these data a quantitive chemltsal analysis of the impurities 

(’) Private eoinmunication of Dr. L. A. Thomas. 
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actually built into tlxe specimens would be very useful. Such an analysis, 
however, is very difficult, since very small quantities are involved and the 
detection of small quantities of sodium is complicated by a possible involuntary 
contamination during the process of analysis. 


Table II. 



Known amount 
of A1 added to 
som‘oe material 
(parts in 10* 
by w-eight 

Peak 
height 
at 38 "K 
(32 kHz) 
(•10*) 

Peak 
heights 
at 95 “K 
(32 kHz) 
(•10‘) 

Eatio 

of 

peaks 

Concentra¬ 
tion of A1 
in the mother 
crystal (*) 
(ppm) 

Concentra¬ 
tion of Na 
in the mother 
crystal (**) 
(ppm) 

Concentra¬ 
tion of Na 
in actual 
specimen (***) 
(ppm) 

C7 

5 

3.8 

0.3 

13 

67 

46 


C8 

12.6 

8.0 

1.0 

8 

445 

172 

18 

C9 

26 

136 

16 

9 

070 

365 

272 

CIO 

50 

220 

17 

13 

1100 

390 

■— 


(•) The values were obtained by apeotroobemioal analysis in the Q.E.C. Rosearcb Labor¬ 
atories, Wembley. Not the actual spooimen investigated by us, but another pieoo of tho mother 
crystal was amdysed. 

(**) Determined by dame photometrloal methods in tho G.E.C. Research Laboratories, 
Wombley. Same remark as under (*). 

<•*•) Determined by flame photometrloal methods by H. Ooetwun and J. Visskr in this 
laboratory- Tho analysis was carried out on the some specimen as investigated by us. 


In the table two sets of concentration values are given, one originating 
from the makers of the crystals (the analysis not being made of the measm*ed 
specimens, but of the mother crystals) and one originating from this laboratory 
(made of the measured specimens themselves). 

In view of possible inhomogeneities and contaminations during the analysis 
(these being so important according to Mir. H. Oortwun and Mir. J. Visser 
that they had to take elaborate precautions) we are inclined to believe that 
the values of the last column are particularly useful for quantitatives compa¬ 
rison ; it is striking that the increase by about a factor 16 for the peak heights 
both at 38° and 96° when passmg from C8 to C9 is found again by the same 
increase in the sodinm concentration found in this laboratory. On the other 
hand, it should be borne in mind, that sodium might be taken up in the crystal 
in such a form as to cause no contribution to the dielectric loss peak under 
discussion. 


8. - Discussion of experiments with crystal subjected to ion exchange. 

It is generally accepted that the aluminium ions in quartz crystals take 
silicon sites. The lack of positive charge can be compensated for by the pre- 
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sence of interstitial alkali or llydl‘o^^en ions, wliiclx are available in the solution. 
In earlier publications it was su^rj(estecl that the peak at 38 °K is connected 
with the i)resen(‘e of hydrogen, since in a series of crystals it had appeared, 
fortuitously as we now know, that the infrared absorption band at 2.7 [jl 
which doubtless is due to OH vibrations, and the height of the 38 “K peak 
vai'ied monotonously under various (‘onditions. However, apart from the 
evidence given in Section 7, that both the 38 and 95 °K peaks are related to 
the presence of sodium, we present here a few experiments likewise giving some 
evidence in favour of the sodium hypothesis. In the first type of experiment 
the 3*ole of hydrogen is taken over by deuterium. Measm‘ements were fii'st 
done on C24, a (*rystaJ gi*own in the usual way (*), except that the water of the 



Fig. 7. - S\veei> oxpenincnls with a natural (piartz crysliul, 029; tg<!i iw. 7’'curves at 
32kliz: 1) virgin crystal; 2) after introducing Na' ions; 3) after introducing K+ ions. 


(*) In Hell Telephone Laboratories, Murray Hill, N. J. 
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solvent was replaced by D^O (the rates of H to D in the solvent being 1/200). 
The tg ««. T cnrve showed no deviation jErom its normal shape. 

In particnlar, the normal 38 °K peak was found again. 

In an other experiment, a crystal, CIO, was heated for 2 days at 1000 “0 
under a pressure of 25 atm of D,0 vapour. It is known that under these circum¬ 
stances [6], hydrogen will be exchanged for deuterium although such treatment 
may also affect mobile alkali ions. The tg d vs. T curves of the treated specimen 
shows lower peaks but their positions are unaltered, and it seems also that 
no new peaks have been formed. 

A second type of experiment was performed by means of electrolysis. 
In a crystal at least part of the alkali ions and protons were interchanged 
by a sweep experiment, i.e. the crystal cut perpendicular to the g-axis, was 
placed between electrodes, the anode being an alkali halide, so as to produce 
a stream of specific alkali ions into the crystal, and causing in particular the 
most mobile cations to disappear out of the crystal at the cathode. Fields 
of 10 to 1000 V/cm and a temperature of about 600 ®0 were applied (*). 

. In Fig. 7 curve 1 shows the tg 6 vs. T curve for a natural Brazilian quartz 
crystal, 029. This crystal had been irradiated, after wliich it showed the normal 
colour-centre dipole losses, and bleached again. 

A sweep experiment as described above was now carried out, exchanging Li"'' 
for Na''" ions, and the tg d vs. T curve taken. Curve 2 shows the results, sug¬ 
gesting that the two well-known peaks appearing at 38 and 96 ®K are due 

to Ha''" ions. 



0 50 100 150 


r{°K) 

Fig. 8. - Sweep experiments with a natural quartz 
crystal, C26; tgi vs. T curves at 32kHz: 1) virgin 
crystal; 2) after introducing Na'*' ions; 3) after intro¬ 
ducing Li*^ ions. 


As a check ISTa"'" ions 
were replaced by Li"*" ions 
and a curve (not shown in 
Fig. 7) was found in which 
very small remnants of the 
peaks at 38 and 95 °K are 
seen and an indication is 
found for a small peak at 
60 “K. 

In a subsequent sweep 
experiment, K"'" ions were 
introduced and the tg d 
vs. T curve taken, Curve 3 
shows the.result: remnants 
of the peaks at 38, 60 and 
95 °C can still be seen, and 


(*) Drs. Haven and Kats carried out these sweep experiments. 
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a new lai'ge peak has come into existence at about 140 “K. It is reasonable to 
ascribe tliis latter peak to ions. 

In Fig. 8 the results of another sweep experiment are shown, stai'ting from 
a crystal, C26, containing about 3 • 10* Li"^ ions per cm*, which is a relatively 
Mgh concentration. 

Cuive 1 shows the oiiginal tg d vs, T cmwe with a marked peak at 60 “K 
only. After having introduced ions by a sweep experiment, two peaks 
appear at 38 and 96 °K but the peak at 60 °K is considerably lowered 
(curve 2). After a new treatment in which Li"*" ions are introduced, obviously 
at the cost of Na"'' ions, the peak at 60 ®K is markedly enlai'ged and only 
remnants of the peak at 38 °K, due to non-exchanged Na"^ ions are found 
(curve 3). 


9. - Identification of the peaks in the loss curves at 32 kHz. 

As discussed in foregoing sections, the quartz crystal may contain aluminium 
ions together with alkali ions or protons. As it is the aim of this section, to 
identify the various peaks in the loss cuiwes, wo shall restate some earlier 
conclusions and summarize the experimental facts. 

Wo shall discuss the influence of the various alkali ions separately. 

Lithium ions. — It is believed that the 60 °K peak is due to the presence 
of lithium ions. There ari^ two reasons for this statement. 

1) The sweep experiment mentioned in Section 8, and illustrated by 
Fig. 8. 

2) The fact that, iilthough a small peak at 60 °K prati<‘.ally always occurs 
in both natimil and synthetic quartz crystals, a. high peak is found in these 
cases (025, for instsince) where the chomically deterrained lithium concentra¬ 
tions iu‘e much larger than usual. 

Imodium ions. — It is believed that both the 38 and 96 °K swe due to the 
presence of sodium ions: 

1) There is a striking proportionality between the peak heights at 38 
and 9.6 °K (cf. Section 6). 

2) There is a proportionality between the peak heights and the sodium 
concentrations (cf. Table II in Section 7). 

3) Swept-in sodium gives I’ise to the two peaks mentioned in a correct 
peak-height ratio, whereas subsequent sweeping out makes these almost 
disappear. 
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Potassium ions. - It is believed that the peak at about 140 °K is due to 
potassium ions: 

1) Apart from in amethyst, potassium has never been found by chemical 
analysis in natural quartz crystals, and normally the 140 °K peak is also absent. 
In synthetic crystals potassium has sometimes been traced, but in a crystal, C22, 
especially grown in IIS'KOH as solvent (*), the 140 °K peak, if any, has a 
height less than 2*10“«. 

2) However, with the help of a sweep experiment larger amounts of E1+ 
ions can be introduced (Section 8, Fig. 7) giving rise to the mentioned peak 


in the tg 6 vs. T curve. 

Rubidium ions. - A quartz crystal, 



Fig. 9. - Tg5 V8. T curve at 32 kHz 
for a natural quartz crystal that has 
been subjected to a sweep experiment 
with AgCl as an electrode. 


C23, grown in 0.8 molar RbaCOj aqueous 
solution as a solvent, did not show any 
special new peaks. Apparently the Bb"^ 
ion is too big to enter the crystal. 
However, the few sodium and litliium 
ions originating from contaminations of 
either the EbaCOg or the som*oe mate¬ 
rial may find their way with relative 
ease into the growing crystal, since 
even in this case rather high sodium 
peaks (for instance 26 •lO”* at 38 °K 
and 2.6-10-^ at 96 °K) and a lithium 
peak (2-10~* at 60 °K) are observed 
in the tg d vs. T curve. 

Protons. - These are present in 
many quartz crystals, since strong OH 
vibrations are detected spectroscopi¬ 
cally. They cannot be conclusively de¬ 
tected by means of the dielectric loss 
experiments, at least, in the frequency 
and temperature ranges discussed in 
this paper. 

Silver ions. - These can be swept 
in readily and show a typical peak at 
22 (Fig. 9). 


(•) This crystal was provided by Bell Telephoue Laboratories, Murray Hill, N. J. 
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10. - Determination of the dipole strength of the imperfections in clear crystals. 

Discussion of a model of these imperfections. 

A determinution of the dipole strength, p, for an imiierfection that is elec¬ 
trically activi',, is complicated by the fact that comicutratioii of the impurities 
causing such an imperfection cannot be accm*ately measured. It becomes 
eA'en moi'e doubtful when the possibility is envisaged that psu't of the foreign 
ions su-e hidden, as it were, in electrically inactive imperfections. A third point 
of doubt is the internal field correction as discussed in Section 2. 

Let us first disi'uss models of the imperfections in clear ciystals. With the 
help of these models we shall try to systematize in the vsudety of data, and 
in particular -we shall discuss the loss phenomena connected Avith ions of the 
following series: H'*', Li"*", 15’a'', K+. 

Wo know from the discussion in Section 5 that ionic charges can move 
in the direction of the s-axis, that is in the main channels of the crystal. 

The models proposed are given in Figs. lOu-c, showing in a schematic way 
the viU'ions possible positions for the mobile ions, and also qinilitatively the 
potential energy of the ion involved as a function of a co-ordinate « in the 
direction of the s-axis. It should be emphasized that the models iu’e over¬ 
simplified and are only meant as tiontative proiiosals, but the following fiuts 
speak in their favour. 

If H'*' ions are iiresent, it is known from the infrared Avork of Kath[ 6] 
that these are very strongly bonded to the oxygon ions. This author arrived 
at tAYO iiossible models: in the first one the hyib’ogcn is found <(ahe!Ml» of an 
oxygon ion adjacent to the Al®''' ion (Fig. Kkt) the second model placed the 
hydrogen ion betAveen two oxygen ions belonging to a teteahedron of which 
the Al®’*' ion is the centre (Fig. JOft). In both models the O—II bond can show 
both stretching and bending vibrations. Bince the O—H bond is very strong 
AA'e assume that tluue is no ti-ansition of H'' ions to anotluu oxygen ion in the 
wall of the channel—at least so at the low temperatures investigated. This is 
in accordance with the evidence, given in Bection 8, that at Ioav temiierature 
no dielectric relaxation is coupled with the presence of <‘eutres in which 
ions iU’e involved. 

Figures lOc-c show the models for the position of the alkali ions in the 
channel. The potentials are sketched so as to accord with the experimental 
facts. 

There is an overall potential well m*ound the Al® *■ ion of the order of 1 oV 
depth. (This value determines rougldy the diffusion and ionic cunductionj 
cf. V.ERHOOGEN [7]). 

.Supeiiiosed on this ovm’all potential are the series of relatively low biwriers 
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along the channel, due to binding forces, and the infLuence of ion size and 
steric hindrance. 

Disregarding possible states of higher energy at the flanks of the potential 
well, which are supposed not to be occupied, the situation at the bottom, is 


COO 

axis of channel 



COO 

axis of channel 





Pig. lOa-e. - Showing models of the positions of H+ and alkali ions in the channel of 
the quaitz crystal, and the corresponding trends of the potential-energy curves. 


•chosen in such a way that in the Li"^ case (Fig. lOo) only one kind of transition 
and therefore only the one relaxation process detected in our temperature 
interval shows up, whereas Fig. lOd (the Na+ case) indicates two different 
kinds of transition and Fig. lOo (the case) one again. There is some conti- 
nuity in this seiies of models. The known values of the activation energies 
involved (cf. aJso Table V) are used in Figs. lOc-e. 
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Lot us now consider the case in more detail in order to calculate the 
^^alue of p related to the 38 ®K peak in spite of the difficulties mentioned in the 
beginning of this Section. Our most reliable analyses are given in the following 
table. 


Table III. 



Na/SiO^ (ppm.) 

N (cm-3) 


p (Debye units) 

(18 

18 

4.8‘10>’ 

8*10-1 

2.0 

C12 

(K) 

l.(M0*8 

14*10-^ 

1.45 

(19 

272 

7.2*1018 

135*10-1 

2.1 


From eq. (1) and (3) and talcing /= ((e-|-2)/3)‘** with 5 = 4.8 one finds 
(7) = 

whm> p is expressed in Debye-uuits (= 10““ e.H.e.)- Witli this equation the 
fifth column of Table III is calculatod. If the internal field eorreetion had 
been less drastic, the vahies of p would have been somewhat higher. The 
displacement of the ion is of the order of .1 A. 

As to the discussion of the 95 “K peak, p values aivi found whiesh are about 
half the vJilues for the 38 “K peak, since tg is the factor of 10 lower, but T 
a factor of 2.6 higher. 

Tlie model in Fig. lOd is chosen in such a way that a Boltzmann distribution 
factor is not taken into account, although the necessity for such a procedure 
cannot be excluded. 

A similar procedure for lithium using tlie peak lieight at 60 °K, yields p 
values as given in Table IV. 


Tabtjo IV. 



Li/8iOa (ppm) 

JV (em-8) 

• (tg'5)nM« 

p (Debye units) 

(15 

i();t 

2.7*1018 

«-io-» 

0.29 

025 

113 

:moi8 

i:mo-» 

0.40 

CO 

1S9 

5*1018 

20-10-' 

0,39 


In view of the possible and obvious eixors the only comdusion can be that 
the p values in this csise are remarkably smaller; i.e. of the order of 
(0.3 -r-0.4) Debye units. 

In conclusiou Table V gives a survey of the activation energies belonging 
to relaxation effects due to a few discussed centres (progenitors). These aoti- 


26 - RenOtema HJ-V. - XXVII. 
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vation energies are calcxilated from the shift of the peaks in tlie tg d T 
curves with frequency. 


Table V. 


Impurity symbol [S] 

Peak temp, for 32 kHz (°K) 

To (S) 

Q (eV) 

Air> 

38 

2-10-^3 

0.0.55 

95 

2-10-^3 

0.143 

IJp 

60 

2-10-13 

0.089 

i'p 

140 

2-10-13 

0.2 


11. - The relaxation time connected mth the low temperature effect in irradiated 
material. 

In Fig. 11 the r vs. 1000/2* curve is given for a synthetic X-irradiated 

crystal, Oil. A straight line ap¬ 
pears, showing that the values 
obey eq. (3) quite w(dl over a 
large temperature interval. 

One finds in the (‘.ase of (■!! 

To = 5'10“^ s and Q = 7.5 nieV. 

For a ciystal containing a 
veiy large amount of colour cen¬ 
ters (09, cf. Fig. 3 or Table II in 
Section 7) we find a somewhat 
larger Tq value, vh. 10-10“'^s, 
but the same activation energy, 
as can also be concluded from 
Fig. 11. 

It should be added that tlie 
various coloured ciystals generally 


Fig. 11. - T plotted on a logarithniic. 
scale as a function of lOOO/T. The 
20 40 60 values refer to the low-temperature 

1000/rC*Kf colour-centre peak. 
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diiTer not only in the value of their dielectric loss, but also in the position 
of their tj^ d peaks alon^^ the T-axis. In connection with all data available 
this matter will he dwelt upon fiirtlier in Section 12, but here it may be 
remarked tliat, accordin^^ to eq. (5) of Section 2 a slight (‘lian^e in Tq mi/^ht 
have a marked influeii<*e upon wlicn (oxq approaclies .1. 

With the meafturements presented in this paper toe generally have fo = 2-10®, 
so in this case a change of To from e.g. 10"® to 5 • 10"’ s alters the scale for the 
Q’Values along the T-axls by a substantial factor, vis. roughly 1.4. 

It seems, therefore, that with the measuring frequency used tlie exact 
position of the peaks along tlie T-axis is a rather sensitive measiu’e of Tq, as 
long as one can be sure that cases with the same Q value are compared. If we 
compare the cases of C9 and Oil (Fig. 11) having values of 50 and 35 °K 
respectively (measured at 32 kHz), dilTertuK^e wMc;li may seem quite alai*niing 
at first sight, we have indeed a good example of this phenomenon, since these 
crystals have tlie same activation energy of the (*.olour-<UMitre dipole relaxation 
and dilTer in to values by a factor of 2 only {*). 

A possible reason for shifts in Tq will be discussed now. It seems likely that 
not only the local lattice disturbance at the point imperfection, but also long 
range effects (tension in the (uystal) are involved. 


12. - The spread in relaxation behaviour of various coloured crystals. 

In this section we shall deal mainly with the low-t(unperaturc elfoct of 
coloured (uystals, i.e. the peak in the tg d vs. T curve at about 20 to 40 ®K. 

An im})()rtant fact to be iioti(Hid is the spread of the T,n uiid values in 
the numerouH measured curves at our disposal. values jn*e found ranging 
from 15 to 40 °K and corresponding l\nc values from say IG to 50 ”K. The 
reader is referred to the figures published earlier [1] and Figs. 2, 3 and 4 in this 
article, where a few examples are given. In view of the discussion in hiection 11, 
this should not woiry us too much, since relatively small variations of Tq 
already involve such large variations of Tm nn<l 

Let us first discuss biiefly what happens when the Ciiystal is irradiated. 
The progenitors, discussed in the foregoing sections, are th(?i spots where the 
ionizing radiations give rise to the dissociation of the progenitor into 1) an 
aluminium ion with a hole trapped at the n<ughl)oiiring oxygon ions 
(^'A+ centre) and 2) an alkali ion assodated Avith a trapped electron 
(xP- centre) [8]. The latter centre must have fownd a relatively stable position at 


(•) These complications are not encountered in f.he discussion of deformation losses, 
since is extremely small in that case. 



388 


J. M. STBV'ELS 


some mooring, moat likely at an already existing irregularUy, imperfect,ion or im¬ 
purity {foreign ion) in the lattice (*). 

The process can be risiiaJised be the following reaction 



or written with the help of impurity symbols 

(I) + 

On the basis of this picture we venture the hypothesis that the centre gives 
rise to the main low-temperature loss peak, whereas the ^‘A+ ceiiti’o should 
be connected with the hump at about 70 “K. 

A similar hypothesis has been put forward earlier [1]. 

At the time the spread of the values was interpreted in terms of the 
properties of the alkali ions (X'*' ions) involved, but taking into account the 
now available experimental evidence, we axe inclined to believe that the 
influence of the said nature is small in relation to the influence of the nature 
of the moorings mentioned above. These moorings could bo dislocations or 
in themselves rather inactive or harmless point defects, such as titanium or 
germanium on a silicon site, or an oxygen vacancy flanked by two substitu¬ 
tional aluminium ions. 

The spread in the relaxational behaviour [e.g. Tm values), then, is ndated 
to the spread to the various moorings and to the stress flelds due to the overall 
imperfection (dislocations, oxygen vacancies impurities) of the crystal. 

We shall now give evidence for this point of view. 

1) Those natural dear crystals which are characterized by low concen¬ 
trations of alkali impurities (and consequently by low deformation losses) 
and which, moreover, are grown very slowly, show low T„ values upon irra¬ 
diation. This applies particularly to most of the smoky quartz crystals, being 
natural crystals irradiated in natm'e, in which low concentrations of impurities 
are found and in which values below 14 °K have been measured in all cases 
investigated by us[l]. 

2) Comparing natural dear crystals with increasing content of lithium 
as the characteristic impurity, that is with increasing peak height at 60 “K 


(•) Since the word «trap» has generally heen accepted for the place where electrons 
or holes are captured, we prefer to speak of « moorings» for places where ions are 
captured. 
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(at 82 kHz) it is found that after irradiation tliese crystals show in<?reasin^»: 
and values, as appears from Ta.bk^ VF. 


Table VI. 



Peak liei^rht (Held || 

7'„, of 

7',„„ of 

C'lrystal 

s-axis, at H0°K and 32 klTz 

colon r-centre 

<M)lonr-centre 


in the clear (*rystal) 

dipole losses 

tlipole losses 

Smoky crystals 

Unknown 

14 

IH 

mentioned sub 1) 




C3 

Unknown 

18 

20 

C2 

I.7-I0-' 

22 

30 

(.128 

.•> -KM 

23 

33 

025 

13 -lO-B 

23 

40 


3) A series similar to that disiaissed sub 2) is pven in Table VII, where 
the data for a number of syntheth* irystals are (‘olleeted. Here, the impurity 
content is .measured by tlu^ peak hei.fl:ht at 38 (32 kHz) since <;*entres 

are the main pro^^enitors. 


Table VH. 



(Peak height field j| 

7’„ of 

of 

Orystij-l 

si-a.vis, at 38‘’K junl 32 kHz 

colour-centre 

c'iolour-<renti‘e 


in the clear cr.vsfd ' 

dipole losses 

dipole losses 

(4 

(i*JO « 

18 

24 

Oil 

28*10'-’ 

20 

35 

023 

27*10--’ 

4 • 

50 

(^9 


38 

51) 


It sliould be remark<Ml t-liat in the (*ase of r-23 a eonsidiu'abh'i lit-hium peak 
of at least 10*10 ^ is present, besides tlie sodium <M)ntent coirespondiu^^ to the 
^dveii luM^dit of tlH‘. 38 "K. peak. 

4) An interesting ens<^ is formed by tiu^ (*rysta.ls iiTtuliated by a- tlux 
of neutrons. Without <'sx<*eption such crystals ((^0, (bi, (U7) show hi^^di 
valiK^s (> 30 ’K) and T„„, vaiues ( .-. - ir)"K). This will Ix’i due to irnidiation. 
dama.jLi,‘(‘, (Teatin^i; stress fields a.nd an overall imperfection in the <*rystaJ as 
discussed above. 

It is interesting^ to mention two s[)ei‘ime.ns ori^dnatinjjj from the same mother 
crystal, one heiii^ irradiatiMl by X-ray only showinjr a value of 25 "'K the 
other one l)y a flux of neutrons showing a. value of 32 
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13. - Some final remark. 

An interesting case is shown by the smoky quartz caystal shown in 12. 
A smoky quartz crystal is a crystal irradiated in natmo. So tlio tg H vn. T 
peak shows the typical form of the imadiated crystals, shown in Figs. 2 and 3. 
By gi-adual bleaching the progenitor (in this case the centre) slnnvs np 



Fig. 12. - Tgdvs. T curves for a natural smoky quartz crystal, 019, in dilloretit stages 
of bleaching. Measuring frequency 32k1[z. 

finally (cf. the insert; curve 4). The insert also shows that by carel(w,s han¬ 
dling by the fingers the Li+ ions were exchanged by Na+ ions and a curve 
typical for a the presence of "P centres showed up (curve .'5). 

That the colour centres are really formed can also he detoc.t.(«l I)y ot lu*r 
physical tools, which are summarized Table VIlI. 

One can say therefore that the mechanism of the reaction of ionizing radia¬ 
tion with crystalhne quartz is explained in a self-consistent way and llm nal 
of both the progenitors and the colour centres is fahiy well known. 

If we now try to study fused silica with the same methods, the results arc 
rather disappointing. Fused silica is contaminated with viuiable amounts 
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of water, wliicli are built in into the network as OH groups, bonded to silicon 
ions. Moreover, it turns out that fused silica is usually more contaminated 
tlia-n (lystalline quartz and a contamination with 10 different elements in a 


Table VIII. 


Dielectric losses 
at 32 kHz 

X'-^rji 1 60 

„ r 38 “K 

X-Na: | 

X-K : 1\„,= 140 “K 


'2’«r=V0“K 

Dependent 
on the kind 
of mooring 

Optical absorption 
peak [9] 

None 

3 000 A 

X=Li : 4 200 A 
X=Na: 4 600 A 
X=K : 4 760 A 

fjr-values iiiejisured 
with electron spin 
resonance [10] 

None 

<7=2.011 

X=Li : ^=1.960 
X=Na: <7=1.964 
X=K : ^7=1.97 


arbitrarily chosen spocimen is no exception. ISfo wonder therefore, that pi'acti- 
cally evciy piece of fused silica shows an individual tg 6 vs. T curve [1]. 

(Colour centres are formed upon X-ray irradiation, but they cannot bo 
detected by dielectric loss moasuromonts, since they are not embedded in the 
same surroundings and the symmetry of a ciystal fU'ld is absent. 

Fortunately the colour centres can be studied by the optical absorption. 
In'udiatied fused silica shows a typical rose colour due to an absorption band 
n.t .5 r)00 A. There is much evidence, that the reaction I Is followed by another 
reaction in which the oxygen atom is stripped of tlie <‘entre and a "B_ 
centre is formed. The resulting reaction is then [9] 

(IT) 

Tli(' ‘'‘B- centre is w(Ml-kn(>wn from the researcili of tlu* coloi’ation of glixsses 
and lias an absorption at 5500 A. Th<i interstitial oxygen atom formed is 
very yirobably resiionsible for a new almoriition band in the vacuum IT.V. 
at about I fiOoA. Tliat reaction 11 takes place is also confirmed by the fact 
tliat with f lic kelj) of tlm electron spin resonance techui(iue two <iolour centnw 
both with an uuyiaired <'le<*tron, ainl noini with an unpaired hide, are found. 

Filially, an intei’esihig remark can be ina.de: Fusiid silica always shows 
the reaction It, no matter wlu'thcr the ionising radiation is U.V. light (wave¬ 
length shorter than 3000 A) X- or y-i'ays or neutrons. In crystalline quartz 
the three tyiMw of radiation first mentioned only result in a reaction of typo I. 
If quartz crystal is iiradiated with a flux of a least l()“<'fast neutrons/cm* 
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reaction II is found. One can express this also in this way that so much damage 
is done to the quartz lattice, that it is partially randomized (vitnfied). This 
.seems to be the reason that the original tg5 m. T for such a ciystal is not 
found back after thermal bleaching (cf. Eig. 4). 
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Ultrasonic Attenuation in Liquid Metals. 

R. W. B. Stkphejnk 

DepaHment oj Vhysivs, Imperial Oollege - London 


Ill studying tho Ht.ru(*tiire. of the liquid state, experimental investigation 
of tlic acoTistieal properties of liquid metals (*ould be particularly useful be¬ 
cause of their simple monatomic charac.ter. For example measureineuts on 
the temperature variation of sound velocity in liquid lead and tin have been 
applied by Goudon [1] to evaluate essential pavanieters iii tho «liole)> theory 
of liquids. As pointed out by Abowitz and Gordon [2] ultrasonic attenuation 
measurements might give infornnition on the nature of (dusters giving vim to 
S(*atteiing in the Unid. These (dusters are formed by heterophase tlni*tuations 
produ(*ed when the temperature of the liquid approa<dies that at whicdi a phase 
change occurs and have be(Ui observed in organic Iluids [3’J. Further, tlu^ ob¬ 
servation of structural or thermal relaxations would provider information about 
the structure of the liquid metal and the mobility of its atoms. 

Mercury is a c-onvenitmt liquid for initial experiimmts as there are fairly full 
pliysi(*iil data available, so that t}\i^ expected classicwil a-tteiiuation as a fumitiou 
of frtMjuency and t(un])eratnrc may be cahailated and compan^d with tin* di- 
re<*tly oll)ta.ine(l expcniuKuital value*. The only li([ui(l metals for \vhi(*h ultra¬ 
sonic absorption data have beeui published are m(u*(*,ury (Bar [I ]; ItiEOiCMA N N [5]; 
.ltiN(}() et al. [()J; Ahowltz and Gordon [7]; Jarzvnski [T], bismuth (Jar- 
ZYNSivi [9]) and gallium (Proi^’kit and ('-aromk [lOj; Jarzvnski [lij). 

Th(‘ « classi(*al» absorption of ultrasound in liquid metals is assumed to l>e 
given by tlie Stokes-KirediholT formula 


( 1 ) 


a— '/® 





OCh -f (Xt 1 


wliero is the sliear viscosity (‘oelTudeiit, K tho cootlicdemt of thermal con- 
du(*tivity, c,p the specifle heat at (M)nstant pressure, p the volume expansion 
(•o(*tfi(dent, c the velocity of sound, / th(^ frequency, q the density and T tlie 
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absolute temperatiu’e. In both, mercury and bismuth the losses due to heat 
conductivity (a,) are larger than those due to shear viscosity (a,). 

The results for mercury are as foUo'ws: 


Author 

Frequency range 
(MHz) 

Temperature 

(“0 

Observed a//“*10i’ 
(s® cm“^) 

bar 

54 

22 

6.8 

Eieckmann 

22-r 54 

24 

6.4-r-6.3 

Eingo et al. 

152-7-996 

24-r28 

6.0-r4.7 

Abowitz and Gordon 

45-rll5 

— 13 

4.7 



20 j 

5.4 



72 

7.1 

Jarzynski 

68-r 92 

25 

6.2 



128 

9.0 



204 

11.8 


The reason for the difference in the absorption as measured at room tem¬ 
perature by Abo'witz and Gordon and Jaezynski, is not clear. In both cases 
a pulse method was used, capable in principle of measuring the absorption to 
within 2 % accuracy. The results of Abowitz and Gordon are in agreement 
with the classical absorption given by eq. (1). The results of Jarztnski, 
however, are consistently larger than the classical absorption. This excess 
absolution is interpreted by him as due to a bulk viscosity which leads 
to an absoi'ption coefficient 


( 2 ) 


2jt= 


The chissical absorption and the values of calculated from the observed 
excess absoi'ption are given below: 


Temperature 

^0) 

a,//®-10” 

(g2 cm“^) 

aW/3-lOi’ 

Vb 

centipoise 

nshh 

25 

0.98 

4.26 

1.9 

1.2 

128 

0.84 

7.33 

1.6 

1.4 

204 

0.83 

10.15 

1.3 

1.3 
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A eoiiHidertibly larger ex(*.ess absorption was found in liquid bismuth as shown 
below, the measurements being made at 68 and 92 MHss (see also Fig. 1). 


Tem])erature 


ar//“-10" 


Vjt 

Vsins 

m 

(s“ cm“i) 

(8“ cm-i) 

(s*-* crn-1) 

eentipoise 

305 

0.96 

5.27 

9.3 

7.0 

4.2 

380 

0.95 

6.81 

11.5 

7.1 

4.9 

442 

0.95 

8.30 

12.3 

5.6 

4.3 


(•) is tho o\porimoutally observed attonuatioii coofflciout 


£12 


observed 


lu both mercuiy and bismuth a//'* was found to bo independent of frequency. 

The classical absorption can bo calculated with a fair degree of accuracy 
for liquid bismuth and mercury, 
as there are now sufficient reliable 
data. In the case of liquid bismuth 
the error in tho classical absorp¬ 
tion is mainly due to a ± 3 % un¬ 
certainty in the value of tho spe¬ 
cific heat Sind a ' 2% uncer¬ 
tainty in the value of the thermal 
conductivity, in tiie case of mer¬ 
cury tlie error in the clsissical 
sibsorption is msiinly due to a 
uncertainty in the va¬ 
lue (sf the thermal conductivity. 

.Jahzynkki estiinsites his measu¬ 
red sibsoiqstion to be siccursite to 
foi- t.h(' accuracy of rjj, sxnd 


« 6 



300 


1_.1-L,,i 

350 400 

temperature (“O 


450 


Fig. I. Olmorvod (oxpU.) and (-hisKic.al (wiled.) 
nlirasonie absorption in liipiid bismuth. 


. *>, (»/ 

. /o 


and gives following estimates 



T Ci^) 

IJg tliixl IIjiIiI)! 

Bismuth 

305 


1 

442 


1 Mercur.v 

25 

:1. l!'"o 

1 

1 

204 



To determine, the nature of the relaxation pro<*ess, whi(*Ii (jould account 
for the observed (^xe-ess absorption in the liquid metals the ratio and 
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the temperature dependence of is compared Tvith that of other liquids. The 
relatively low values of rjJrjs observed decrease of rj^ with temperature 

classifies liquid metals in the same group as associated polyatomic liquids and 
the fused salts, in which the volume viscosity has been attributed to structunJ, 
rather than thermal relaxation.. Conclusions about the temperature depen- 
dence of must, however, be taken as somewhat tentative in view of the large 
errors in the values of The structoal simplicity of liquid metals provides 
the strongest argument against the possibility of thermal relaxation. 

It is very unlikely that in monatomic liquids, such as the liquid metals, 
there is transfer of thermal energy from external to any internal degrees of 
freedom of the atom. 

0allium. - Although Jarzynski [12] places a large possible error in his 
results for gallium they are set out below together with some initial measure¬ 
ments made by Proppit and Carome [13]. Jarzynski attributes the uncer¬ 
tainty to a lack of reliable physical data on gallium and to possible conta¬ 
mination by the air. 

Jarzynski: 92 MHz 


Temperature (®C) 

56 

292 

348 

413 

438 

«//» (10” cm-1 8*) 

2.9 

3.1 

3.6 

4.2 

4.3 


PROFPIT and Carome:. 205 MHz 


Temperature 30 ®C ^ = 2.5-10-^^ cm-^ . 

The values of rjJrjg for molten Bi and Ga as - found by Jarzynski did not 
increase with increasing entropy of fusion as is the case for molten salts, Avliich 
behave mechanically in a very similar way to monatomic liquids. ANDiiAnK[U] 
noted this different behaviour in his shear viscosity measurements on liquid 
metals and attributed it .to the complex crystalline structure of bismutli and 
gallium. 

Abowitz and Gordon [16] have also measured ultrasonic absorption in a 
series of mercury-thaUium alloys. The absorption measurements were made 
as a function of frequency, from 15 to 115 MHz, tenipei'ature from 0 to 60 
and composition to 40 at. % thallium. 

An excess absorption was found which increases with increasing thalliiiiu 
content. Also a//® was found to decrease with increasing frequency, which is 
the case in the region of a relaxation effect. The extreme values of a//^ for 
the 40 at. % thallium-mercury alloy are shown below. 
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Although the data do not fit exactly the relaxation cui'ves predicted 
by single relaxation time theory, by making a best fit Abowitz and 
OoBDON estimate that at 1.4 “0 the rehixation peak for the 40 at. % alloy 
would occur at approximately 270 MFIz. t'onsideilng the process to be 


Temperature (°C) 

/ (Mllz) 

«//=>• 1011 ,ips 

1.4- 

15 

13.8 

115 

10.4 

25.0 

15 

12.0 

115 

9.7 

(55.0 

15 

11.1 

115 

9.4 


thennally activated and using the Arrhenius rehitiou an activation energy of 
(3 000 i 300) cal/mole is obtained for the 40 at. % alloy and (2000±400) cal/mole 
for the 14.5 at. % alloy. Extrapohition to zero per cent thallium yields a value 
of (1000 rh 500) cal/mole for pure mercury. Tliree recent measurements of 
self diffusion in liquid mercury give the sMitivation energy for self diffusion as 
1160, 1006 and 2 400 cal/mole respectively. Gordon and Abowitz conclude 
tliat the relaxation observed in mercury-thallium alloys under the influence 
of the applied periodic stress, is of a structural uatui’o involving a change, in 
the average number of like and unlike nearest neighbours suri-oundiug a given 
atom. 


Magnetohydrodynamie Dispersion and Absorption at Ultrasonic Frequenides. 

AiJnMtiN [16], Hbrlobhon [17] and Lundquist [18] sliow theoretically that 
both transverse and longitudinal magnetohydrodynamical -waves may be pro¬ 
pagated in conducting liquids, and Andbbhon [19] and Robey [20], a few 
years later, calculated the sound velocity and the absorption in liquids of finite 
conductivity when situated in transverse magnetic fields. More recently Wbst- 
PHAD [21] has carxied out a series of ultrasonic experiments in conducting liquids 
(and solids) in magnetic fields up to 20 kG. The general theoretical predictions 
were verified, namely that the magnetic field is « carried along » -with the sound 
motion at acoustic frequencies below a characteristic value for a given sub¬ 
stance and that the sound dispersion is greatest and the absorption per wave¬ 
length is a maximum in the region of this transition frequency (vt). Assuming 
that a plane sound wave is being propagated in a liquid of finite conductivity 
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in say the ^-'-direction, and a magnetic field is applied perpendicular to this 
direction, then the liquid movement created by the acoustic disturbance will 
give lise to induced electric currents. Energy wdll therefore be abstracted 
from the sound wave due to Joulean heating by these induced currents, and 
moreover these will react with the magnetic field and lead to the generation 
of compressions and rarefactions in dii*ection opposed to that of the acoustic, 
wave. The presence of the magnetic field thus produces attenuation of the 

amplitude of the sound-wave and velocity 
dispersion (see Fig. 2), the absorption and 
dispersion being determined by two inagne- 
tohydrodynamic quantities, the Alfven velo¬ 
city and (2^^) the magnetohydrodynami(t 
Eeynolds number a,r, = BqI(UqQ^), where Bq is 
the magnetic induction, juq is the permeabi¬ 
lity and Q is the density of the medium. The 
Eeynolds number is defined by 
where the velocity V is arbitrarily assumed 
to be given by (the sound velocity for 
E = 0) and i = A/27r, where A is the wa¬ 
ve length: Le. 




^.e. 


— o— -T. » 


2ur;v 


V being the ultrasonic frequency. 

If the Eeynolds number is >1, 
then the diffusion will be dominated by 
the transport process and the magnetic field will be frozen in the conducting 
liquid. In Westphal’s experiments this is the case at low frequencies and in 
consequence the magnetic pressure contributes to the fiuid pressure, so that 
the sound velocity will be increased. On the other hand at high frequencies 
the difiusion process will be faster, and the magnetic pressure will be compa¬ 
ratively ineffective. The «unfreezing» of the magnetic field will mean that 
the magnetic pressure and fluid compression will become out of phase with 
each other leading to acoustic energy dissipation. It should be pointed out 
that the magneto-acoustic dispersion differs from the corresponding acoustic 
effect arising from relaxation phenomena in liquids, for the latter shows a. 
smaller sound velocity at low frequencies. 

The experimental liquids used by Westphal were mercury, hydrochloric 
acid and K-lTa liquid alloy, which were contained within a cylindrical glass 
vessel (2.8 cm diam., 16.9 cm long) and ultrasonic pulses were generated by 
quartz crystals operating at frequencies of 6.885, 1.64, 2.54 and 4.21 MHz.. 


frequency iv) 

Fig. 2. 
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The electromagnet gave a tield strength of 
19.6 kG, and as a (*.ontrol in the experinient, 
Westphal also measured tlio absorption in 
K-Na contained Avithiii a short vessel which 
was adjusted to be pcvmllel to the magnetic 
field. Tlie presence of the magnetic field was 
found to have no etTect on tlie measured ab¬ 
sorption in this control experiment. 

Figure 3 illustrates the degree of agree¬ 
ment of Westphal’s experimental results 
with the calculations from theory and in 
paiticular it is to be noted that the «freez- 
ing-in » of the magnetic field begins below 
the transition frequency {vi) of 2.5 MHz ((if. 
calculated value in Table below) /.(?. in the 
region where 





Fig. 3. - Theoretical (full lines) and 
experimental (dashed lines) curves 
for ultrurRonio absojption in K-Na 
alloy for various frequencies and 
magnetic field strengths (after 
Westphal). 


Liquid 

Q 

(7 

<h) 


fhn 

A‘-«o\ 

(1 /a)|i_>,oo 

conductor 

(kg m-») 

(n-i m--') 

(m s“*i) 


m 

\ ^*0 /v^Q 

(m) 

11(11 30% 

1.03-103 

7.B -10' 

1.58-10* 

3.8 -101 

44.5 

7.2 -lO'i 

4.6-103 

Mg 

1.35-UP 

1.04-10« 

1.44-10* 

4.13-103 

15.0 

5.4 -10-3 

0.49 

K-Na (5:1) 

8.4(M03 


2.00-10’ 

2.46-1()« 

59.9 

4.48-10-» 

0.145 . 


Since the calculated transition fri^qinnicy is very niiKih smaller than the 
frequencies used in Westpliars exxKM’iments it was oxi)ect.e(l (/iw^Cl), und con¬ 
firmed, that no inagnetoacoustic absorption would be observed in HGL 
Anderson [21J showed theoretically that th<i maximum absorption i)er 
wave knigth was index)eudcnt of tlu^ conductivity. 

Tlie table below gives the calculated valu(‘.s for a number of liquids, the 
frequ(mcy (/„,) of maximum absorption correlating with 


Liquid conductor 

c (G"^ m-^) 

/»(«-") 

Sea water 

1.0 -101 

0.5-10* 

ilOl 

7.5 -IQi 

4.0-101 

Ilg 

1.02-1()« 

4.7-103 

Cira 

1.4 -lO® 

6.7 • lO® 

Wood’s metal 

2 -lO* 

9.5 • 10» 

Sodium 

9 -10’ 

4.7-100 
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In concluding it is interesting to note, haying in mind the development 
of the acoustic n.m.r. technique, that ordinary n.m.r. techniques have been 
employed to examine the liquid state in metals. One of these techniques is 
concerned with the so-caUed Knight shift, which relates to the shift of the 
magnetic resonance frequency of the nucleus resulting from its interaction 
with the conduction electrons; the latter are polarized in the presence of a 
magnetic field and thus give rise to an extra effective field at the nucleus. 
The other technique which Knight et al. [23] have apphed is concerned with 
relaxation effects, such as quadrupolar broadening, and for the several metals 
he has examined, there appears to be an appreciable amount of zone struc¬ 
ture retained above the melting point. Such investigations could be carried 
out by acoustic n,m.r., in which an ultrasonic excitation is used to perturb 
the nucleus instead of a B.F. field. The detection of the resonance may be 
as in ordinary n.m.r., or alternatively the changed hhpedance of the medium 
at resonance may be detected acoustically. 
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Recouvrance de volume des verres; comparaison 
entre les experiences et une theorie phenomenologique. 


A. J. KOVAOS 

Centre de Becherelies sur les Macromolecules - Btrashourg 


1. - Introduction. 

Depuis les travaux de Simon [1] de nombrcux auteurs out recounu qu’au 
•dessous d’une zone criti(iue de tomp6rature les parametres extensifs des Uquidcs 
•surfondus (yoluiue, enthalpie, etc.) dependent non soulement de la tcmpfira- 
ture, T, et de la pression, P, mais aussi du temps, et plus g6n6ralcment de 
I’histoire thermique de I’dcliantillon. La zone critique separe deux 6tats dont 
la stahiliU est fondamentalement dilKrente, la structure liquide, (Pordre &» 
courte distance), n’6tant pratiquement pas affectce par cotte transition. Aux 
temperatures 61ev6es le liquide surfondu, (ou le caoutchouc dans le cas des poly- 
meres amorphes), est en ^quilibre rnetastablo (par rapport P6tat (uistallin); 
par centre, aux basses temperatures, le verre so trouve dans un 6.tat dvolutif, 
intermediairo entre Petat metastable qu’il avait ant^rieuremeut ^ haute tem¬ 
perature, et celui correspoiulant ib sa temperature r6ello. La vitesso de r6- 
aiTaiigement de la stru(jture liquide diminue rapidement avec, P, et la transition 
vitreuse se manifesto lorsque cetto vitosso est du infime ordi’C de grandeur quo 
•celle do la variation de la temperature, imposde par Pexpdrience. C’ctto defi¬ 
nition de la transition pout etre gen^ralisoe pour d’autres parametres externes 
qui agissent 6ventuellement sur Pochantillon, pju* exemple des (tontraintes 
eleiitro-magnetiques ou mecaniques. Aussi pemt-on dire avec Kaitzmann [2] 
quo la transition vitreuse pent Stre localisee par une temperature, P^, au des¬ 
sous do laquelle le temps de relaxation (ou de retard) do ceiiiains dcgi^es de 
liberto, qui caract6ilsent lo mouvemont des paitucules du liquide, est com¬ 
parable k la dur6e de la variation, (ou la periode), des parametres externes. 
Pai’mi ces pai*ametres la temperatm’e occupe une place privil6giee; dans ce 
eas Pechelle des temps accessibles est limitee par la conductivity thermique d 
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des temps g4n6raleinent plus longs que la minute, mais pouvant s’6tendre 4> 
des dux4es couBid4ral)leB. 

Cette lente 4volution des Terres pent 4tre facilement mise en 4vidence en 
mesurant la variation isotlierme de leur volume, 4 pression constante, aprfes 
une impulsion thennique relativement courte (trempe), compar4e an temps 
n4cessaire pour atteindre l’4quilibre (m4tastable) de structure. Dans le cas 
g4n4ral la variation de volume d4pend de rbistoire tbermique de l’4chantillon, 
et elle se complique singuli&rement aveo cette demi4re, refl4tant une sorte de 
« m4moire » des 4tats ant4rieurs. bTous nous limiterons ici quelques elasaes 
de traitements tbermiques parmi les plus simples, qui ne d4pendent que d’un 
param4tre unique, que I’on fait varier syst4matiquement; l’4tat de depart 
4tant toujouis un 4tat d’4quilibre m4tastable, qui ne d4pend que de la tem- 
p4rature, T^. Dans ce cas, on pent analyser les r4sultats k I’aide des tb4ories 
ph4nom4nologiqueB, dont nous d4velopperons xme id. 

Ces exp4riences out 4t4 e£Eectu4es 4 I’aide d’une technique dilatom4trique 
d4crite auparavant [3] sux des 4chantiUons de polymferes amorphes (polystyrfeue, 
PS, polyac4tate de vinyle, PVA), et du glucose. Mais les ph4nom4nes observ4s 
peuvent fitre g4n4ralis4s probablement tons les systdnes vitreux. Ainsi, le 
comportement d’un verre de borosilicate est tout-Afait comparable ^ celui 
de nos 4ohantillons [4]. La constitution chimique des veires affecte surtout 
I’emplacement de T, dans l’4chelle des temp4ratuies, mais les param4tres cin4- 
tiques de l’4volution isotherme sont du m4me ordre de grandeur dans leur zone 
respective de transition. 


2. - R4sultats exp4Timentaux. 

La Pig. 1 repr4sente typiquement la variation du volume sp4ciflque, ®(<), 
d’un 4chantillon de polystyrol4ne (PS H), en fonction de la temp4rature. 
Dans la r4gion de transition (A), qui s4pare le domaine du liquide swfond/u {B) 



de oelui du verre (0), le coefficient de 
dilatation subit une variation impor- 
taute. Dansle donoaine (B) l’4quUibre 
de volume est obtenu simultan4ment 
avecl’4quilibredes temp4ratureB (qui 
dans la plupart de nos exemples n4- 

Fig. 1. - Variations du volume sp4oifi- 
que v{t), en. om®/g, du polystyrolfene 
(PS II), en fonction de la tempdrature,. 
T, et du temps, i (en hem'es), apr4s trempe 
de !ro=116'’C; o t>(0,02): • v(oo); a «(I00). 
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cessite environ 1 minute), par contre dans le domaine (C) le volume n’est plus 
defini d’une maniere univoque par la temperatm'e, mais depend de I’histoire tlier- 
mique de rechantillon. Les deux branches (G) de cette courbe out 6t6 trac6es 
k I’aide des volumes niesures au bout des temps t= 0.02, et 100 heures, apres 
avoir tremp6 rechantillon de 115 °0 (To), oil il 6tait en etat d’<5quilibre. 

Pendant la trempe on obsei^ve une contraction rapide, « iiistantanee », en 
phase avec la variation de T, puis une contraction additionnelle, isotlierme. 
Lorsque la contraction cesse, le volume d’equilibre, ^7(oo), se situe sur le pro- 
longement (D) de la courbe (0). Le temps necessaii*e pour atteinto un tel 
6quilibre crolt rapidement avec la difTerence (Tp — T). La temperature de 
transition Tp, d^finie d’une maniere comentionnelle par I’intersection des deux 
branches droites asymptotiques de i?(cx)) et de v(0.02), est done li6e au temps 
de 0.02 h., et aussi au mode operatoire. La meme convention localise Tp(lOOh) 
environ 7°C inferieure Tp (0.02). Le rapport de correlation: ATp/A log^ 

—2°0, est du nifnne ordre de grandeur pour tous les systfemes etudies, et 
sa valeur reduite explique la relative insensibility de Tp vis-ib-vis de rydielle 
de temps. 

Pour la memo raison on voit que Ton ne pent atteindi^e la branche (D) 
de cette courbe prolongoe vers les basses temperatures, moins de re(juire 
pychantiUon pendant des temps extrymement longs. II y a toute raison de 
croire quo cette extrapolation quasi lineaire cesse d’etre valable au dessous 
dhme z6ne critiques de temperature [2]. La courbe d’equilibre prdsente pro- 
bablement unc singularity a.iialogue A. la transition vitreuse (A) qui, ello, sorait 
une veritable transition du 2eme ordro [5], mais inaoessible i Pexperience 
directe. 

11 est surtout interessant d’etudicr la mriation iHothmw du volume en foiKi- 
tioii du tem])s, qui retletc la <dne- 
tiqu<‘- dTi rearrangeuKuit de la struc¬ 
ture. liquidc^. Ija Fig. 2 represeiite 
cette variation pour Peehantillon 
PS I, a dilTerentes temperatures 
(indiquees). L’origine (h^s ordon- 
nees est ici le volume uiosure an 
temps <,=l).01 h, a.pres treunpe do 
To(=lir)°(l). Toutos (*.es isotli(‘.rmes 
de volume out une taaigente d’in- 
tlexion (en pointillc) dont la pento 
^=(—0y/vr01og<),^, ne varie que 
peu avec. T. Bx(‘(q)tiou faite de 
la courbe i 80 °(l, on voit que 
le volume est loin de sa valour 
d’equilibre w(oo), mOme au bout 



Pig, 2. - Isothermes de contraotion de I’ydian- 
tillon PS I, apr^s trempe (To=115 ®C) ii difC^- 
rentes tempdratures indiqudes. LMsotherme 
80 ®C ooincidant pratiquemeiit avec celle 
70 ®C, a ot6 translatye vers le bos. 
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de 1000 heures. Nous u’insisterons pas ici sur les difiE6rents paramfetres qui 
d6finissent ces isothermes [3, 6]. Notons seulement que si I’on admet I’extra- 
polation lin6aire des volumes «(oo) (Fig. 1, branche D), la tangente d’inflex- 
ion de I’isotbeme ^ 25 ®0 (Fig. 2) coupe l’ordonn6e 'ij(oo) pour un temps de 
I’ordre de 10** heures. 

Au voisiuage de T, ces temps sont 6videmment plus courts. La Fig. 3 
montre les isothermes de contraction dans cette region critique pom un 6chan- 
tillon PVA n, apr^s trempe de 40 °C. L’origine des ordonn6es est ici le vo¬ 
lume dAquilibre, v{oq). Les tangentes d’inflexion (en pointiMs) coupent les 



Fig. 3. - Isothermes de oontraotioii du polyc6tate de viayle (PVA II) dans le domaine 
de sa transition vitrense. 3'o=40 “C. Variations des paramfetres et avec la ddfor- 
mation initials, indiqu4e par des fishes horizontales. La conrbe de 27,5° a 4t4 oaloulde 

d’apr^B la formnle (13). 


ordonn6es: (t<—(correspondant h I’amplitude initiale, e<, au temps t<) 
pom* des temps %, et l’ordonn6e zdro (« = »„) pour des temps <«,• En portant 
ces temps (I. l’6chelle logarithmique) en fonction de I’amplitude initiale e*, 
marqu6e par des fifeches horizontales, on obtient deux com’bes (Fig. 3), dont 
l’4cartement sur une parall41e k I’axe des abscisses r6pr6sente I’intervalle de 
temps approximatif de la recouvranoe (recovery) de volume. 

Le paramfetre to ne varie que pen avec T (ou e<), et il est du mOme ordre 
de grandeur que le temps = 0.01 h. Par centre, varie rapidement, le rap¬ 
port de con’41ation AP/Alogtm (=« — 2.7°C, 4tant du m4me ordre de grandeur 
que A27 b/A log t rsi — 2.3 °0. La difE4rence entre ces deux valeurs peut dtre at- 
tribu4e k la variation relativement importante de ces rapports avec T. La 
variation de logf^, avec e* est, par centre, sensiblement lin4aire (A6,/Aiog<m = 
= 9.3*10-*). Enfln, lorsque e, tend vers z4ro, le rapport tn/to tend vers une 
valeur flnie, et voisine de 16, pour tons les syst4mes 4tudi4s de la m4me ma- 
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nifere. Or, ce rapport est sensiblement le nifime que celui obtenu (par uue 
construction analogue) k partir d’une fonctioii exponentielle simple: 

(1) v;— Woo = (Vi- w«) exp — , 

T 

oil r est lo temps de retard caracteristiqiio du processus de recouvi*aiice. II 
en resulte que la contraction isotlierme consecutive a une trempe, d’une tem¬ 
perature Tq ^ T, pent etre caractorisee par uii temps de retard unique, lorsque 
I’amplitude tend vers zero, c’est-Jl-dire lorsque T tend vers (40® dans le 
cas de la Fig. 3). 

Bien entendu pour toute amplitude ftnie le rapport ^st supeneur k 16 
(Fig. 3), ce qui signifie que la recouvi*aiice du volume est plus lente que celle 
qui con»espond k I’expression (1). On i)eut expliquer ce ralentissemcnt en ad- 
mettant une distnbution des temps de retard [3j. Bien que I’existence d’une 
telle distribution soit tres probable [7], nous aliens montrer qu’elle no con- 
stitue pas le parametre essentiel de <‘.es exxxuiences. Rile ne permet pas d’ox- 
pliquer notamment la (‘.inotiquo de la rccouvi*anec de volume, lorsque cell(‘-ci 
procede par dilatation isotlierme. 

Ayant obtenu un ctat d’cquilibre au bout d’lin temps I’aisonnablement 
long, au dessous de T^,, on pout, en efTct, imposor k l’6(diantillon lui traite- 
ment thermique synuMrique k la tremjic, on le r(hhauff(mt rapidemeiit T. 
On observera dans ce <‘as, d’abord une dilatation «instaiutanee», caracterisce 
par le coeffi(‘.ient a„ du vei're, ]mis, apres l’<Hal)lissemcnt de I’equilibre ther¬ 
mique, une dilatation isothenne. 



Fig. 4. - Isotliermes de dilatation du glucose, apres stabilisation k 25 °C (Tq) et iHioliauf- 
feinent rapid© k dilf6rentes temperatures 1\ 
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La Fig. 4 repr^sente les r6sultats de telles experiences faites avec du glucose, 
apr^s r6cliauffement k differentes temperatures T (indiqu6es), k partir de 
ro = 25°C. Pour obtenir requilibre de volume k 26 °C on a du maintenir 
recliantillon k cette temperature pendant au moins 160 heures (Fig. 8) avant 

chaque rechauffement k T. 
La difference entre ces iso- 
thermes et celles de la Fig. 3 
est manifeste, cai* ces proces¬ 
sus sont, en general, plus 
rapides qu’une recouvrance 
exponentielle, exceptee I’iso- 
tlierme k 30 °0, qui repre¬ 
sente pratiquement une telle 
fonction (1), avec T=0.85h, 
et e<=-—1.65-10-®. Entrem- 
pant cet 6chantillon de 40 
k 30 °C, on obtient une iso- 
therme de contraction de 
mSme amplitude initiale, 
mais de signe oppose. La 
Pig. 5 repr6sente ces deux 
isothermes de recouvi’ance 
k 30 leur dissymetrie est 
frappante. La vitesse initiale de contraction est environ 6 fois plus grande 
que celle de la dilatation isotherme. De mSme I’equilibre final v(oo) est 
beaucoup plus rapidement approche par contraction, que par dilatation. 

D’aprfes la Pig. 4 on pent voir que la dissymetrie est accentuee par I’ac- 
croissement de I’amplitude 
initiale, car la dilatation iso- 
tlierme devient. de plus en 
plus autocatalytique, alors 
que la vitesse de contraction 
diminue sensiblement pro- 
portionellement avecPinver- 
se du temps quelle que soit 


Fig. 6. - Isothermes de dilata¬ 
tion de reohantiHon PVAII, k 
40 “C apres trempe de To(40°C) 
5. Ti(25 ®C), et reouit k pen¬ 
dant des temps (indiques), 
suivi de rechauffement k 40 °C. 


Fig. 6. - Isothermes de dilatation et de contraction 
du glucose k 30 apr^s rechauffement et trempe k 
parth’ des temperatures 
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I’amplitude initialo. Cette observation, d6j^ sig:nal6e par d’autres auteurs 
[3, 4, 8], constitue la caracteristique essentielle des plienoinfenes de la recou- 
vrance des ven*es. 

Le comportement autooatalytique, et son aeoentuation avec I’accroisse- 
ment de I’amplitude de la dilatation isotlierme est dairement illnstre par la 
Fig. 6. Oes experiences, faites avec nn 6chantillon de PVA II, ont etc effectu6es 
de la maniere suivante: Trempe de = & Ti=25°C, rechantillon a 

^^te niaintenu a Fi pendant uii temps ti variable (indiqu6 snr la figure), sans 
d’aillenrs atteindre I’eqnilibre de volume (Fig. 3), puis recliaufte de nouveau 
Sj 40 °C, ou I’on a obsei*v6 la dilatation isotherme resultant de ce traitement 
thermiquo (Fig. 6). Les courbes peuvent etre eonveiuiblement repr6sentees par 
une formule empirique de type: 

(2) «-'o„= (7)i-®„)exp|— 

oil I’exposant n est supcrieiir k l’unit6, et il a la valeur de n = 'd lorsque 
/i = ~ 1600 lieures. On salt qu’uno telle fonotion (2) ii’a pas de tiunsformee 
de Laplace, et ne pout done, etre interpr6t6e par aucune distribution rfielle 
des temps de retard. S’il existo aussi, comrae c’est vraiseniblable, une distri¬ 
bution des temps de retard, son offot se manifeste par un ralentissement d,u 
processus. II en resulte que I’eiTet des piwametros de sti'ucture qui coufferent 
le (iaractfcro autocatalytique an processus de dilatation Vemportent sur I’effet 
dd d la dispersion des temps de rotiurd. Cette obsei'vation impose une liierar- 
<5hie des parametres qui contrOlont les phenomehes de recouvrance. 

D’autres exeiuples do traitements thomiques ont otd dec-rits ailleurs [3, 6,9] 
que nous no pouTons pas diseuter ici. La reoouvrauee de volume, qui on rdsulte 
eonfirme les observations faites ici, tout en prdiusant la nature assoi! extra¬ 
ordinaire de CCS ])iienomenes. 


3. - Th6orIe ph6nom4nologiqu8. 

On pout eoucevoir la recouvrance dc volume eonimo un dcouleineut produit 
par une preuxion interne effective AP, cngendreo par la variation de T [8j, 
et ec.rirc: 

(3) (l/®)(d»/d«) = AP/jj,, 

od est une viseositd de volume. On doit admottre, d’autre part, que AP 
s’annule lorsque v — v„, et iioser: 


(4) 


AP = — K{v — vjfv 
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oil K est Tin module de compressibility, qui ne depend pas de « (les dyformations 
sont sufftsamment petites pour que la relation entre P et ® puisse fitre con- 
sidyr4e oomme lin4aire). 

Les formules (3) et (4) expriment la recouvrance d’un yi^ment Kelvin (res- 
sort et amortisseur en paraJiyie) soumis k ime pressione AP. On pent s’attendre 
d’aiUeurs & ce qu’elles restent valables m^me pour une pression emteme impos6e 
au syst^me [10]. 

En oombinant (3) et (4) on obtient: 

(6) dv/dt -(K/rj.)(u -vj -( 1 /T»)( 1 J-D.), 

oil = est le temps de retard associ6 au processus de recouvrance. 
Toutes les tli4ories ph6nom6nologiqUes out comme point de depart une relation 
analogue, fonnul6e d’une manifere trfes gyndrale par Kronig [11] pour toutes 
sortes de phynomfenes de relaxation. 

Les diffyrences entre ces thyories proviennent de I’yvaluation du para- 
mytre t, [8-14]. 

Si T, ytait constant, le volume devrait varier exponentiellement avec t, 
en suivant la relation (1). Or, nous avons montry qu’en gynyral t, dypend de 
I’amplitude, et que sa ddrivye par rapport au volume doit changer de signe 
avec (® —«oo)) par suite de la dissymytrie des phynomfenes de contraction et 
de dilatation. Le module K dypend probablement de la tempyrature, et aussi 
du temps, au cas oh nous avons une distribution des temps de retard. Nous 
ndgligerons cependant, en premUre approsoimation, ces variations en supposant 
que K est une constante, son inverse ytant de I’ordre de gi“andeur de la dif- 
fyrence entre la compressibility (isotherme) du liquide surfondu, et celle du 
verre [8]. La validity de ces hypothyses simpMcatrices sera discutye en com- 
parant les rysultats des calculs aux expyriences. 

D’aprys les conceptions d’ETnxNG [13] le changement de la structure liquide 
en fonction de T, et de P consiste essentiellement dans la variation du nombre 
de «trous», distribuys au hasard, ou plus gynyralement dans la variation du 
«volume libre». Ce dernier rysulte des fluetwtions de density, entretenues 
d’une part, par des oseillations anharmoniques des partieules yiymentaires autour 
de leur position d’yquilibre momentanye (comme dans le milieu cristaUin); et 
d’autre part, par des mouvements dA-translation et de rotation des unitds struc- 
turales simples, ou assocides. 

A haute tempyrature {T>T,) tous ces mouvements sont plus rapides que 
la variation de la tempyrature extyrieure. Le ryajustement du volume libre 
suit done sans retard les variations de T. Lorsque la tempyrature s’abaisse, 
et que (dP/d<) devient du rndme ordre de grandeur que la vitesse de ryarran- 
gement, la contribution de ces mouvements au rytabhssement de I’yquilibre 
(du volume libre) sera en retard sur la variation de T, et eUe se manifestera par 
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une vanation isotherme du volume (libre), et des autres parametres (enthalpie^ 
pression interne, etc.) lies it ce dernier. L’amplitude des variations isothermea 
de ces paramfetres mesure ainsi la contiibution des mouvements retardes au 
r4tablissement de I’dquilibre. 

Lorsqiie le meme corps pent etre obtenu, dans nn inSrae domaine de 
T<T„, sous foiine cristalline et viteetise (glucose, glycerol, etc.), on constate 
que le coefficient de dilatation «instantane » du verre, a„, est sensiblement 
4gal k celui du cristal. II en est de m6me de la chaleur sp6cffique, G„, et de 
la compressibilite, x L’^galitc de ces paranictres dans ces deux milieux, de 
structure esscntielleineiit diffcu’ente, doit §tre attribueo &i la similitude des 
oscillations anharinoniques qui s’y opbrent. (’oiTclativeinent, Vessels de ces 
coefficients dans le milieu liquide (surfondu): A«, AC'p et A% pent etre attri- 
bu6 ^ la contribution des mouvements de translation et de rotation carac- 
t6risant ce milieu. 

Hous avons utilise cette description phenomeuologiquc do la transition 
vitreuse pour ^valuer la variation de la viscosit6 » 7 i,, & partir d’une fonnule 
propose pai- Dootjctele [15], qui relie ce pararaetro au volume libre par la 

In (j?„/ri) = ■»o) - Blf , 

' ’ 


relation: 

( 6 ) 


oil A est une viscosite de reference et li un parainetre de I’ordre de I’uuite, 
t’o le volume «o(‘.c.upe» par des ptu'ticules (dans lequel nous incoi'porons le 
volume engendri*. jiar les oscillations anharinoniques), et f la fraction libre du 
volume. Pour un vimtc, le volume o depend genCu-alement de la temperature 
et du tonqis; nous admettrons, par contre, quo t’o n’est fonction que de la 
temperature. Des lors, la viscosite sera aussi une fonction di*! T <'t do t, et 
I’on a, cn omettant i’indice o: 


(7) 


r/„ 


77(T, t) ri(T, oo) 
n(T;oo)'r,{T„ oo) 


oo) = 


rj{T, oo) 




oil le Kecoiul meinbrc coniportc 3 facteiirs: le rtipport cIok viscoHitoH iHothernu'iK 
au temps t, et IViquilibre: a^ = ri(I)l‘r](T„), qui no depend quo de T; et 
qui est la viscosite du liquide surt’ondu it une temperature de reference I'j, 
sans specification auenne. 

Explicitons ces factcurs I’aidc des relations (0), on pr6(dsant: 


(8) 


/ = 


V — Vq 
Vto 


Va, 


+ 
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oil /j, ne d6pend que de T, on a 


(9) 


7,(T, oo) 

En posant, d’autxe part: 



Bv„(v — v^) 


( 10 ) 


U = f,+ oc,iT-T,), 
oil 

a — a, = A«, 


on obtient pour Hj, I’eipression WLF [16], qui s’6crit: 


( 11 ) 


In «,= ■ 


{BIU)(T-T,) 

(UM+T-T/ 


En combinant les formules (7) et (9) avec (5), et en r6arrangeant, on obtient 
l’4quation diff&rentielle de.la recouTOance: 


/i2^ 1^- ^ _ JL 

1 — (/j./F)8 s a, t, ’ 

oil T, = )j»/JBr, est le temps de retard caract4ristique du processus 4. T^. 

L’int4grale de cette Equation depend du signe de s, done du signe de 
(®—®„), car f est toujours positif, et Ton obtient deux expressions dift^rentes. 
INous ne les reproduirons ici que sous des formes simpM^es. L’approximation 
est bas4e sm* le fait que (/j,/J5)s est g4n4ralement petit devant l’unit4, car nous 
avons 4cart4 le cas % = v„. L’erreur ainsi introduite est en g4n6ral infMeure 
aux erreurs de mesure [9]. 

1) Si o’est-iirdire si la recouvrance precede par eowtraetion iso- 

tberme, done s>0, on a: 

(13) Ei(- «<)- Bii- s) - (/r/B)(exp [- «i] - exp [- s]) = . 

(AtjiTg 

2) Si e’est le cas de la dilatation isotherm^, on a, en posant 

8= — s>0: 

(14) - Wi(s') + UIB (exp [s'] - exp [sj]) = . 

Dans ces expressions s< et s\ correspondent an’ volume initial les fonc- 
tions et Mi.s') sent des exponentielles int4gTales tabul6es [17]. 
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4. - Gomparaison entre th^orie et 6xp6riences. 


Les deux expressions (13) et (14) contiennent implicitemeiit la variable 
exp6inmentale: {r — que I’on ne peut pas mettre sous forme explicite, 

sauf si 8 tend vers z6ro on vers I’inftiii. Nous ne pouvons pas insister ici sur 
I’emploi des fonctioiis (13) et (14) qui a cte discute ailleurs [9], et sur lequel 
nous reviendrons [18]. Notons seulement que la forme de chaque isotherme 
est definie par I’unique parametre f^, que I’oii peut dfiterminer a partir de 
I’amplitude initiale et de la tan^ente d’inflexioii ^ des isothermes [18]. 
C’est ainsi qu’une des eourbes (r=27.5‘'C) de la Fig. 3 a ete calculee & pai’tir 
de Ja formule (13), avec une valeur de /,, = 0.0165. On voit que Taccord est 
tout a fait satisfaisant. La supei‘position de eette courbe et de Pisothorme 
expeiimentale d6termin‘ent, d’autre part, la valeur de Le facteur de trans¬ 

lation, a^., depend non seulement de mais aussi de c’est-&.-dii*e de a, 
(eq. (10)). Les isothermes de reeouvranee depenclent done (en admottant jB=l) 
de trois param^tres independaiits: oc^ et r„. Toutefois, on ne doit pas con- 

siderer cos parainetres conime ajustables Jb volonte, car leur valeur est lice 
aux parainetres experinientaux qui caracterisent le systeme vitreux, En ellet, 
d’apres ce que nous avons dit, f„ doit etre de Pordre de Vexoh de volume du 
verre, par rapport an cristal; a/ est egal a Aa; et t„, de Pordre dii temps it, 
qui caracterisc Peehelle experimeiitalo des temps qui, elle, d6finit la tempe¬ 
rature do transition 1\ (r^,). 

La Fig. 7 montre pour Pec'lian- 
tillon PVA IT les isothermes de 
contraction calculees t\ partir de 
la valeur fj,, indiqueo plus haut 
pour T=27.5°(’, et a/=4.2-10“V"^', 



en laissant la valeur de iude- 
terminee. .Uapp(?.lons quo pour cet 
echantillon Aa == 4.4 • 1(H? 
reseaii de (‘ourbes'devrait pouvoir 
se superposer, en bloc, anx isother¬ 
mes de la Fig. 3. Cette siipeiqx)- 
sition est tout-a-fait satisfaisante, 
et la valeur de t„ ((*.’est-a-dire 
dans (*.e cas pre(*is) qui eii resulte 
est egale a (0.015 ± 0.005) h, qui 

est bien du mtoie ordre de gi*andeur que le temps <,- = 0.()lh. II semble, 
eependant, que Paccroissement systematique de Xy (de 0.01 ^ 0.02 h), lorsque 
• Pon superpose les isothermes correspoiidant ib des temperatures de(*.roissantes, 
soit superiour aux erreurs de mesure. Nous reviendrons sur ee point plus loin. 


Fig. 7. ~ Isotiiormes do contraction du PVA II, 
cal(5ulees <Pal>^^^s la foniiule (IH) avec / 27 . 6 = 
=-0.0105, et a,“4.2*10-Y'C» 

(voir Fig. 3). 
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Les isothermes de contraction dn glucose ont 6te calcul6es de la meme 
manifere k partir des param^tres suivants /ff = 0.0262, a/= 3.6-10“^/®C et 
Ti; = (0.016 i 0.05) h; Tg(rtf) 6tant 6gal k 36.6 °C. La Pig. 8 montre I’excellent 



0.001 0.01 0.1 1 , 10 100 


/-A; Chi 

Fig. 8..- Isotliermes de contraction calcnldes du glucose compar^es anx rdsultats 
experimentaux. ParamMres: f^^^^O.0252; ay=:3.6- 0.01 < To < 0.02 li. 


accord entre ces isotliermes et les points exp6rimentaux. On doit noter, ce- 
pendant, qne cet accord a 6t6 obtemi en admettant ponr a/ nne yalenr net- 
tement sup6rienre k Aa #5«2.8*10'”V°O. Un examen critique des resultats 
monti’e [18] qu’il conyient mienx d’adopter: a/= 3.0*10“*/®C, et d’admettre 
qiie Tg yarie ayec T, en associant k cette yariation une 6nergie d’actiyation de 
I’ordre de 30 kcal/mole. Ce qui constitue Pintroduction d’un param6tre sup- 
pl6mentaire. Nous ayons suppose, en eflet, ayec Doolittle, que la yiscositc 
ne depend que du yolume. Or, dans les calculs de la recouyrance la yariation 
de yiscosit6 interyient par deux facteurs (formule (7)): —5, et le pre¬ 
mier mesurant la yariation isotherme de rj^, le second sa yariation k dift'e- 
rentes temp6ratures, et k I’dquilibre de yolume. La yariation importante de Xg, 
dans le cas du glucose, montre qu’il existe une contribution propre de la 
temperature qui, tout en restant relatiyement petite (enyiron ^ de 1’efi‘et total), 
ne peut 6tre n6glig6e. En r6examinant sous cet angle les resultats obtenus 
ayec le PVA II, on trouye que la contribution propre de la temp6rature est 
de I’ordre de 8 kcal/mole seulement, ce qui correspond k la petite yariation 
de Tg signal6e pr6c6demment. 

On doit noter aussi, qu’en appliquant la relation de WLE (11) aux r6sultats 
obtenus par Parks [19] sur la variation de la viscosity de cisaillement du glu¬ 
cose, en fonction de jT, on obtient pour 0.0236 et 3.2-10“V°C, en 
ayant d6duit la contribution propre de la temperature. L’accord entre ces 
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mesures et les n6tres est done tout k fait satisfaisant. Bnfln, I’excfes de volume 
du glucose vitreux par rapport k sa forme cristalline est de I’ordre de 0.02 ±0.003 
(selon diffdrentes estimations). Cette valeur est comparable k celles de fg, 
4valu6es plus haut k partir de deux s6ries de mesures. 

L’accord entre tli6orie et exp6riences est loin d’toe aussi satisfaisant pour 
les isothermes de dilatation. Eii eftet, celles ci sont nettement moins a'utocata- 
lytiq^ies quo les isotbermes calculees avec les valours de f^, obtenuos pr6c6- 
demment. En ajustant le parametre fg on pent, certes, amdliorer cet accord, 
mais pom* ce faire on doit introduire des valeurs de Podi*e de 0.04 qui sont 
beaucoup trop gi*andes, et incompatibles avec les isothermes de contraction. 
Nous avons interprdte ce desaccord par une distribution des temps de retard, 
negligee dans ces calculs, dont Peffet est de mlentir le phenomone de recouvrance 
quel que soit le signe de —L’existence d’une telle distribution se ma- 
nifeste aussi lors des experiences de recouvrance aprfes des traitements tlier- 
miques plus complexes [3, 6, 9], que ceux rapportc^s ici. L’introduction d’une 
telle distribution dans les calculs n6cessite la sp6eiflcation des mouvements 
cooperatifs des unites structurales du liquide, et leur contribution k la com- 
pressibilite, pen connus a Pheure actuelle. On pent seulement afflnmer que 
Peft'et d’une distribution des temps de retard est, comparativement, plus im¬ 
portant pour la dilatation isotherme que pour la contraction. Do mfime, on 
pent conclure, que le fait dominant, dans les experiences de recouvrance des 
ven*es, est la vaxiation de la viscosity avec le volume, variation dont Pellet 
exc6de aussi bien Petlet de la tempdrature, quo celui qui rdsulte d’une distri¬ 
bution des temps de retard des mouvements moleculaires. 
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Variations des param^tres visco61astiques du polyacState de vinyle 
dans le domaine de sa transition vitreuse. 

A. J. KOVACS 

O&nire de lieeherelm ««r lea Maeromoleeulee - (^Irashourg 
J. D. Fekry 

Department of Oli&mM'ry, TJnitiersify of Wiseonsi/n - Madieon, Wis. 


1. - latroduetion. 

L’6tude expcrhnentiile «t plu^nom^nologiquo <le la reooxivrance des verres 
nous a montr6 qxxe lexiv viscosity do volume, et les temps do retard dos mouve- 
ments moldculaires qui y coiitribuent, dependent essontiollemeiit du volume 
libre [1]. II 6tait tentant do v^rifter cotte proposition en etudiant les varia¬ 
tions des partimt'tres viscoelastiques de cisaillenient dans le domaine de la 
transition vitreuse. On pouvait prevoir, en eli'et, qxie cos parametros depen¬ 
dent, comme le volume, de I’liistoix’e thermique de I’echautillon. Plusieurs 
auteurs [2-4] ont d<ljja siguale de tels plienoniones, inais auc.une 6tude Hyst6- 
matique n’a 6t6 ontreprise, notro connaissance, afln do roller les variations 
des parjimetres rh^ologiqxies des verres It colies de k^ur volume. 

Nous rapporterons ici les premieres conclusions d’xxne telle dtudo faite avec 
un 6chantillon de polyaccitate de vinyle (PVA11), do masse moleculah’e (mo- 
yenne en poids), Jlf„ = 2.0'10“. Elio coneornola mesure dynamique dela partie 
r4elle ((?') et imaginfure (0") du module do cisaillemont au cours do I’dvolution 
spontan6e des veraes, et it I’dquilibre de volume, loi’squo ce denxier pouvait 
dtre obtenu dans un temps raisonnablo. 

Ces mesures ont 6t6 effectueos it I’aide d’xxn pondule de torsion it oscillations 
libres, r6alis6 psvr Plazbk et ses collaboi'ateurs [5] quo nous avons adaptd it 
nos buts [6]. L’intervalle des fi’6qxxences cireulaires (ce) convert s’6tend de 0.7 
it 40 rad/s. Le module d’elasticite (O'), et la tangente do I’angle de perte 
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{tg 3 = G"IG'), out 6t6 d6termin6s selon le proc4d6 classique [7] partir de la 
mesure de la frequence, et du d4cr6ment logarithmique des oscillations, en 
tenant compte de diverses corrections [6]. 


2. - R6sultats exp^rimentaiuc. 


2'1. Mesures A VSquilibre de 
libre de volnme d. 30 °C an bout 
de 39 “0 la technique de mesure 



Pig. 1. - Log a, en tonotion de T, 
obtenu & partir de la superposition 
des isothermes de O' (oeroles noirs), 
et de tgd (oeroles blancs). Courbe 
ealcnl4e h partir de la formule de 
WLP, aveo fat = 0,022 6, et a = 
=6.3-10-*/°C. Temperature de r6- 
f4renoe 35 °C. 


. - L’6chantillon utilisd atteint son equi- 
d’un mois seulement. Par centre, au dessus 
devient inutilisable par suite de I’accroisse- 
ment de tgd, qui d4passe 0.4. 

En portant O' et tg S en fonction de log to 
nous arons obtenu 9 courbes isothermes 
pour ces deux paramfetres' entre 30 et 39 °C, 
dont certaines sent reproduites sur les (Pig. 6 
et 7. Ces isothermes d’dquilibre peuvent dtre 
superpos4es par translation le long de I’axe 
de log CO, aux erreurs pr6s; on obtient ainsi 
une courbe composite. 

La translation mesure le rapport de I’dchel- 
le des jEr6quences en fonction de la tempera¬ 
ture T. Sur la Pig. 1 nous avons port4 ces 
rapports, a,, en adoptant comme i*6f4rence 
I’isotherme obtenue 36.0 ®C. 

Cette figure montre qu’au dessus de 33 °C, 
environ, les valeurs de log aj, ddduites de la 
translation des isothermes de O', et de tg S 
coincident, aux erreurs pr6s, mais elles diver¬ 
gent sensiblement au dessous de cette tempe¬ 
rature, de sorte que la m6thode de rMuction 
des fr6quences n’est plus applicable dans 
cette region de T. 

Au dessus de 33 °C, la formule WLP [8]: 


( 1 ) 


log Uj, = — 


(ll2.B03fat)(T - 308,2) 
(/,;/«;)+2’-368.T' 


oh est la fraction libre du volume i 36 °C (308.2 “K), et a, son coefficient 
de dilatation, reprdsente bien la variation de log«j,. Toutefois, il est impos¬ 
sible de pr4ciser la valeur de ces deux paramfetres simultan6ment, car I’intervalle 
de temperature est tr4s petit; seulement le rapport flJxf pent fitre connu, h 
partir de la tangente dloga^/dr, ^ 36 °C, avec une precision suffisante. Nous 
avons trouv§ pour ce dernier; ^,/a/=(0.96 -i:0.04)°C. 



VAKTATIONft T>MS PATlAMKTimS VISnOKLASTIQUTCS ETC. 


417 


Lors do I’otiido dos isotliormos do oontniction do volume nous avoiiK trouvo [1] 
pour los doux paramotros do la relation WLF: /y 5 = 0.019 6, et a/ = 4.2-10“‘7°C, 
pour le memo oohantillon, do Hoito quo lo rapport /y^/a/~ 0.92 °C, valour sen- 
fiiblomeiit ogalo il (*olle doduito do (V ot t^-<5 (Pi^^ 1). Oo roKultat montre quo 
loH variations thormiqiies do la visoosito do voliiino, ot (*.ollo do cifiaillonieut 
Roiit sensiblemont oxides dans la yiono do transition vitreuse, et quo cos doux 
coefficients de vis<*()sito oboissent a la foriniilo (1), dorivoo do la relation de 
Doolittle [9]. 

L’otude do la variation do (V ot do tgd an (*()urs do la o()ntra(*.tion iso- 
tliornio de I’ocliantillon trompo pormot, copondant, (*.oiinno nous le inontro- 
rons plus loin, de procisor le soul pararnotro a/, et nous avons trouv6 ainsi: 
a/= (5.3 ih0.2)-10-‘7°0, d’ou il rosulto: = 0.022 5. Co couple de valours ost 
sensiblemont suporieur a <*olui obtenu procedeminont ii partir dos courbos do 
reoouvraiico de volume [1], ot nous reviondrons sur les (*aus('.s possibles do ce 
dcsaccord. Notons pourtant quo la (‘oiirbo de lai Fig. 1, tra(*-eo ii ptirtir de la 
forniulo (1), ot des derniores valours de ot a/, no dilToro quo d’une manlore 
imporooptiblo de cello qu’on obtient avoc. /g^ = 0.019 6, ot a/ = 4.2-1 
Ell fait, (‘otto oourbe cakniloo 
satisfait toutes les valours do 
loga^j, doduites de G' et dos iso- 
tliormos do contraction (*). 

En portaut los valours do G' 
ot 0” on fon(*tion de la froqueiico 
roduito a 3r)°(7 solon los valours 
do cakuiloos i\ partir do la for- 
mule (1), on obtiout une (tourbe 
coiuposito unique pour G' (Fig. 2). 

(■oxiondant, pour G" los branches 
do (‘.ourbos corrospondant a d<^s 
tomporaturos inforiours a 33 
so ])la(*.ont parallHcmmit, mau au 
<lem>m do la (*ourbc (‘.oinposito. 

Notons quo los valours absoluos 
de O' ot G" correspondent bion 
aux mesuros antorumros do Wil¬ 
liams ot Ferry [10], elTectucos 
entire 45 ot 90 ^’C a I’aido d’uno 
technique difforente, ot sur un autre ochaiitillon de PVA, 

On pout (*alc.ul(u' a partir des courbos do la Fig. 2 la jiortion du spec-tre dos 
temps de relaxation II [6], qui prolongo (*.olui obtenu proccdomnicnt [10] do 

C) Eof. [IJ, Fig. 3 et 7. 

27 - RetidiconH SJ.F. ■ XXVFI. 



’ -2 -1 0 1 2 3 ■ 4 


log 

Fig. 2. - (lourboK ccniposites de et (}'\ rc- 
duitoB h 35 ”C. Ij’oruMitation du rayon des 
cercloB blan(*.H indicpie la temperature; rayon 
vers lo haut: 31.25", ot respeotivement par 
rotation de 45° dans lo sens des aiguilles dhuie 
montro: .32.45”, 32.0, 33.8, 35.0, 35.05, 36.35, 
37.6 ot 39.2 °(h 
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quatre decades, vers les temps courts. Dans cette region le spectre atteint un 
plateau dont la hauteur s’ahaisse par suite du d6doublement des courbes de 0” 
(Fig. 2) au dessous de 33 °C. Cette anomalie, nous le ven'ons, peut Stre asso- 
ci6e aussi k un effet de la diminution du volume libre. 

2*2. Mesures pendant Vivolution isotherme du 'oolume, - La Fig. 3 montre 
la variation isotherme de tg^ en fonction du temps pour un 6cliantillon 
tremp6 k partir de 46 “0 (en 6quilibre), difl6rentes temperatures T, indiquees. 

La technique de la trempe est 
sensiblement diff6rente dans ces 
experiences de celle utilisee en 
dilatometrie [1], car Pechantillon 
n’atteint son equilibre thermique 
dans I’appareil de torsion qu’au 
bout de 30 minutes environ. 
Aussi a-t-on proc6d6 en deux 
etapes: trempe rapide de 46 °0 
k la temperature du laboratoire 
(r^ 27 °0), puis installation de 
pechantillon dans le pendule de 
torsion, prechauff6 k T. Ces deux 
operations durent environ 10 mi¬ 
nutes ; cependant, Pequilibre ther¬ 
mique n’est atteint que 30 minu¬ 
tes aprfes Pinstallation. 

Ces courbes partent toutes des environs d’une mfime valeur de tg <3, mon- 
trant la reproductibilite du traitement, puis tendent vers leurs isothermos res- 
pectives au fur et k mesure que la temperature de P6ohantillon s’approche 
de r. Des traitements similaires faits avec un dilatometre montrent que des 
effets secondaires dhs au retard de P6tablLssement de Pequilibre thermique 
disparaissent au bout de 1 2 heures, et la contraction isotherme coincide 

pratiquement avec celle observ6e aprfes trempe brusque. 

Dans ces regions de temps, les courbes deviennent sensiblement lineaires, 
et leur pente (01ogtgd/01og<)^, peut etre compar6e aux pentes des tangeiites 
d’inflexion = —(0-u/0*-» logO^ des isothermes de contraction (*). 

La frequence des oscillations pendant ces mesures n’etant pas rigoureu- 
sement constante (1.38<o)< 1.5), la Fig. 3 indique quelques valeurs indivi- 
duelles. Ces variations de- co n’ont qu’une influence n6gligeable sur les valeurs 
de tgd; elles correspondent k la variation de O' avec le temps, represent6e 
sur la Fig. 4. 



log t en minuses 


Fig. 3. - Variation de tgd lb differentes tem¬ 
peratures 37, en fonction du temps, apr6s la 
trempe de Pechantillon. Les ohifEres de petite 
taille indiquent quelques valeurs de o). 


(•) Eef.[l], Pig. 3. 
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1.0 I_ I -1-1-1 

12 3 4 

log / en minu^es 

Fig. 4. - Variation wotherme de (}' eii fonotion du temps (voir Fig. 3). 

Les Fig. 3 ot 4 montront clairement quo I’offot d’uno. prolongation dn temps 
de sejom* siu* la variation isothermo do (V ot tg 5, ont (‘.quivalont colui d’uno 
diminution do la temporaturo, dans des conditions d’6quilibro. Notons aussi 
quo cos deux paraniotres atteignent lours valours limitos, (T'>32.5), sonsible- 
ment en mfime temps quo le volume attoint son equilibre (*). 



log t en minul’es 

Fig. 5. - Variation do O', ct do tg pendant la dilatation isothcrmc iV 39 ”0, on 
fonction do logi. Ku poiutill^H; dilatation isotherme h 40 "(1. 

La Fig. 5 represente les variations de (?', et tgS, en I'onc-tion do log/., 
pour un eehantillon qui a etc inaintenu t\ la tenqxu'ature du laboratoire 
(27 ib 2 "‘0) pendant environ deux mois, et recliauiTe apres, 30 °0, dans le 
pendule de torsion. Ici eiujore, I’equilibre thermique n’(%st atteint qu’au bout 
d’environ 40 minutes, inais Ton constate que les variations de 0' et tg <5 s’ae- 
c616rent et devionnent auto(‘.atalytiques apriat ce tcmips. La eourbe en pointille 
represento la dilatation isotherme du volume dhiii eehantillon similairement 
conditioiine, ot rapideinont reeJiaulK h 40 "C' {**). 

(•) Ref. [1], Fig. 3. 

('•) Cette oourbe ost eomparable h oolle do la Fig. (J delaref. f IJ pour 1 500li. 
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Ces r^snltats montrent non seulement que les paramfetres de cisaillement 
snivent tino Evolution parall^le an volume, niais aussi que c’est le volume litre 
qui contr61e essentiellement ces 4volutions [1]. 


8. - Discussion des rdsultats. 

Si I’on admet que les param4tres viseodlastiques dependent des trois va¬ 
riables, T, a) et t, on a par exemple pour 

(2) d^?' = {dG'ld log d log fo + {afl‘732’)<..* dr + (8079 log d log t . 

On peut ddfinir, k co constant (ee qui correspond essentiellement aux condi¬ 
tions expdrimentales des Fig. 3 et 4), une iSrivie de corrSlaUm: [Blogt/QT)„t_„, 
qui compare les effets du temps 4 ceux de la tempdrature par: 

(3) 0 log */8r)„,,„ = - (0078r),.„/(9ff70 log t), 

od les ddrivdes partielles du 2eme membre peuvent 4tre evaludes ^ pailiir des 
experiences 4. I’dquilibre: {BG'IST)^„, et celles repr6sent4es par la Fig. 4 On 
obtient aussi d’une manifere analogue: (8 log</9r)t,a,„. 

Si G', et tgd ne dependent que du volume litre, on devrait avoir: 

(4) (0 log </0r),,.„ == (0 log tidT)^ a. „ = (0 log </ar),,„ 
od 

(6) (3 log — (a//0r),.„/(3//0 log <), = <xS - 

En comparant ces diverses valeurs d4duites des experiences, et en consi- 
ddrant acf comme inconnu, on obtient [6] pour ce dernier: 5.3• 3O-*/"!'- <ietto 
vaJeur ddpasse de 9'10-®/°0 Veaohs du coefficient de dilatation, Aa=4.4-l()-‘‘/°(7 
du liquide surfondu par rapport k celui du verre, a,, exces qui correspond 
pb6nom6nologiquement au coefficient de dilatation du volume libre [1]. 

Parmi les diverses interpretations possibles de ee d6saccord, nous no men- 
tionnerons ici que celle qui nous semble la plus plausible; elle revient ad- 
meitre que dans Veffet total de la temp6rature, seulement une partie est drio 
k la variation du volume libre, la fraction rdsidueUe (environ 20%) devant 
Stre attribu4e un effet pur de T, opdrant ft volume libre constant. On a ainsi 
pour (?', par exemple, 



(6) 
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ou evidemment co est coiintant, ot oo (equilibrc). On pent ccrire uue ex¬ 
pression similaire k (6) aussi ponr tg5 (ou &”), dans laquelle la contribution 
pure de la temperature n’a pas necessairement la m6me importance que pour 0\ 
II est pen probable que cetto contribution r6sultc d’lin proc*.essus active, 
car I’energie d’activation con’espondante (^40 kcal/mole) serait nottement sii- 
p6rieure celle trouvee preccdemnient [1]. Par contre, nne variation de G', 
et de tg d, pent rcsulter des niodiflcatioiis, provoquees par une vaiiation de T, 
des mouvemeuts vibratoires anharmoniques des particules elementaires du 
verre, comme cela se produit aussi dans les milieux cristallins; la contribution 
de ces oscillations an coefficient de dilatation est mesurde par a„,at. [J]. 

L’existencc d’uiie telle contribution a etc d’aillcurs mise on evidence par 
Litovitz et ses colla.borateurs [11] pour les liquides organiques excites par des 
ultrasons. Ces auteurs out montre, en eitet, que relasticit6 dans le domaine 
vitreux est d’origino « energctiquo », et non pas «entropique», (comme c’est 
le cas des caoutclioucs), et d’autro part, quMl convient d’admettre un coefficient 
de temperature negatif de Pordre de 10® dyne/cm®-“O pour le module vitreux 
Gfo , mesure aux tres liautes freciuencos. 

II semble qu’un tel coeffi(dent serait susceptible d(i reduire la majeure partie 
du desac.cord signale k propos de a, et Aa, mais cette interpretation dovrait 
6tre confirmee par de nouvelles mesures, 

Quoi qu’il en soit, le couple de valours des paramctres = 0.022 T) et 
a/= <1^ rendre comptc de tons nos r6snltats, aux crroiirs 

pres, eu attribuant une tracdlon de ce dernier paramcHre k une con¬ 

tribution pure de la temperature. 


4. - Superposition des isothermes de non-6quUibre. 

En mosurant G' et tg d pour diffcrentes frcquen<*eH o), an (*.ours de la con¬ 
traction isotherme a 20, 25 (d. 30 ®0, on pent porter les valours de ces para- 
metres, (‘.orrespondant a un meme impa aprcs la trempe, en fonction do 
logo. Los Eig. 0 et 7 repr6sentent ces (‘.ourbes a 20 et a 30 °C, pour des temps 
i = 50, 100, 200, 400 et 1360-r1380 minutes, (k^s isotlienncs de non-6quilibre, 
nulls eoiT(‘.sp()ndant au «meme 8»ge» de Pdcliantillon, fonnent une famille de 
courbes coherentes, ot sensiblement paralleles aux isothermes «d’cquilibre» 
(en traits pleins) obteiiues anx difftoeiitos temperatures indiqudes. 

Ce parallelisme suggere I’emploi de la «tonipei*aturc ftetivo i>, propos6e par 
Tool [12], comme variable de rdduction. Par oxemple, I’isothenne i 20®(7 
pour t = 200 min, do la Fig. 6y a pour temperature ftcitive 30 °0. Phenom6iio- 
logiquement cette variable de reduction est dquivalente au volume libre, et 
conduit k des conclusions simihiires. Nous pr6ferons utiliscr, cependant, ce 
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derniei* concept, de signification physique pins directe, et d’un einploi pins 
commode. 

On pent d6finir, en effect nn facteur de r^dnction comme mesnrant 
le rapport d’nn temps de relaxation qnelconqne, (S; une temperature T, et 




Fig. 6. - Variation de (}‘ en fonction do 
log CO, k 20 et 30 °C, au cours de la oontrao< 
tion isothenne, anx temps indiqu4s apres 
la trempe. Les traits pleins ooiTespondent 
aux conditions d’4quilibre de volume, k 
diff4rentes temperatures indiqu6es. 


Fig. 7. - Variation de log Ig 3 en 
fonotion de log a> au cours de la 
contraction isotlierme, comme sur 
la Fig. 6. 


an temps i), k la valeur qn’il a dans nn 6tat de r4f6rence. Pom* ce dernier nous 
prendrons encore l’6tat d’dquilibre k 35.0 °0. On pent 6crire ainsi k partir de 
la relation de Doolittle [1, 9)]: 

(7) log a,.. = (1/2.303)(1//,,. - !//„.«) 

et 

(«) Lt = + x,{T —308.2) + [(», — 

oil le dernier tei’me du second membre est Veseces (relatif) du volume du verro 
(4 T, et au temps t) par rapport ib sa valeur d’6quilibre, que nous avpns mesurd 
pai* dilatom6trie [1]. 

La Fig. 8 montre les r6sultats de cette r6duction pom’ G', il partii- dos 
valours de la Fig. 6, induant aussi les mesures fadtes k 26 °G. Le facteur de 
reduction des frequences a ete calcul6 k partir des expressions (7) et (8) 
(en prenant /,g_j =0.0225, et «/ = 6.3-10~V°O), et les r6sultats des exp6rieii- 
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Fig. 8. - Valeurs de G' en fonctiiou de la frequence r6dmte oalonl6e, pour dea expd- 
riencea de non-dquilibre de la Fig. 6, Lo trait plein roprdsente la oourbe oompoaite de 

la Fig. 2. 


ces dilatometriques (*). La courbe eu trait plein reproduit cdiaqiie foia cello de 
la Fig. 2, obtenuo dana dea conditions d’6quilibre do volume. On remarquera 
quo les valeurs de O' coincident, aux errem*s pres, avec la courbe d’dquilibre, 



quels que soiont T ot cequi confirme 
la coherence de la m6thode de reduc¬ 
tion, et les valeurs des paramfetres 
utilises. 

En ce qui coiKjorne 0" (Fig. 9) les 
divergoiK'-es sont analogues k (ielles si- 
gnaleos procedemment pour des cour- 
bes d’e<iuilibro aux temp6ratm*es inf6- 

Fig. 9. - Valeurs de (f en fonotion de 
la frequence r^duite oaloulde pendant la 
contraction isotherme. Les oourbes en 
gros traits correspondent aux conditions 
d’dquilibre (Fig. 2). 


n R4f. [1], Fig. 3. 
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lieurs k 33“0 (Fig. 2). Le dMoublement de ces combes reflete la dopression pro- 
gi’essive du plateau da spectre H pom’ des temps de relaxation courts [6]. La 
similarity de crtte depression dans les experiences d’equilibre, et de non-equilibre, 
sugg^re que cette anomalie est associ6e aussi 4 la yariation du volume libre. Bn 
mesurant. la separation vertieale, A log G", par rapport k la courbe d’equilibre 
composite, obtenue au dessus de 33 (Fig. 2), on constate, en effet, quo 
les valours de A log G" se placent toutes sur une meme com’be si on les porte 
en fonction de (eq. (8)), quels que soient T et t. Oependant, k I’heuro ae- 
tuelle, nous ne pouvons donner aucune interpretation k ce phenomene. 
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Relaxation of Lattice Imperfections in Solids. 

P. Q. PORDONI 

FacoU<) di Ingeijneria delV UnivemiUi - Bonia 


1. - Introduction. 

The most Ktrikinj^ property of Bolkl bodies iw the regularity of their lattice 
structui'o. This regularity iK (lire(*tly related to some well-known phenomena, 
such as the fixed viilue of the melting point and the dilTraetioii of X-rays. 
When we go deeiier into solid state physics w(i see that some aspe(*.ts of the 
macroscopic behavior cannot be re<*oiiciled witli the simple picture of a perfect 
geomotriciil lattice. For instaii(*.e the shear stress required to break a crystal 
is sonu^ orders of niagiiitiule smaller than the force computed according to 
such a model. Anotlior instance is that of tlu^ (‘ile(*.ti‘i(*.al resistivity at low tem¬ 
peratures, which is very dilT<4*ent from the resistivity (*omputed for a perfect 
solid. Moreover a peilect crystal would not grow from the melt or from an 
electrolytic solution. 

To ro(*oiicile these facts with the obvious evidence of a rtjgular structure 
afforded by the X-ray ex])eriments we must assume tlu^ existences of lattic,e 
imperfections. Their number cannot be large enough to (*.4uxcel the regular 
character of the lattice, but must be suffl(*icut to exiilaiii the substantial de¬ 
viations between the obsoiwed values of some macros(*.oi.)ic proiierties and the 
values computed for an ideal crystal. 

According to Seitz’s classification the lattice imperfections whi(*h are pre¬ 
sently known belong to six fundamental classes: i) phonons, ii) electrons and 
holes, iii) oxcitons, iv) va(*.ant lattice sites and interstitial atoms, v) foreign 
atoms in either interstitial or substitutional positions, vi) dislocations. Some 
of them may eventually combine to form more (*.omplex iiux)ei'fectious such as 
for instance couples or clusters of vacancies or foreign iitoms ti'aj)p(Ml hy dis¬ 
locations. From a purely geometrictil standjicint latti(*.e irnperfeetioiis may 
also be classified as: a) point imperfections (intei^stitial, Sidiottky defect, 
Frenkel defect), 6) line defects (edge or screw dislociition), o) plane defects 
(lineage boundary, grain boundary, stacking fault). 

In ideal crystals elastic waves would propagate without energy loss. To 
say better no mechanism is presently known which could give rise to a dis- 
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sipation of elastic energy in a perfect lactice. If a vibration mode of sucb a 
lattice -were excited, tbe vibration amplitude would be constant in time, with 
no external force applied; the resonance coefficient Q would be infinitely large, 
and the corresponding logarithmic decrement d = 7fQ~^ zero. 

In real crystals with lattice imperfections (or in polycrystalline solids) the 
imperfections interact with elastic waves and subtract energy from them. This 
amounts to say that the phonons of the elastic waves collide with the imper¬ 
fections and the collisions on the average are not perfectly elastic. After more 
or less complex processes the energy subtracted is converted into heat. An 
elastic wave is then attenuated during its propagation or, if a vibration mode 
is excited, energy must be continuously supplied by an estemal vibromotive 
force to keep the vibration amplitude constant. If this is not done the vibra¬ 
tions decay exponentially. It may be convenient to remember that the loga¬ 
rithmic decrement d gives the ratio between the energy ACT dissipated in half 
a vibration period and the total vibration energy 17. 

( 1 ) d = 

The interaction between the lattice imperfections and the elastic waves, 
in addition to its own physical significance, is important because it gives us 
a very simple and efficient means to evaluate the number, the disti’ibution and 
the basic properties of lattice imperfections. Moreover it is possible to follow 
the formation of lattice imperfections as a result of permanent strain, or their 
inactivation due to thermal treatments. According to the above remarks this 
may be done in two ways: measuring the attenuation coefficient of elastic waves 
or the decrement of the vibration modes. The first way, which is so cx)nve- 
nient for liquids and gases, is less suitable for investigations in solid state, as 
in this case the optical methods can seldom be applied. The interaction be¬ 
tween the lattice imperfections and the elastic vibrations is better evaluated 
by means of resonance methods, and the actual technique makes it possible 
to measm-e the resonance coefficient Q and/or the logarithmic decrement d 
over a wide range of teuaperatures and frequencies, even when the fraction 
of the energy dissipated in half a period does not exceed 10“* of the total 
vibration energy. For this reason the inverse of the resonance coefficient 
is usually taken as a measure of energy dissipation in solids and is often called 
dissipation coefficient. For comparison it may be useful to compute the 
attenuation coefficient « which measures the decrease of vibration amplitude 
with space; this may be done by means of the well-known formula 


( 2 ) 


_d _ 7tQ~^ 

“■"1 JT ’ 


where X is the wavelength of vibrations and a is measured in Mp-cm"^. 
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In tlie following? a diffusion theory will be outlined to explain the inter¬ 
action between lattiire imperfections and the elastic waves. This theoiy may 
be directly applied to some simple types of interactions such as those due to 
interstitials and to dislocations. Moreover it may be used as a starting point 
to explain more complex interactions, like those due to conduction electrons 
in metals. Some infomiation will finally bo given concierning the best-known 
types of interaction (interstitial, electron, and dislocation), and showing how 
the distribution and behavior of these imperfections c^in be evaluated by means 
of dissipation measoi’ements. 


2. - Diffusion of lattiee imperfections. 

When no external forces are applied to a crystal (or to a polycrystalline 
body) its macroscopic natural equilibrium state con’esponds to a naMral sta¬ 
tistic eqmlibri/um of the lattice and of its imperfections. Tliis means that all 
the equally possible positions for a certain typo of imperfection are occupied 
by this imperfection for nearly tbo same time. For instance if the equally 
possible positions of an intorstitiiil impurity such as carbon are the octahedral 
positions of a bcc lattice like the iron lattice, each atom spends approxi¬ 
mately the same fraction of its time in each 
of the possible positions. Another instance is 
that of a straight dislocation line lying 
along one of the crystallogi*aphic dLrections. 

When the solid is in natural equilibrium 
the dislocation line is trapped in its position 
by two potentiiil baniers which have the 
same height for symmetiy reasons. Under 
the influence of thermal agitation a segment 
of the dislocation line may eventually jump 
into one of the nearest crystallographic di¬ 
rections (Fig. 1). The time spent by the 
dislocation on each side of its equilibrium 
position is the same, owing to the symmetry, 
and therefore the thermal motion of dislocation segments does not produce,, 
on the average, any maeroscopio strain of the crystal. 

When an external force is applied to the ciystal wo must consider two 
basically different cases. If the force and the symmetry of the crystal are 
such that the atomic lattice changes its size without deformation (pure com¬ 
pression or pmre expansion), the natural distribution of lattice imperfections, 
is BtiU in equilibrium with tlie costal, as the distribution cannot depend upon 
the absolute values of the interatomic distances in the different directions, 



Fig. 1. - Motion of a dislocatlou 
segment from its equilibrium po¬ 
sition A into the nearest crystal¬ 
lographic lines B, B'. 
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but only upon, tbeir ratios, tliat is upon the shape of the ciystal lattice 
Hence no effect due to the presence of lattice imperfections can be expected for a 
strain of this type. This result is of fundamental importance for the theory 
of the interaction between imperfections and elastic waves. 

The other case which must be coneidered is that of an external force giving 
rise to some deformation of the lattice. In this case the natm’al distoibution 
of imperfections is no longer in equilibrium with the deformed ciystal, as all 
the possible positions are no more equally possible. For instance when a bcc 
lattice is extended in one direction, some of the octahedral positions are more 
easily occupied by interstitial atoms. Hence, when the crystal is deformed, 
an interstitial impurity will spend more time in some of the octahedral posi¬ 
tions than in the others. In the same way, if the external force gives rise to 
a shear stress different from zero in the glide plain of a dislocation line, the 
potential barriers have no longer the same height on both sides, and the dis¬ 
location line will obviously spend more time on the side in which the barrier 
is lower. This means that each forced macroscopic equilibrium state of a solid 
corresponds to a forced statistical distribution of imperfections different fi’om the 
natural distribution. 

Lets now consider what happens when a finite stress is suddenly applied 
at the time t — 0 to a solid. Neglecting inertia effects (this can always bo 
done provided the sohd is small enough), the stress produces an instantaneous 
elastic strain which may be represented, like the stress, by a step function for 
the time t — 0. Owing to this strain, the natural distiibutiou of imperfections 
is no longer in equilibrium with the deformed lattice; hence this distribution 
changes until a forced statistical equilibritun is reached. In other words there 
is a diffusion of imperfections from the natural to the forced equihbrium state. 
A very significant classiftcation of these processes may be made according to 
the distance over which the diffusion takes place. A typical case is that of a 
diffusion over a macroscopic distance. A diffusion of this type takes place for 
instance when a thin rod is bent by suddenly applied forces. After the instan¬ 
taneous elastic strain, the imperfections (in tins case the thermal phonons) 
have a larger density in the compressed fibers of the rod than in the extended 
ones. A diffusion of thermal phonons (that is an exchange of heat) takes 
then place in a direction orthogonal to the rod axis, and the average diffusion 
distance is of the same order as the thickness of the rod. 

The opposite case is that of a diffusion taking .place over a microscopic 
distance. This happens for instance when the imperfections are interstitial 
atoms or dislocations. In both cases the average diffusion distance is of the 
order of the interatomic distance. A third case is also worth of notice, that 
of a semi-macroscopic diffusion. If we consider a polycrystaUine solid which 
undergoes a simple extension, the elastic strain of adjacent grains is slightly 
different, owing to their different orientation. This gives rise to slight differ- 
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encos of t.einperiil.iire, and to a. dilTusioii of thermal phonons over a distance 
which is of tlu^ order of the avcira^’e grain size. 

All the above typ(^s of dilTnsion. have tlie following common propeiiiies: 

i) they givc^ rise to a mamiHcoplc afrain; 

ii) the strain pro<hi(* (*•) (Ml is not imtantaneoufi, like the ehistie strain, but 
ivnilH aHtfmpiotlcalJjf fo ita final mlm\ 

The point i) is quite easily understood witli reference to the case of dis¬ 
locations. If all th(‘. <lislo(*atiions in a pla-ne s])eud more time on one side than 
on the othei', owing to tlie shear stress whi(*h lowers one of the barriers with 
respect l-o th(^ other, th<‘. total (^ITetdi will be a. glide motion of the half-crystal 
which is on one sub's of the ])la.iu with ros|Ki(*.t t<) t.hi^ other half. The point ii) 
is also (‘asy to nnd(u*sta,nd with ref(U‘ence to tlie same (*.ase. The displacement 
of ea<*h atom du(‘. to the <^lasth*. stniiii is a.lways very small iu comparison with 
the interatomi<* distan(*c, and vanisluis with the strain. On the opposite a 
single iin]KM*f(u*t:ion must travel over a /iniie dintmiae, which is at least of the 
Older of th<‘ iut.eratoini<* distances to reach its for(‘.ed ecpiilibrium position, 
even wlam t.he st.rain is infinifelji nmalL If we assume that imperfections travel 
with a sp(K‘d of the same ord<»r as the 
velocity of the ehistic waves (about 
UF’cm’S *) and we t-ak4‘ KM cm for 
tlie order of tlu^ int.eratoinic. distance, 
we see that the valu<'> of 10 ‘‘‘s gives 
a lower limit for the <lilTusiou tim<‘. of 
latt.ici^ impeHVetions. It is also clear 
from tli<‘g(‘ii<‘ra.I priu<‘ipl(ss iif ine<hanic.s 
tha-t, when a sysKmi tr(mds towards a.n. 

(M{uilibrimn stal<s fids static cannot be 
reacluMl in a linite tinus but is ap- 
pioaelied asymptoti(*aIly (*). Ibuice tbe^ macros(*.opic. strain due to the dilTu- 
siou of latti<*<^ imp<M*b*ctions must, also tend asymptotically to a finite valim. 
According t-o tin^ juMMqitcd j<‘rininology a stra.in of this type is ctallcMl ano 
lastic. {•*) (Kig. 2). 

(•) A go<Ml iimtaraM^ of thin is giviui by a. rigid pemlulnni whose energy is barely 
Hullieient t<» roach its unstable <>!(juilibriu!ii position, wiih tlie eenier of gravity above 
the susp(aision axis. It is a familiar rc^sult. that an intinite time is required to reach 
tills position. It. may also be sliown that this is a special ease of the general theorem 
(luoted above, 

(*•) I'ln*! <'.re<^p is not- an anelastie strain jih it. (loes not tend to a tinito value. It has 
hovv(wer becai shown tha t it. may be considered as a limiting case of an anelastie strain 
(P. <1. Houdonj ami M’. Noovo: (■tdJotfue Internatunial mrlen TJUrattons (Bruxelles, 1951), 
p. 2!14). 


.c 

?3 



Hme 

Kig. 2. Anelastie strain due to a sud¬ 
denly a])pli(Ml stress. 
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Prom what has been said it is cleai' that the melastic deformations are linear, 
and that the supcrposiMon principle is valid for them as tor the elastic, ones. 
Prom the mathematical standpoint a simple type of asymptotic motion is that 
represented by an exponential law. If this law is accepted for the diffusion 
of imperfections, then the anelastic strain is represented as a function of time 
by the fxmction 


(3) 


Son (^) — fian 


1 — exp 


t 


) 


where e„ is the limiting value of tihe anelastic. strain for t = oo, and is the 
characteristic, time associated with the strain which takes place under constant 
stress. 

The theory outlined above makes it quite easy to predict what happens 
when a ^te strain is suddenly imposed on the solid at the time t — G. The 
instantaneous stress produced must be large enough to overcome the elastic 
forces and to keep the imperfections in a distribution which is no longer an equi¬ 
librium one. The latter pai-t of the stress is gradually relaxed as time increases, 
and the lattice imperfections diffuse towards the forced equilibrium distidbution. 
The limiting value of the stress is always smaller th^ tlie initial value, and 
corresponds to the static stress considered in Hooke’s law. If we assume, as 
above, that the diffusion follows an exponential law, then the anelastic part 
of the stress produced by a sudden strain is represented by the function 

r * 

(4) O'an(t) = 0'an*exp , 

where is the initial value of the anelastic stress, and t, is the characteristic 
time associated with the stress produced by a constant strain. It is important 
to note that the characteristic times are always different, and that is larger 
than Tg. 


3. - Energy dissipation due to lattice imperfections. 

According to the above theory, the diffusion of lattice imperfections could 
eventually be detected by applying to a solid a sudden stress, and by following 
the time-dependence of the anelastic part of the strain. It would also 
be possible to apply a sudden strain, and follow the time dependent part 
of the stress. This is however impossible with the present experimental tech¬ 
nique as the ratios seldom exceed the value 10~“. A more 

sensitive way to detect the diffusion of imperfections is to apply to the solid 
a stress sinusoidally dependent upon time with angular frequency od. This 
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stress may be ideally decomposed in a snni of step functions corresponding 
to increasing valnciS of the time t. For each stop fumtion the strain produced 
is the sum of an inutaiifaM-oufi (or elastic) pait, and of retarded (aneUistic) terms. 
If we iutegi-ate. for all the step fun(*tiona, we find that the total. Htrain produced 
by a sinusoidal stress in aim a mtusmdal funeilon of ths time, which has the 
sme angular frequency to, but laga slightly with respwt to the stress (*). This 
mesxns that the vibration velocity 
has a term which is in phase with 
the applied stress. The work done 
by this force is required to sus¬ 
tain the vibrations. If the fonie 
is removed the vilirations deeply 
according to an exponeutiai law. 

Tlie same mathematical treat¬ 
ment employed for tlu*. rela.\- 
ation elTects occurring in liipiids 
and gases shows tliUit tin' dis¬ 
sipation coellicieiit if ' is a tuiu'- 
tion of tih(‘ angular frcKimmcy a!id of a relaxa.tion time which is the geome¬ 
trical average of (he (diara<‘teristic times r„ and t,., according to the equa¬ 
tion (Fig. .*1) 



Fig. 3. - Ilissipation coefficient as a function 
of the angular freiiucncy (Zener's ouive). 


(B) 


Q '{<'>) 


Mb . M„ (or 

M ’i, -l c)‘T»’ 


where M„ is l.lu* instantaneous or unrelaxed modulus; Jlf„ is the limiting value 
of (he siime modulus for f oo, and coincides with the modulus measured in 
static or i'(‘lu.x(ul (ixperinienlis; M is (die geoimitrical mean of the above values. 

A<‘(M»r<Iing l.o (he idxtve e(iuation, if ^ vaiushes when and when 

( 0 --OO. This is (pute obvious from a physical standpoint. In the first case 
(very low lrtuiu(Mici<'S) the vihnition perioii 2n/(o is large with respect to the 
relaxiitioti time t. Hence (.h<i nhardatioii of the anelasth! part of the strain 
with iT'specti (.0 (.he s(.n(ss is har<lly felt, and its contribution to the energy 
dissipation is negligible. In (.he second csise (very high frequency) the vibra- 
taon period is sma.il in comparison wi(h t. The anelastic part of the strain has 
no time to build uj», and i(.s contribution to the. dissipation is also negligible. 

According (.o (.he above eipiation the energy dissipation is maxiimun when 
c)T --1. If the angular fre(|uency of maximum dissipation is found by exper¬ 
iment we may compuis^ a. fundamental panutudier of the interaction between 


(•) The saiiK' rcsuK; may b(( ohtaineil by means of operational calculus. The mathe¬ 
matics inv()lv(‘.(l is simpler bui. the treatment is not so evident from the physical stand¬ 
point (F*. (,i. BoitnoNi; tiuj>pl. iVioH’o Uitnmlo, 7, 144 (19i>0)). 
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imperfections and elastic waves, that is the .relaxation time t. The same ex¬ 
periment gives another significant parameter of the same interaction, the re¬ 
laxation strength (M^— M^)IM which equals twice the maximum dissipation 
coeflacient. However in solids it is generally impossible to measme the dissi¬ 
pation coefficient as a function of frequency, as it is commonly done in liquids 
and gases. This is because with resonance methods, which are the most con¬ 
venient ones for solids, to change the vibration frequency over a wide range 
we must either have a collection of specimens of the same material, having 
the same shape but different sizes, or we must use a single specimen, exciting 
its different vibration modes (for instance flexural vibrations for the lower 
fi*equencies and longitudinal vibrations for the higher frequencies). In both 
cases the experimental results are not self-consistent. If we use different spe¬ 
cimens, it is impossible to obtain that all of them have the same density of 
lattice imperfections, and in any case this density cannot be easily con¬ 
trolled (•). On the other hand, if we excite the different vibration modes of 
a single specimen, the experimental values of cannot be compared between 
them, as they depend upon the type of vibration as well as on frequency, as 
it has been shown in the previous section, and ai‘e larger for the vibrations 
which involve a larger deformation of the lattice, and smaller for the vibra¬ 
tions wich ^e nearer to pure dilatation. 

This dififlculty may be overcome in almost all the cases of physical interest, 
by observing that the diffusion of imperfections from the naturid to the forced 
equilibrium state is controlled by the external forces applied to the solid, but 
is essentially due to the thermal agitation. As it has been pointed out, even in 
the natural equilibrium state, the imperfections move with respect to the lat¬ 
tice, and it is only their statistical or average distribution which is constant. 
The number of jumps made by a single imperfection in a given time is obviously 
larger when the thermal agitation is larger, that is at high temperatures. Hence, 
it may be expected that the characteristic time associated with the diffusion 
of imperfections decreases with increasing temperature. It may be proved by 
means of statistical mechanics that for several imperfections (for instance inter¬ 
stitials and dislocations) the relaxation time introduced above depends upon 
the absolute temperature T according to an Arrhenius equation 


( 6 ) 


T = To exp 


hT 


(*) An important exception is that of the diffusion of thermal phonons between 
adjacent grains in a polyorystalline solid. In this case the physically significant para¬ 
meter (the average grain size) is semi-macrosoopio, and can be controlled optically. It 
has been therefore possible to C. Zener to study this type of relaxations on several 
specimens of the same metal, having different and known grain sizes. 
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where To is the limLtin^j: value of the relaxation time for very high temperatures; 
W is tlie activation energy of the process, and ft is the Boltzmann constant. 

If the above value of t is inserted in the equation which gives this 
parameter is obtiulnod as a function of temx)eratiire, and is given by (Fig. 4) 

(7) a-M2’) = ^ J<r^ - T-^)] . 


willin' 7’m is the ti'inponituns iit 
wliii'h foT —1. ^ 

The iihovo (iinnitiim is ot fun- 2 
diunoutiiil iiiiportaucc.for tho study 
of tilui intonwtiioii botwooii Isittico 
imporfcotioiis and olastic waviis. 

Tlio fuuntiou Q-'iT) ni])r«s(mts a 
hiill-shapcid i-urvii, whioli has a temperature 

maxiiunui for T-—2',,, (Ifif?. '1)> Jj’ig. 4. - Dissipation coolKclont for a ther- 
and till' valuo of this tnaximtim nially activated effect as a function of the 
gives one half ot the relaxation absolute temperature (hyperbolic secant), 
stnuigth. Whim tho relaxation 

of the iinpei'feittioiis is th<Tmally artdvated, Wiali is when the time is given by 
an Arrhenius eipialJon, it is ]K)Ssiblo to measuro tlie dissipation coeffloiont on 
a ninylr Kprrimen nwl for i* xingUi mode- of mbraiion by changing the tempera- 
lure of the rxperimmL A small diflleulty arises from the fact that to com¬ 
pute T, two parameters are needed 
for thormaJly activated elfeots: 
the activation energy W, and 
the limiting value t,, of the re¬ 
laxation time. They are however 
easily obtained measuring the 
dissipation (*.oolfleient as a func¬ 
tion of teraperatuTO for two dAf- 
ferent vibration freqnondoH (Pig. 6). 
The experimental omwes obtained 
in this way have their peats at 
different values of the tempera- 
temperature (»K) say and (according to 




Fig. 5. - Itciliixation peak due to the disloca¬ 
tions in silver, (hirvo B) froiiuoncy SO 
curve l>) rroqueucy 820 MUsi~h As the effect 
is i.lierinaily aetivateil, the peak displaocs to¬ 
ward the higher (.einperiitures when the vi¬ 
bration freijueiiey inorousos. 


the equation which gives 
the higher temperature corre¬ 
sponds to the higher vibration 
frequency). The experimental re¬ 
sults may be summarized in a 


SiS ~ UcmliemUi H.l.b'. - XXVa. 
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diagram in wMch the abscissae are the inYerses of the peak temperatures, 
and the ordinates the logarithms of the vibration frequencies, multiplied by 
the Boltzmann constant k (Fig. 6), It is then easily seen that the slope of 

the straight line drawn thi'ough the points 
k^logf] and [(T>S logf] gives 
the activation energy W, while the limiting 
time To may be computed from the intercept 
of the same line with the frequency axis. It 
may be added that no error is introduced 
in this way by the fact that the two vi¬ 
bration frequencies may correspond to dif¬ 
ferent vibration modes. The above theory 
shows that the type of vibration affects 
only the relaxation strength bnt not the value 
of the charaeteristio time. 

As in liquids and gases, relaxation eiTe(‘.ts 
involve not only energy dissipation but also 
changes in the elastic moduli. In parallel 
with the expressions of as a function of 
frequency or temperature, equations may be 
derived which give the elastic moduli as 
functions of the same variables. These equa¬ 
tions are not of primary interest, and may 
therefore be dropped in the present review, as in solids dissipation is always 
a much more sensitive parameter for the study of lattice imperfections than the 
changes in elastic moduli. 

Two more theoretical remai'ks must however be made before going into a 
short review of the information on lattice imperfections collected by means 
of measurements on elastic vibrations. The first point to be considered is that 
the assumption made for the diffusion of lattice imperfections (simple expo¬ 
nential law, with a single characteristic time) gives a somewhat oversimplified 
picture of the physical truth. A satisfactory generalization can be obtained 
assuming that all the imperfections diffuse according to an exponential law, 
but with different values of the relaxation time. It is easy to prove that in 
this case the curves which give as a function either of frequency or of 
temperature, must always be broader than the simple curves {Zen&r^s curves) 
associated with a single cJvraacteristic time. Comparing the width of the exper¬ 
imental curves with that of the theoretical Zener’s curve, it is possible to obtain 
some information on the relaxation spectrum. 

The second point which must be considered is that for every type of re¬ 
laxation due to lattice imperfections the characteristic time (or the relaxation 
spectrum) depends upon temperature, but this dependence is not always cha- 


(«K)' 

Fig. 6, - Frequency-dependence 
of the temperature of maxi¬ 
mum dissipation for silver. The 
slope of the straight line drawn 
trough the experimental points 
gives the activation energy; its 
intercept with the ordinate axis 
gives the limiting value of the 
characteristic time. 
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racterized by a simple AiTlionius equation. Important exceptions are the 
relaxation effects due to thonnal phonons and to the conduction electrons in 
metals. In these cases the only way to determine the relaxation time is to 
measure the dissipation coefficient as a function of frequency, notwithstanding 
the experimental difficulties wliich wo have pointed out in connection with this 
type of measm’enient. However, even in these cases, the temperature-depen¬ 
dence of Q-^ may give veiy useful information upon the behavior of the im¬ 
perfections responsible for the elfeet. 


4. - Experimental results. 

The first relaxation effects investigated have been those in which the lat¬ 
tice imperfections difl’use over a macroscopic or a seini-maoroscopic distance 
(diffusion of thcrmjil phonons across a thin rod for flexural vibrations, and dif¬ 
fusion of phonons between adjacent grains in a polycrystalline solid). These 
are not thermally activated effects, but as it was explained no difficulty is 
found in this case in measuring the dissipation coefficient as a function of 
frequency. The physically significant pai'ameters which can bo obtained from 
these measurements as a function of temperature are: the thermal diffusion 
constant B and the differem^o between the specific heats at constant stress 
and at constant volume. Moreover from the measurements on intergrain ther¬ 
mal exchanges some information can be obtained on elastic anysotropy and 
on prefen’ed orientation. 

The early work in this field is due to 0. Zeneb; it was made with a some- 
■what intwiequate experimental technique and was essentially intended as a 
proof of the theory of relaxation effects due to the same author. Tery little 
work in this field has been done since then, notwitlistanding the considerable 
refinement of the e.xperimental methods. It would not be devoid of interest 
to evaluate the above partimeters at low temperatures, that is in the region 
where the thermal energy has a uouolassical behavior. It could also be inte¬ 
resting to evaluate the same pswameters for nickel and nickel alloys in the 
temperature region where the therrasil expansion and the elastic moduli have 
an anonuvlpus behaviour, or for some bee metals whose teclmical applications 
became recently veiy important, like molibdemun, niobium and tantalum. 
To this pui“pose it must bo considered that the measurements of the energy 
dissipation due to thermal exchanges are rather easy, as the most convenient 
vibration frequencies faU in the acoustic range; moreover tlie experimental 
work done in the last years on other relaxation effects has shown how to pre¬ 
pare specimens of metals almost entirely free of any other cause of energy dis¬ 
sipation. 

For the last ten years the attention of the experimenters has been almost 


28* - BeiUHoonti 8J.F. • ZZVn. 
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entirely focussed on those relaxation effects "vrliicli are related to lattice im¬ 
perfections diffusing over a microscopic range, as these imperfections have a 
basic interest in solid state physics. All the three types of imperfection listed 
under a), b), e) in Section 1 have been investigated. The fu'st type considered 
was that of plane imperfections; T. Kb discovered that stress relaxation takes 
place at grain boundaries in polycrystalline solids. The effect is thermally 
activated, with an energy which equals the self-diffusion energy of atoms, 
and is therefore of the order of 10 eV or more. At room temperatui-e for all 
the metals investigated the characteristic time is rather long, and it becomes 
of the order of 1 s when the temperature is raised to a few hundreds of centi- 
grades. This makes the experimental work a littie difficult because the meas¬ 
urements made for very low frequencies with the torsion pendulum are less 
easy and accurate than those for truly acoustic or ultrasonic frequencies, and 
because in the above temperature range other causes of energy dissipation are 
present, different from grain boundary relaxation. The peaks of the dissipation- 
temperature curves for this effect are therefore not very sharp (Pig. 7), and 
moreover the experimental curves are not easily reproduced, owing to iirc- 
versible changes which take place in grain boundaiies at high temperatures. 
It has however been possible to show that the interaction between grain boun¬ 
daries and elastic waves is much 
larger for those waves which involve 
a large amount of lattice deforma¬ 
tion, like torsional waves, than for 
extensional waves, in which a consi¬ 
derable amount of energy is asso¬ 
ciated with lattice dilatation. The 
ratio between the experimental va¬ 
lues of the relaxation strength for 
the two types of waves is in good 
agreement with that predicted by 
the theory of Section 2, according 
to the fundamental result tiiat no 
effect due to lattice imperfections 
can be expected for a pure dilatation of the lattice. It was also checked that 
the relaxation effect due to grain boundaries is not foimd in single crystals 
of the same material. 

The theoretical interpretation of the grain boundary relaxation has not 
much contributed to the knowledge of the structure of solids, partly because 
plane imperfections are very complex ones, and partly because Kb and Zener 
started from the wrong assumption that grain boimdaries had a quasi-liquid 
behaviour. It would therefore be convenient to reconsider the experimental 
data available on this effect in the light of the present knowledge of the struc- 



temperature (®C) 


Fig. 7. - Typical relaxation peak due to 
grain boundaries. Heavy line, measui*ed 
dissipation; dashed line, additional dissi¬ 
pation due to different physical causes. 
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tm’e of fcrain boundaries considered as a row of dislocations. Some more ex¬ 
perimental work would also be useful, provided a (*.areful control of the 
impurity content were made, as these impurities colle(*t at ^^rain boundaries 
and may have a larfjje influence on the relaxation effect. 

Several instances of the opposite type of imperfections, the point imper¬ 
fections, have also been considered in connection with relaxation eft*ects. The 
best known type of these eft*ects are those due to interstitial atoms of carbon 
and nitrogen in the iron lattice, whi(*h is a bcc lattice and has room enough 
for small interstitial impuiity atoms. These effects ai’e theimally activated: 
hence the dissipation can be measured as a function of temperature, and the 
effect is shown by a peak in the expeiimental curve, as it has been explained 
in Section 3. As with grain boundaries, the measurements on the (‘.arbon and 
nitrogen relaxation effect in iron are somewhat difflc^ult owing to the fact that 
the relaxation time is rather long at room temperature, and at higher tem¬ 
peratures iiTeversible changes take place in the material. Effects of the same 
type but in a somewhat low(U’ temperature range have also been observed in 
other bcc metals like molibdonum, niobium and tantalium. These effects are 
more stable that those observed in iron, 
and seem therefore to bo worth of a more a 

detailed investigation. The activation 

energies are not veiy signiflcaut from ^ 

the standpoint of solid-state physics, 
as they are related not only to the type 50 
of latti(‘.e (which in eveiy case is bc.c) 

but also to the intei'stithil impurity con- ^-‘ ‘ ^^ 

sidered. It would be interesting to com- temperature (oc) 

inms tlio values of tho activation ouorgy ,ol«.ca,tion peak dae 

for the Ham« typo of interstitial impurity >,0 i„torstiti.il inipnritioB in iron. Dash- 
iuHortcKl in dilToront l)c.« motals. ThiK oU line, Zener’s curve; ourvo A) peaJk 
roquiroH more exporiniontiil work whioli to a single tyr)e of impurity atoms; 

(tould bo startod from the simplest experimental curve for more 

typo of interstitial impmity, that is *’'’^*** atoms, 

from hydrogen, whoso atoms may ho 

oaslly introdncod in boo lattioos at room tismporaturo by moans of an olootro- 
Isrtio ohargo. 

Tho peaks of tho oxporimontal dissipation-tomporature curves for inter¬ 
stitial relaxation are almost as shaiq) as tho tlieoretioal Zenor’s curve (Fig. 8). 
According to tho liiial I'omark of Roctiou S this shows that tho jumps of the 
impurity atoms from one equililmum i)osition to tlie other are all of the same 
type, every mutual influence or oveiy oJTect of other hittico imperfections being 
negligible. It has also been shown that when more than one type of inter¬ 
stitial impurity is present in the same lattice, the peaks of tho experimental 
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curves 1)ecome broader; small side-peaks or bumps may also be observed in 
this case. This sbovs tbe existence of more that one type of atomic jump, 
and sometimes also of complex jumps in vrhieli more than one impurity atom 
is interested. Hence the relaxation measurements make it possible to follow 
the detailed motion of the interstitial atoms. 

Among the relaxation effects associated with point-like imperfections the 
most important for the knowledge of solid state is doubtless that due to the 
interaction between elastic waves and conduction electrons. This effect was 

discovered by H. Bohmmeil, and has 
been theoretically studied by Mason, 
PippAiiD and Mobsb. Many of the ex¬ 
perimental facts may be accounted for, 
assuming that the elastic waves are 
damped by the viscous dectron gas. As 
with common gases, the viscosity coof- 
fcient depends upon the mean free path 
of the electrons between their collisions 
with the lattice (collisions between 
electrons don’t contribute to the ener¬ 
gy dissipation). This mean free path, 
which is the same considered in the theo¬ 
ry of electrical conductivity, increases 
when the temperature decreases, and the corresponding dissipation coefficient, 
becomes larger (Pig. 9). This result agrees with those obtained by more re¬ 
fined quantum-mechanical computations, in which the electrons are treated 
as a Permi gas, enclosed in a box subjected to periodical distortion. Theory 
predicts also that the attenuation coefficient a for the elastic waves is pro¬ 
portional to the square of frequency (*); hence to detect the electron-phonon 
interaction experiments must be made at high frequency (usually above 
lOMHz-i). The main parameters which characterize the eflecjt is the ratio 
between the mean free path and the wavelength of the elastic waves. At 
room temperature the m.f.p. is of the order of 10“® cm, while the wavelength 
is of the order of 10-® cm. The measurements must therefore be made at low 
temperatures, generally in the liquid helium range; the specimens must be 
single crystals, to avoid the scattering of the elastic waves at the grain boun- 



Fig. 9. - Typical dissipation-temperature 
curve due to eleotron-phonon interac¬ 
tion. Curve N) normal state of the me¬ 
tal; curve 8) superconducting state. 


(*) According to eq. (2) of Section 1 the logarithmic decrement d and the dissi¬ 
pation coefficient for the same effect are less sensitive to frequency, being propor¬ 
tional to its first power. This may be of interest for future attempts to detect the 
eleotron-phonon interaction by means of resonance experiments. Until now all the 
measurements in this field have been made with progressive waves, by means of a 
pulse technique, which gives rise to a comparatively high additional dissipation owing 
to mismatching—and reflection—losses. 
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dalles, and the impurity. (*oiitent must be very small, otheivdse the conduction 
electrons are scattered by them, and it is impossible to obtain large values 
of the mean free path. The effect is not thermally activated; hence the relax¬ 
ation time cannot be evaluated from the dissipation-temperature cuives. 
However these cui’ves are of great interest, as they characterize the tempe- 
ratm’e dependence of the mean free path of the electrons. By means of meas- 
ui*ements made on single crystals with waves propagating in different direc¬ 
tions, Morbe and his group have been able to obtain experimental data on the 
shape of the Fermi surface. It has also been observed that when a magnetic 
field is applied to the solid in a direction normal to the vibration velocity, 
there are values of the field intensity for which the dissipation becomes larger. 
This is due to the fact that the motion of electrons follows curved lines, and 
this in some cases may give rise to a considerable increase of the phonon- 
electron interaction. 

For metals having a superconducting transition the dissipation due to 
electrons decreases below the transition point when the metal is in the iS-state, 
owing to the fact that the dis8ii)ation itself is proportional to the number of 
normal electrons (Fig. 8). In this way it has been possible to measure as a 
function of temperature the fraction of nor¬ 
mal electrons, and to chech different theories 
of the superconduijting transition. 

One more type of lattice imperfections 
must finally ho considered in connection with 
relaxation effe(*ts: the line imperfections or 
dislocations. Presently this is the best known 
relaxation effo(*.t, owing to the fact that it is 
very stable, that the corresponding dissipa¬ 
tion peaks are large in comparison with the 
room temperaturci dissipation and that for 
frequencies in thci low(U' ultrasonic I’auge the 
temperature of the i)oakH falls in a very 
convenient intiirval, being usually higher 
than the liquid nitrogen point (*). Moreover 
the effect is little influoneod hy grain boun- 
<laries and by impurities when tjheir content 
do(is not exceed a few parts in 1.0“® of the number of the atoms. Hence the 
experiments may eventually be made on polycrystalline metals of technical 
purity (Fig. 5 and Fig. 10). 

The effect was first obsoived about ton years ago on some foe metals (lead, 

(*) The only known exception is lead, in which the peak^s temperatures are some¬ 
what lower.. 



Fig. 10. - Relaxation peakjdue 
to the dislocations in a polyorys- 
talline specimen of technically 
pure copper. Vibration frequency 
14 kllz-^ The small 1 ump on 
the experimental curve at about 
40 ®K is due to a different type 
of dislocations. 
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copper, aliuniimm and silver). Since then it lias been observed in several other 
metals having the same structm>e (gold, palladimn and platinum) and more 
recently also in bcc metals (niobium, tantalum, tungsten and molibdenum). 
Iron is the only pure metal in which no trace of an effect of this type has been 
found until now. Prom these experiments and from the theoretical treatment 
due to Mason, Weeetman and Sebgbe, a detailed knowledge has been obtained 
of the ndotion of dislocations near their eq.uilibrium positions. We know that a 

dislocation segment does not jump 
over a potential barrier as a stiff 
rod, but first forms a couple of 
kinks very near to each other 
(Pig. 11); successively the distance 
between kinks may increase, ex¬ 
tending the length of the disloca¬ 
tion segment which has overcome 
the potential barrier. Wlien no ex¬ 
ternal stress is applied to the solid, 
the fonnation of kinks and their 
motion is symmetrical on each side 
of the equilibrium position and no 
macroscopic strain is produced. 
If an external stress is present, 
the theory outlined in Section 2 
shows that the kinks ai’e more easily foimed and more easily extended on one 
side of the dislocation line. A macroscopic anelastic strain is produced and the 
corresponding relaxation effect is thermally activated, as the energy required 
to overcome the potential barriers is supplied by the thermal agitation. The 
two basic parameters of the relaxation effect (the activation energy and the 
limiting time), have a very evident meaning for dislocations. The first gives 
the height of the potential barriers by w'hich each dislocation segment is trapped, 
the second is of the order of the oscillation period of each dislocation segment 
in its potential well. According to this model the motion of dislocations near 
their equilibrium positions is a sti-ucture-characteristic phenomenon. This is 
in agreement with the experimental results, which show that the energy W 
has values near 0.16 eV for the fee lattices and near to 0.26 eV for the bcc lat¬ 
tices. The limiting time is genei-ally of the order of 10-” s, being somewhat 
larger that the characteristic Delye’s time of the solid. This is quite reasonable, 
as the vibration frequency of dislocation in their potential wells cannot exceed 
the highest frequency which can propagate through the lattice. 

Owing to the length and to the number of dislocation segments, (which 
incidentally may be computed from the height of the relaxation peaks), it 
may be expected that an appreciable interaction takes place between different 


Fig. 11. - Motion of dislocations near their 
eqnilibrium positions: a) straight dislocation 
segment: b) formation of a couple of Mnks 
K, E; o) increase of the distance between the 
kinks. 
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dislocations, even when they move near their equilibrium positions. This 
means that dislocation relaxation must be associated with a spectrum of times 
rather then with a single time. The experimental evidence proves that this is 
the case (Fi^^ 112); the measurements made on fc(*. metals have shown that the 
times associated with the relaxation eiVe(‘t nniy differ between them by a factor 
of 100 or even larger. In bo(‘. metals recent ex¬ 
periments have shown that tlie spectmin is con¬ 
siderably narrower, so that even the spectrum 
width ixS a struetnre^characUTlstie property. How¬ 
ever a stractui'al intei*pretation of this fact 
is still w^anted, as the present models of dislo¬ 
cation motion do not provide an explanation of 
the mutual intera(*tion of dislocation segments. 

The experiments on dislocation relaxation 
make it possible to follow the introduction of 
dislocation by means of permanent strain and 
their ina(*tivation by means of thenmil treat¬ 
ments. When the peimianent strain is of simple 
type (extension, flexure) the distribution of 
dislocations is by no means isotropic. This is 
proved by comparing the height of the relax¬ 
ation peaks for diiTerent typ(^s of vibrations on 
the same specimen. As a rule the dislocations 
interact more readily with the elastic, vibrations associated with elastic, strains 
of the same typ(‘. as those employed in introducing the dislocations. For in¬ 
stance if a rod has Ixon extended, the relaxation peak for extonsional vibra¬ 
tions is comparatively higher than for torsional vibrations. This happens to 
be the cas(*. (wen w^hen the specimen has a polycrystalline structure with ran¬ 
dom gi*ain oi’ieiitation. A significant result wliich has been recently obtained 
in this fi(‘.ld is that a permanent shenr of a tliin plati^i of an fee. niettil introduces 

imperfections a parf of which must 
necessarily be dislocations but which 
are not assooiated with a thermally 
activated reUumiUon infect. 

Fig. 13. ~ Evidence of a slight dependence 
of the temperature of tlie relaxation 
peak due to the dislocations upon the 
height of the peak. Measurements on 
the same niobium specimen; vibration 
frequency .19kHz“^; curve A) after an 
annealing treatment; curve B) after 
permanent strain. 
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Pig. 12. - Evidence of a relax¬ 
ation spectrum associated with 
the dislocations. Dashed line, 
theoretical Zener’s curve for a 
single time; points, experimen¬ 
tal values of the dissipation 
for copper, at different vibra¬ 
tion frequencies. 
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The thermal treatments have a selective influence upon the dislocations 
responsible for the relaxation effect. The first dislocations which ai’o inactiv¬ 
ated by the thermal treatment at compai’atively low temperatm-es are those 
associated with the lowest valuM of the relaxation time. This is shown by 
the fact that for a given specimen and for a given vibration frequency, the 
temperature of the relaxation peak deci'eases slightly after each thermal treat¬ 
ment (Pig. 13). This seems to indicate that the inactivation process is rather 
an aUeraUon of the existing dislocations (for instancy by impmity trapping 
or by interlocking) than a eanoeUation. To remove every trace of the relaxation 
peak from the experimental curves the material must be treated at tempe¬ 
ratures at which an appreciable recrystaJlization takes place, at least in the 
ease of fee lattice. Por bcc metals recent expeiimental work suggests that the 
temperatures required to cancel the effect are considerably lower than the 
recrystaUization temperatures. 

The infilnence of impurity atoms upon dislocation relaxation has also been 
investigated in some special cases, as for instance the complete series of gold- 
silver alloys which axe of the substitutional type and have an exceedingly 
favorable ratio of the atomic diameters. Even in this case, when the atomic 
content of one of the components approaches 50 the relaxation peaks be¬ 
come exceedingly small. This shows that dislocation motion is very seusitivo 
to lattice distortion. When the atomic ratio is less favorable, as for copper- 
gold alloys, much smaller amounts of one of the components are required to 
preveut the dislocation relaxation. 


5. - Conelttsions. 


The investigations on the relaxation effects contribute iu a substantial wsiy 
to the structural knowledge of the condensed state of matter. In solids there 
is a wider variety of relaxation effects than in liquids or in gases, owing to 
the large number of imperfections which interact with elastic waves. All these 
effects may he explained hy means of a single general theory which considers 
the diffusion of lattice imperfections from a natural to a forced statistical equi¬ 
librium distribution. 

Prom comparatively simple experiments of the macroscopic type (meas¬ 
urements of the dissipation of the elastic waves) detailed information is obtained 
upon the structure and the behavior of the imperfections on the atomic scale. 
This is clearly shown by the i-esults concerning the rdaxation of interstitials, 
of the conduction electrons and of the dislocations. 

Hints have been given of possible trends of future work in connection with 
the different relaxation effects which have been rewieved. Wider and more 
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basic contributions may be expected from the investigation of other effects 
which are as yet almost unexplored, like the interaction between vacancies 
and elastic, waves and the mechanic^il relaxation in non metallic solids. 


6. - Suggestions for further reading. 

vl) LaUiae im;pcrjeciiom, 

II. Ci. Van IJuEitEN: Phil. Tech. Mev., 15, 246 (1954). 

A. II. Cottrell: Theoretical Structural Metallurgy (New York, 1957). 

A. H. Cottrell: Dislocations and Plastic Flow in Orystale (London, 1966). 

W. Shockley et air. Inyperfeotions in nearly Perfect Onjstals (New York, 1952). 

W.T. Kead: Dislocations in Crystals (New York, 1953). 

F. Seitz and 1). Turnbull (eds.): Solid State Physics^ vol. 8 (New York, 1966). 

L. V. Azaroff: Introfluction to Solids (New York, 1960). 

B) Kelaxaiion effects. 

C. Zener: Flasticity and An elasticity of Metals (Chicago, 1948). 

r. (jT. Bordoni; Su2>pL Nuovo (Jiniento, 7, 144 (1950). 

P. C. BoimoNi: Proc. of the Second I.C.A. Congress^ (1956), ]>. 101 (witli a wide 
bibliography of original contributions np to 1956). 

W.P. Mason: Physical Acoustics and the Pro 2 >ertie 8 of Solids (New York, 1958) (exten¬ 
sive rowiev of the different types of relaxation effects). 

I*. C. Bordoni: Su 2 ) 2 >l. Nuovo Oimento, 17, 43 (i960), (with a complete bibliography 
for this type of relaxation up to 1960). 

1). 11. Nirlett an<l J. Wilks: Phil. Mag. Su(p'pl., 9, 1 (1960), (with a bibliography 
similar to i.hat of the previous paper). 

II. (». Van Bueren: Imperfections in Crystals (Amsterdam, 1960), (wide and up-to- 
date review of the different types of relaxation effects, like that given in Mason’s 
hook). 



Tlpog^rafia Compositori > Bologna - Italy 



